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Abstract— This paper analyzes the dynamics of tilt-rotor
quadcopters with H-configuration and synthesizes a control
system for these vehicles. Our analysis is the first to show
a nonlinear effect in the vehicle’s rotational dynamics due
to the fact that not all propellers of a tilt-rotor are aligned
to one of the vehicle’s principal axes. The proposed control
system relies on an original robust model reference adaptive
control law to guarantee user-defined constraints on both the
trajectory tracking error and the adaptive gains at all time
despite parametric, matched, and unmatched uncertainties due
to unknown external disturbances and dangling payloads.

I. INTRODUCTION

In the first part of this paper, we present and analyze
the equations of motion of a tilt-rotor quadcopter with H-
configuration under the assumption that the vehicle’s mass
is known, but both its inertia matrix and the location of its
center of mass are unknown. Our analysis of the rotational
dynamics of a tilt-rotor quadcopter reveals that the presence
of tilting and spinning propellers is captured by three terms,
namely the inertial counter-torque, the gyroscopic effect, and
an additional term that we named tilt-rotor gyroscopic effect.
Both the inertial counter-torque and the gyroscopic effect
characterize also the rotational dynamics of conventional
quadcopters [1], whereas the tilt-rotor gyroscopic effect is not
present in classical multi-rotor UAVs because their propellers
are aligned to one of the vehicle’s principal axes. To the
authors’ best knowledge, the tilt-rotor gyroscopic effect has
not been highlighted in previous publications on tilt-rotors.

In the second part of this paper, we propose a robust model
reference adaptive control (MRAC) law that guarantees user-
defined constraints on the trajectory tracking error and the
adaptive gains at all time despite parametric, matched, and
unmatched uncertainties. Existing robust MRAC laws, such
as the e-modification of MRAC [2], only guarantee uniform
ultimate boundedness of the trajectory tracking error within
bounds that can be estimated, but not imposed a priori. The
proposed robust MRAC law, instead, guarantees user-defined
constraints on the trajectory tracking error at all time.

In the third part of this paper, we design a control system
for tilt-rotor quadcopters with H-configuration. Specifically,
we propose a control strategy, whereby the vehicle’s refer-
ence position, pitch angle, and yaw angle are user-defined
and the reference roll angle is deduced accordingly. Succes-
sively,we apply our MRAC law to regulate the quadcopter’s
dynamics despite external disturbances and poorly mod-
eled, unsteady payloads. A numerical simulation involving
a tilt-rotor quadcopter, which transports an actuated inverted
pendulum of unknown inertial properties and oscillating at
unknown frequency, illustrates our theoretical results.

R. B. Anderson, J.-P. Burke, J. A. Marshall, and Andrea L’Afflitto are
with the School of Aerospace and Mechanical Engineering, The Univer-
sity of Oklahoma, Norman, OK 73019-0390, USA ([b.anderson,
burk7119, j.marshall, a.lafflitto]@ou.edu).

II. NOTATION, DEFINITIONS, AND MATHEMATICAL

PRELIMINARIES

In this section, we establish notation, definitions, and
review some basic results. The interior of the set C is
denoted by C̊. The ith vector of the canonical basis in Rn

is denoted by ei,n, the identity matrix in Rn×n is denoted
by 1n, the zero n×m matrix in Rn×m is denoted by 0n×m
or 0. We write ‖ · ‖ both for the Euclidean vector norm
and the corresponding equi-induced matrix norm, and we

define ‖B‖F,L �
[
tr

(
BLBT

)] 1
2 as the weighted Frobenius

norm of B ∈ Rn×m, where L ∈ Rm×m is symmetric and
positive-definite; if L = I , then we write ‖B‖F. The trace of
A ∈ Rn×n is denoted by tr(A) and the smallest eigenvalue
of the symmetric matrix Q ∈ Rn×n is denoted by λmin(Q).
The Kronecker product of A ∈ Rn×m and B ∈ Rp×q is
denoted by A ⊗ B. Given x, y ∈ R3, we denote the cross-
product of x and y by x×y.

Given α ∈ R, for brevity we denote sinα, cosα, tanα,
and secα by sα, cα, tα, scα, respectively. The Fréchet
derivative of the continuously differentiable function V :
D → R at x ∈ D ⊆ Rn is denoted by V ′(x) � ∂V (x)

∂x . The
Fréchet derivative of the continuously differentiable function
h : X → R at X ∈ X ⊆ Rn×m is given by [3]

∂h(X)

∂X
�

⎡⎢⎢⎣
∂h(X)
∂X1,1

. . . ∂h(X)
∂X1,m

...
. . .

...
∂h(X)
∂Xn,1

. . . ∂h(X)
∂Xn,m

⎤⎥⎥⎦ , (1)

where Xi,j denotes the element of X on the ith row and jth
column.

Proposition 2.1: If A ∈ Rn×m and b ∈ Rm, then

Ab = MW (b, n)WM (A), (2)

where

MW (b, n) �
(
bT ⊗ 1n

) ∈ R
n×nm, (3)

WM (A) �
n∑

i=1

[ei,m ⊗ (Aei,m)] ∈ R
nm. (4)

Proof: The proof of the next result is immediate and
omitted for brevity. �

III. DYNAMICS OF A TILT-ROTOR QUADCOPTER

A. Problem formulation
In this section, we consider a tilt-rotor quadcopter with

H-configuration, such as the one shown in Figure 1. This
aircraft is composed of a frame, which we model as a rigid
body, and four propellers that can be tilted independently.
We also assume that the quadcopter transports some payload
of known mass that is not rigidly connected to the vehicle’s
frame so that variations both in the position of the center
of mass and the inertia matrix of the overall vehicle are
unknown and not negligible.
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Fig. 1. Schematic representation of a tilt-rotor quadcopter with H-
configuration.

To identify the position and orientation of the quadcopter’s
frame in space, consider the inertial reference frame I =
{O;X,Y, Z}. The vehicle’s weight is captured by F I

g =
−mgZ, where m > 0 denotes the vehicle’s mass and g > 0
denotes the gravitational acceleration. We also consider the
orthonormal reference frame J(·) = {A(·);x(·), y(·), z(·)}
fixed with the vehicle’s frame, centered at a point A :
[t0,∞) → R3 conveniently chosen on the vehicle’s frame,
and with axes x, y, z : [t0,∞) → R3; we refer to J(·) as the
body reference frame. The reference frame J(·) is chosen
so that the propellers’ arms are aligned to the y(·) axis; for
details, see Figure 1. If a vector a ∈ R3 is expressed in the
reference frame I, then it is denoted by aI; if a vector is
expressed in J(·), then no superscript is used.

The position of the vehicle’s reference point A(·) with
respect to O is denoted by rIA : [t0,∞) → R3 and the
velocity of A(·) with respect to the reference frame I is
denoted by vIA : [t0,∞) → R3. Using a 3-2-1 rotation
sequence, the orientation of the reference frame J(·) with
respect to the inertial reference frame I is captured by the roll
angle φ : [t0,∞) → [0, 2π), the pitch angle θ : [t0,∞) →(−π

2 ,
π
2

)
, and the yaw angle ψ : [t0,∞) → [0, 2π) [4,

pp. 11]. The angular position of the ith propeller about its
spin axis is denoted by Ωi : [t0,∞) → R, and the angular
displacement of the ith propeller’s spin axis, i = 1, . . . , 4,
about the y(·) axis and measured from the z(·) axis is
denoted by αi : [t0,∞) → R; in this paper, αi(·) is referred
to as the ith propeller’s tilt angle.

B. Equations of motion of a tilt-rotor quadcopter
The vector of independent generalized coordinates

q =
[
rI,TA , φ, θ, ψ

]T
(5)

captures the position and orientation of the vehicle’s frame.
The angular velocity of the reference frame J(·) with respect
to I is denoted by ω : D × R6 → R3, where D � R3 ×
[0, 2π)× (−π

2 ,
π
2

)× [0, 2π), and is such that [4, Th. 1.7]

ω(q(t), q̇(t)) = Γ−1(q(t))
[
φ̇(t), θ̇(t), ψ̇(t)

]T
, t ≥ t0,

(6)

where

Γ(q) �

⎡⎣1 sφ tθ cφ tθ
0 cφ −sφ
0 sφ scθ cφ scθ

⎤⎦ , q ∈ D;

recall that Γ(q), q ∈ D, is invertible [4, pp. 18-19].
It follows from (6) that the kinematic equations of a tilt-

rotor quadcopter are given by

q̇(t) =

[
vIA(t)

Γ(q(t))ω(q(t), q̇(t))

]
,

q(t0) =
[
rI,TA,0, φ0, θ0, ψ0

]T
, t ≥ t0. (7)

Proceeding as in [5], one can prove that the dynamic equa-
tions of a tilt-rotor quadcopter are given by

M(t, q(t))

[
v̇IA(t)

ω̇(q(t), q̇(t))

]
=

[
ftran(t, q(t), q̇(t))
frot(t, q(t), q̇(t))

]
+ Ĝ(q(t))u(t),[

vIA(t0)
ω(t0)

]
=

[
vIA,0

ω0

]
, t ≥ t0, (8)

where
u = [u5, u1, . . . , u4]

T
(9)

denotes the control input, u5, u1 : [t0,∞) → R denote the
components of the forces produced by the propellers along
the x(·) and z(·) axes, respectively, u2, u3, u4 : [t0,∞) → R

denote the moment of the forces about the x(·), y(·), and
z(·) axes, respectively,

M(t, q) �
[

m13 −mR(q)r×C (t)
mr×C (t)R

T(q) I(t)

]
,

(t, q) ∈ [t0,∞)×D, (10)

denotes the generalized mass matrix,

ftran(t, q, q̇) � −mR(q)
[
r̈C(t) + 2ω×(q, q̇)ṙC(t)

+ω×(q, q̇)ω×(q, q̇)rC(t)
]
+ [0, 0,−mg]T,

(11)

frot(t, q, q̇) � −ω×(q, q̇)I(t)ω(q, q̇)− İ(t)ω(q, q̇)

−
4∑

i=1

[
IPi

(t)ω̇Pi
(t) + ω×

Pi
(t)IPi

(t)ωPi
(t)

]
− ω×(q, q̇)

4∑
i=1

IPi(t)ωPi(t) + r×C (t)Fg(q),

(12)

rC : [t0,∞) → R3 denotes the position of the vehicle’s
center of mass with respect to the reference point A(·),

R(q) �

⎡⎣cψ −sψ 0
sψ cψ 0
0 0 1

⎤⎦⎡⎣ cθ 0 sθ
0 1 0

−sθ 0 cθ

⎤⎦⎡⎣1 0 0
0 cφ −sφ
0 sφ cφ

⎤⎦ ,

(13)

and

Ĝ(q) =

⎡⎢⎢⎣R(q)

⎡⎣1 0
0 0
0 1

⎤⎦ 03×3

03×2 13

⎤⎥⎥⎦ . (14)

The tiltrotor’s equations of motion are given by (7) and (8).
It follows from (8) and (12) that the effect of

the propellers’ motion is captured by the inertial



counter-torque
∑4

i=1 IPi
(·)ω̇Pi

(·), the gyroscopic effect
ω×(·)∑4

i=1 IPi
(·)ωPi

(·), and
∑4

i=1 ω
×
Pi
(·)IPi

(·)ωPi
(·). For

conventional quadcopters,
∑4

i=1 ω
×
Pi
(t)IPi(t)ωPi(t) = 0,

t ≥ t0, since αi(t) = 0, i = 1, . . . , 4, IPi
(·) is a diagonal

matrix, and the propellers’ thrust force is exerted along
the z(·) axis of the reference frame J(·) [5]. For tilt-rotor
quadcopters, ω×

Pi
(t)IPi

(t)ωPi
(t) 	≡ 0, t ≥ t0, i = 1, . . . , 4,

since αi(t) 	≡ 0. To the authors’ best knowledge, existing
results on tilt-rotor quadcopters do not account for any
effect due to the presence of spinning and tilting propellers.
Indeed, the term

∑4
i=1 ω

×
Pi
(·)IPi

(·)ωPi
(·) is not identified

by a specific name and henceforth, it will be referred to as
the tilt-rotor gyroscopic effect.

IV. CONTROL DESIGN FOR A TILT-ROTOR QUADCOPTER

A. Robust Model Reference Adaptive Control for Con-
strained Dynamical Systems

Consider the unknown dynamical system

ẋ(t) = Ax(t) +B
[
u(t) + ΘTΦ(x(t))

]
+ ξ(t),

x(t0) = x0, t ≥ t0, (15)

where x(t) ∈ D ⊆ Rn, t ≥ t0, denotes the system’s
trajectory, u(t) ∈ U ⊆ Rm denotes the control input,
A ∈ Rn×n, B ∈ Rn×m, Θ ∈ RN×m, the regressor vector
Φ : D → RN is Lipschitz continuous, and ξ : [t0,∞) → Rn.
The matrices A and Θ are unknown and capture parametric
and matched uncertainties, and the continuous function ξ(·)
is unknown, captures unmatched uncertainties, and is such
that ‖ξ(t)‖ ≤ ξmax, t ≥ t0, where ξmax ≥ 0 is known.

Consider also the reference dynamical model

ẋref(t) = Arefxref(t) +Brefr(t),

xref(t0) = xref,0, t ≥ t0, (16)

where xref(t) ∈ Rn, t ≥ t0, r(t) ∈ Rm is bounded and
denotes the command input, Aref ∈ Rn×n is Hurwitz, Bref ∈
Rn×m, and the pair (Aref , Bref) is controllable. We assume
that there exist (Kx,Kr) ∈ Rn×m × Rm×m such that

Aref = A+BKT
x , (17)

Bref = BKT
r . (18)

The matching conditions (17) and (18) guarantee that if both
A and Θ were known and u(t) = Kπ(t), t ≥ t0, where
K �

[
KT

x ,K
T
r ,−ΘT

]
, then limt→∞ e(t) = 0 [6, Ch. 8].

Consider the feedback control law

φ(π, K̂) = K̂π, (π, K̂) ∈ R
n+m+N × R

m×(n+m+N),
(19)

where K̂ : [t0,∞) → Rm×(n+m+N). A design specification

for the adaptive gain matrix K̂(·) would be that the adaptive
gain’s error Δ̃K(t) � K̂(t) − K, t ≥ t0, verifies some
constraints assigned a priori. The matrix K is unknown,

and Δ̃K(·) cannot be computed. However, in problems of
practical interest it is possible to find Ke ∈ Rm×(n+m+N)

that provides an estimate of K, that is, such that ‖Ke −
K‖F ≤ ε, for some ε ≥ 0. In this paper, we provide K̂(·) so
that both the trajectory tracking error e(·) and the estimated
adaptive gain’s error ΔK(t) � K̂(t) − Ke, t ≥ t0, verify
user-defined constraints at all time. In particular, we consider
the compact, connected constraint set

C �
{
(e,ΔK) ∈ R

n × R
m×(n+m+N) :

h(eTMe,ΔKΓ−1ΔKT) ≥ 0
}
, (20)

where M ∈ Rn×n is symmetric and positive-definite, Γ ∈
R(n+m+N)×(n+m+N) is symmetric and positive-definite, and
h : R×Rm×m → R is continuously differentiable and such
that h(0, 0) > 0.

Lastly, define

he(e
TMe,ΔKΓ−1ΔKT) � ∂h(β,X)

∂β

∣∣∣∣
β=eTMe

X=ΔKΓ−1ΔKT

,

(e,ΔK) ∈ C̊, (21)

hX(eTMe,ΔKΓ−1ΔKT) � ∂h(β,X)

∂X

∣∣∣∣
β=eTMe

X=ΔKΓ−1ΔKT

,

(22)

where
∂h(β,X)

∂X is given by (1), and assume that

he(e
TMe,ΔKΓ−1ΔKT) ≤ 0, (23)

hX(eTMe,ΔKΓ−1ΔKT) ≤ 0, (24)

that is, hX(·, ·) is symmetric and nonpositive-definite, and

(0n, 0m×(n+m+N))

= argmax
(e,ΔK)∈Rn×Rm×(n+m+N)

h(eTMe,ΔKΓ−1ΔKT).

(25)

Conditions (23)–(25) are verified, for example, by

h(eTMe,ΔKΓ−1ΔKT)

= hmax − eTMe− ‖ΔK‖2F,Γ−1 ,

(e,ΔK) ∈ R
m × R

m×(n+m+N), (26)

where hmax > 0.
The next theorem provides an adaptive law K̂(·) for the

feedback control law (19) so that if u(t) = φ(π(t), K̂(t)),
t ≥ t0, then both the trajectory tracking error e(·) and the
estimated adaptive gain’s error ΔK(·) verify the user-defined
constraints captured by (20) at all time, despite parametric,
matched, and unmatched uncertainties. For the statement of
this result, note that it follows from (15), (19), and (16) that

ė(t) = Arefe(t) +BΔ̃K(t)π(t) + ξ(t),

e(t0) = x0 − xref,0, t ≥ t0. (27)

In addition, define the positive-definite function

V (e,ΔK) �
eTPe+ tr

(
ΔKΓ−1ΔKT

)
h(eTMe,ΔKΓ−1ΔKT)

, (e,ΔK) ∈ C̊,
(28)

where P ∈ Rn×n denotes the symmetric, positive-definite
solution of the algebraic Lyapunov equation

0 = AT
refP + PAref +Q1, (29)

and Q1 ∈ Rn×n is symmetric and positive-definite, and let

Sπ �
{
(e,ΔK) ∈ R

n × R
m×(n+m+N) : Sπ(e,ΔK) > 0

}
,

(30)

where

Sπ(e,ΔK) � −α‖e‖2 − σ‖eTPB‖p‖ΔK‖2F
+ 2 (ε‖π‖+ ξmax) ‖R(e,ΔK)‖F, (31)



p ∈ N, σ > 0, α � λmin(Q1), and

R(e,ΔK) � eT
[
P − V (e,ΔK)

· he(e
TMe,ΔKΓ−1ΔKT)M

]
B. (32)

Lastly, note that the trajectory xref(t), t ≥ t0, of (16)
is bounded, since r(t) is bounded and Aref is Hurwitz,
and if e(t) is bounded, then x(t) is bounded and there
exists a compact set Π ⊂ Rn+m+N such that π(t) =[
xT(t), rT(t),−ΦT(x(t))

]T ∈ Π for all t ≥ t0. Therefore,
since Sπ(·, ·) is continuous in π, it follows from Weierstrass
theorem that

π∗(e,ΔK) � argmaxπ∈ΠSπ(e,ΔK),

(e,ΔK) ∈ R
n × R

m×(n+m+N), (33)

exists and is finite.
Theorem 4.1: Consider the trajectory tracking error dy-

namics (27), the constraint set (20), and the set Sπ given by
(30). Let x0 ∈ Rn, xref,0 ∈ Rn, and K̂0 ∈ Rm×(n+m+N) be

such that (x0 − xref,0, K̂0 −Ke) ∈ C̊ \{(0, 0)}, and let

˙̂
KT(t) = −Γ

[
π(t)eT(t)(P − V (e(t),ΔK(t))

· he(e
T(t)Me(t),ΔK(t)Γ−1ΔKT(t))M)B

+ σ‖eT(t)PB‖pΔKT(t)
]

· [1m − V (e(t),ΔK(t))

· hX(eT(t)Me(t),ΔKΓ−1ΔKT(t))
]−1

,

K̂(t0) = K̂0, t ≥ t0, (34)

where P ∈ Rn×n denotes the symmetric, positive-definite
solution of (29), V (·, ·) is given by (28), he(·, ·) is given

by (21), and hX(·, ·) is given by (22). If Sπ∗ ⊂ C̊, where
π∗(·, ·) is given by (33), then (15) with control law (19) and

adaptive law (34) is such that (e(t),ΔK(t)) ∈ C̊, t ≥ t0.
Theorem 4.1, whose proof is omitted for brevity, provides

sufficient conditions for the control law (19) and the adaptive
law (34) to steer the trajectory of the dynamical system (15)
and guarantee user-defined levels of performance, which are
captured by the constraint set (20), despite uncertainties in
the dynamical model.

B. Control strategy for tilt-rotor quadcopters
Tilt-rotor quadcopters with H-configuration allow to con-

trol directly both the forces along the x(·) and z(·) axes and
the moment of the forces about the x(·), y(·), and z(·) axes
by regulating the propellers’ tilt angles and angular veloci-
ties. Therefore, the following control strategy is proposed.

The twice continuously differentiable reference trajectory
rIref : [t0,∞) → R3, the twice continuously differentiable
reference pitch angle θref : [t0,∞) → (−π

2 ,
π
2

)
, and

the twice continuously differentiable reference yaw angle
ψref : [t0,∞) → [0, 2π) are considered as user-defined. The
translational equivalent control input vtran : [t0,∞) → R3

and the reference roll angle φref(·) are defined as

vtran(t) � R(qref(t)) [u5(t), 0, u1(t)]
T
, t ≥ t0, (35)

φref(t) � −tan−1 ṽtran,2(t)

ṽtran,3(t)
, (36)

where R(·) is given by (13),

qref �
[
rI,Tref , φref , θref , ψref

]T
(37)

denotes the vector of reference generalized coordinates,
tan−1(·) denotes the signed inverse tangent function, and⎡⎣ṽtran,1(t)ṽtran,2(t)

ṽtran,3(t)

⎤⎦ =

⎡⎣cθref(t) 0 −sθref(t)
0 1 0

sθref(t) 0 cθref(t)

⎤⎦
·
⎡⎣ cψref(t) sψref(t) 0
−sψref(t) cψref(t) 0

0 0 1

⎤⎦ vtran(t). (38)

In this case, it follows from (35) that the equations of motion
(7) and (8) are equivalent to

M(t, q(t))

[
13 0
0 Γ−1(q(t))

]
q̈(t)

=

[
ftran(t, q(t), q̇(t))
frot(t, q(t), q̇(t))

]
+

[
Ĝ(q(t))− Ĝ(qref(t))

]
u(t)

+M(t, q(t))

[
03×1

Γ−1(q(t))Γ̇(q(t))ω(q(t), q̇(t))

]
+ v(t),[

qT(t0), q̇
T(t0)

]T
=

[
qT0 , q

T
d,0

]T
, t ≥ t0,

(39)

where the equivalent control input

v(t) � [vTtran(t), u2(t), u3(t), u4(t)]
T, (40)

is designed so that q(·) tracks qref(·) within user-defined
bounds. Finally, u(·) is deduced from (35) and (40).

C. Control laws for tilt-rotor quadcopters
Assuming that both the location of the center of mass

and the inertia matrix of the quadcopter are unknown, we
define the twice continuously differentiable functions rC :
[t0,∞) → R3 and ΔrC : [t0,∞) → R3 so that

rC(t) = rC(t) + ΔrC(t), t ≥ t0. (41)

The function rC(·) is considered as known and is deduced
using, for example, analytical models of the vehicle’s con-
figuration, and ΔrC(·) is unknown. Similarly, we define the
continuously differentiable and symmetric matrix functions
Iquad, IPi

, ΔI : [t0,∞) → R3×3 with I(·) and IPi
(·)

positive-definite so that

I(t) = Iquad(t) +

4∑
i=1

IPi
(t) + ΔI(t), t ≥ t0, (42)

where Iquad(·) is considered as known and is deduced using,
for example, analytical models of the vehicle’s configuration,
the ith propeller’s inertia matrix IPi(·), i = 1, . . . , 4, is
known, since each propeller’s mass and geometry is known,
each propeller’s location is known, and the tilt angles αi(·),
i = 1, . . . , 4, are known, and ΔI(·) is unknown.

To feedback linearize (39), define e(t) �
[
qT(t) −

qTref(t), q̇
T(t) − q̇Tref(t)

]T
, t ≥ t0, where q(·) is given by

(5) and qref(·) is given by (37), define

M(t, q) �
[

m13 −mR(q)r×C(t)
mr×C(t)R

T(q) I(t)

]
,

(t, q) ∈ [t0,∞)×D, (43)

ΔM(t, q) �
[

03×3 −mR(q)Δr×C (t)
mΔr×C (t)R

T(q) ΔI(t)

]
, (44)



so that M(t, q) = M(t, q) + ΔM(t, q) and M(·, ·) is
invertible, define

f tran(t, q, q̇) � −mR(q)
[
r̈C(t) + 2ω×(q, q̇)ṙC(t)

+ ω×(q, q̇)ω×(q, q̇)rC(t)
]
+ [0, 0,−mg]T,

(45)

Δftran(t, q, q̇) � −mR(q)
[
Δr̈C(t) + 2ω×(q, q̇)ΔṙC(t)

+ ω×(q, q̇)ω×(q, q̇)ΔrC(t)
]
, (46)

f rot(t, q, q̇) � −ω×(q, q̇)I(t)ω(q, q̇)− İ(t)ω(q, q̇)

− ω×(q, q̇)
4∑

i=1

IPi
(t)ωPi

(t) + r×C(t)Fg(q)

−
4∑

i=1

[
IPi

(t)ω̇Pi
(t) + ω×

Pi
(t)IPi

(t)ωPi
(t)

]
,

(47)

Δfrot(t, q, q̇) � −ω×(q, q̇)ΔI(t)ω(q, q̇)−Δİ(t)ω(q, q̇)

+ Δr×CFg(q), (48)

so that

ftran(t, q, q̇) = f tran(t, q, q̇) + Δftran(t, q, q̇), (49)

frot(t, q, q̇) = f rot(t, q, q̇) + Δfrot(t, q, q̇), (50)

and define

β(t, q, qref , v2)

� M(t, q)

[
13 03×3

03×3 Γ−1(q)

](
q̈ref −

[
03×1

Γ̇(q)ω(q, q̇)

]

−KP [q(t)− qref(t)]−KD [q̇ − q̇ref ] + v2

)

−
[
f
T

tran(t, q, q̇), f
T

rot(t, q, q̇)
]T

, (51)

where v2 ∈ R6 and the user-defined matrices of control gains
KP and KD ∈ R6×6 are symmetric and positive-definite.

If v(t) = β(t, q(t), qref(t), v2(t)), t ≥ t0, then (39) is
feedback-linearized and the trajectory tracking error dynam-
ics is given by

ė(t) =

[
06×6 16

−KP −KD

]
e(t) +

[
06×6

16

] [
v2(t)

+ ΘTΦ(q(t), q̇(t))
]
+ ξ̂(t),

e(t0) =
[
qT(t0), q̇

T(t0)
]T − [

qTref(t0), q̇
T
ref(t0)

]T
, t ≥ t0,

(52)

where v2(t) ∈ R6 denotes the virtual control input, ξ̂(t) =[
01×6, ξ̂

T
dyn(t)

]T
∈ R12,

ξ̂dyn(t) =

[
13 03×3

03×3 Γ(q(t))

]
M−1

(t, q)

([
Δftran(t, q(t), q̇(t))
Δfrot(t, q(t), q̇(t))

]

+
[
Ĝ(q(t))− Ĝ(qref(t))

]
u(t)

−ΔM(t, q)

[
13 03×3

03×3 Γ−1(q(t))

]
q̈(t)

)
, (53)

ΘT =

[
Θtran 03×30

03×9 Θrot

]
, Φ(q, q̇) =

[
ΦT

tran(q, q̇),

ΦT
rot(q, q̇)

]T
, (q, q̇) ∈ D × R6,

Θtran = MW (rC , 3), (54)

Θrot =
[
MW

(
WM (I), 3

)
, r

×
C

]
, (55)

Φtran(q, q̇) = −mWM (R(q)ω×(q, q̇)ω×(q, q̇)), (56)

Φrot(q, q̇) =
[−WT

M

(
ω×(q, q̇)MW (ω(q, q̇))

)
, FT

g (q)
]T

,
(57)

rC ∈ R3 and I ∈ R3×3 are unknown, MW (·, ·)
is given by (3), and WM (·) is given by (4) so
that ΘtranΦtran(q, q̇) = −mR(q)ω×(q, q̇)ω×(q, q̇)rC and

ΘrotΦrot(q, q̇) = −ω×(q, q̇)Iω(q, q̇) + r
×
CFg(q).

The next theorem applies the adaptive law (34) to regulate
the equations of motion (39) of a tilt-rotor quadcopter, whose
inertial properties are partly unknown, and bound both the
trajectory tracking error e(·) and the estimated adaptive
gains’ error ΔK(·) within the user-defined constraint set
(20). For the statement of the next result, note that if

v2(t) = ΔK(t)π(t), t ≥ t0, (58)

where π(t) =
[
qT(t), q̇T(t), 01×6,−ΦT(q(t), q̇(t))

]T
,

ΔK(t) = K̂(t) − Ke, K̂ : [t0,∞) → R6×57, Ke =
− [

KP,KD, 06×6,Θ
T
e

]
, and Θe ∈ R39×6 denotes an esti-

mate of Θ, that is, ‖Θe − Θ‖ ≤ ε with ε ≥ 0 arbitrarily
small, then (52) is in the same form as (27) with n = 12,

m = 6, N = 39, Δ̃K(t) = ΔK(t) + Ke − K, K =
− [

KP,KD, 06×6,Θ
T
]
,

ξ(t) = ξ̂(t) +

[
06×1

(Θ−Θe)
T
Φ(q(t), q̇(t))

]
, (59)

x0 =
[
qT0 , q

T
d,0

]T
, Aref =

[
06×6 16

−KP −KD

]
, and B =[

06×6

16

]
. Furthermore, the matching conditions (17) and (18)

are verified with A =

[
06×6 16

06×6 06×6

]
, Bref = 012×6, KT

x =

− [KP,KD], and Kr = 06×6.
Theorem 4.2: Consider the equations of motion of

a tilt-rotor quadcopter given by (39) with v(t) =
β(t, q(t), qref(t), v2(t)), t ≥ t0, where β(·, ·, ·, ·) is given by
(51) and v2(·) is given by (58). Furthermore, consider the
the trajectory tracking error dynamics given by (52) and the
constraint set given by (20). If K̂(·) verifies (34) for some
σ > 0 and p ∈ N and the conditions of Theorem 4.1 are
verified, then (e(t),ΔK(t)) ∈ C̊, t ≥ t0.

Proof: The result is a direct consequence of Theorem 4.1
applied to the trajectory tracking error dynamics (52) with
v2(·) given by (58). �
D. Realization of the desired control inputs

The forces and moments needed for q(·) to track qref(·)
must be realized by generating the appropriate thrust forces
Ti(·), i = 1, . . . , 4 and tilting the propellers’ axes by αi(·).
To this goal, we model the ith propeller’s thrust force as

Ti(t) = kΩ̇2
i (t), i = 1, . . . , 4, t ≥ t0, (60)

where k > 0 [1]. We also model the ith propeller’s moment
of the aerodynamic drag as

Di(t) = kTTi(t), i = 1, . . . , 4, t ≥ t0, (61)
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Fig. 2. Trajectory of a tilt-rotor quadcopter following a cylindrical spiral
reference trajectory

where kT > 0 [1]. Next, assume that adjacent propellers spin
in opposite directions and that the propellers are centered
at rprop,1 = [Lx, Ly, Lz]

T, rprop,2 = [−Lx, Ly, Lz]
T,

rprop,3 = [−Lx,−Ly, Lz]
T, and rprop,4 = [Lx,−Ly, Lz]

T

with respect to the reference point A(·), where Lx, Ly, Lz ≥
0 and LxLy > 0. In this case, it holds that

u(t) = MT (t), t ≥ t0, (62)

where T (t) � [T1,c(t), T1,s(t), T2,c(t), T2,s(t), T3,c(t),
T3,s(t), T4,c(t), T4,s(t)]

T denotes the vector of thrust forces,

Ti,c(t) � Ti(t) cαi(t), i = 1, . . . , 4, Ti,s(t) � Ti(t) sαi(t),
and

M �

⎡
⎢⎢⎢⎣

0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
Ly kT Ly −kT −Ly kT −Ly −kT
−Lx Lz Lx Lz Lx Lz −Lx Lz

kT −Ly −kT −Ly kT Ly −kT Ly

⎤
⎥⎥⎥⎦ .

(63)

Since LxLy > 0 and kT > 0, the matrix M given by (63)
is full-rank and the Moore-Penrose inverse of M is given by

M+ = MT
[
MMT

]−1
. Thus, given u : [t0,∞) → R5, we

compute the vector of thrust forces as

T ∗(t) = M+u(t), t ≥ t0, (64)

and we compute the propellers’ tilt angles as

αi(t) = tan−1
T ∗
i,s(t)

T ∗
i,c(t)

, i = 1, . . . , 4, (65)

where tan−1(·) denotes the signed inverse tangent function.

V. ILLUSTRATIVE NUMERICAL EXAMPLE

To illustrate the theoretical results of this paper, we
present a numerical simulation that involves the quadcopter
shown in Figure 1. This vehicle comprises a frame, four
propellers, and an actuated inverted pendulum, which we
consider as a payload oscillating at a frequency of 0.5Hz
and amplitude of 10 degrees. The length and mass of the
pendulum are 0.308m and 0.05 kg, respectively. The mass
of the quadcopter, excluding its payload, is 1.667 kg, and its
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Fig. 3. Constraint function

principal moments of inertia along the x(·), y(·), and z(·)
axes are 0.0317, 0.0643, and 0.0319 kgm2, respectively.

Figure 2 shows the result of a numerical simulation,
whereby the vehicle’s reference trajectory is given by
rIref(t) =

[
2 cos(0.35(t− 10)), 2 sin(0.35(t− 10)), 2 + (t−

4)/30
]T

, t ≥ 0, the reference pitch angle is θref(t) = 0,
and the reference yaw angle is ψref(t) = 0. To verify the
robustness of the robust MRAC law (34), the vehicle was
perturbed by simulating the effect of wind blowing along the
X axis of the reference frame I at a velocity of 10m/s for
all t ≥ 10 s, simulating a failure of the inertial measurement
unit, whereby the measured yaw, pitch, and roll angles are
equal to zero in the time interval [15, 20]s, underestimating
the vehicle’s mass and inertia matrix of 10%.

This simulation has been performed capturing constraints
on the trajectory tracking error and the estimated adaptive
gains error by means of (20) and (26) with hmax = 225
and M = 112. The constraint function h(·, ·) is plotted in
Figure 3. The root mean square of the path following error
is 12 · 10−3 m. The same simulation has been performed
assuming that h(eTMe,ΔKΓ−1ΔKT) = 1, (e,ΔK) ∈
Rn × Rm×(n+m+N), and p = 1. In this case, as shown by
Figure 3, the constraint given by (20) and (26) is violated.
A video of this numerical simulation is available at [7].
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