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ABSTRACT
This article introduces native space embedding for robust adaptive control of ordinary differential equations that contain
vector-valued functional uncertainties in a reproducing kernel Hilbert space (RKHS). The proposed approach is based on a
two-phase method for analyzing and designing adaptive controllers. In the first phase, a limiting distributed parameter system
(DPS), which describes the ideal closed-loop system’s performance, is introduced. The limiting DPS is not realizable in practice
since it evolves in a generally infinite-dimensional space. In the second phase, consistent finite-dimensional approximations of
the DPS are introduced to determine realizable controllers. Uniform ultimate bounds on the trajectory tracking error dynamics
are derived for the functional uncertainty classes contained in the native space. These bounds are derived in terms of the power
function of the RKHS or in terms of the fill distance of centers that define the scattered basis for approximations. Two numerical
examples demonstrate the applicability of the proposed results.

1 | Introduction

1.1 | Motivation and Problem Statement

This article presents a model reference adaptive control (MRAC)
synthesis framework for nonlinear plants whose matched uncer-
tainties are not represented by any real parameterization given
a priori, but are only known to belong to some reproducing
kernel Hilbert space (RKHS, also known as native space). The
proposed framework uses a two-phase approach. In the first
phase, an infinite-dimensional system, or distributed parameter
system (DPS), is introduced. This system represents the limiting
behavior of the trajectory tracking error dynamics sought in the
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control design problem, and, for this reason, we refer to it as the
limiting DPS system. Due to its infinite-dimensional nature, the
limiting DPS contains nonparametric estimates of the functional
uncertainty, and, hence, the underlying control law and adaptive
laws are not realizable. Thus, in the second phase, realizable
controllers are determined by consistently approximating the
limiting DPS in an RKHS. This overall approach is referred to
as RKHS embedding or native space embedding since all of the
trajectories of the ODEs determined by approximation can be
understood as being embedded in the state space of the limiting
DPS. To the authors’ knowledge, this is the first article that
describes a general approach for robust modifications of MRAC
and derives the rates of convergence of the ultimate tracking error
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for functional uncertainty classes in an RKHS of vector-valued
functions.

The arguments used in this article build on those typical of
classical adaptive control theory, wherein the matched uncer-
tainties affecting the ordinary differential equations (ODEs) are
represented using a finite number of unknown real parameters
and some fixed regressor vector. In this regard, the proposed
framework provides a natural extension of those results in clas-
sical and robust MRAC [1–4], which constitute the standard
working setting for modern adaptive control of ODEs. Because
the analysis in the classical setting relies on a parameterization of
the functional uncertainties for a fixed regressor vector, classical
adaptive control methods as referred to as parametric in this arti-
cle. Here we seek to formulate the adaptive control problem for
ODEs in terms of nonparametric or functional uncertainty classes.
Furthermore, we explore how well-known parametric adaptive
control strategies for ODEs, such as those based on methods like
those in References [1–4], can be ported to the nonparametric
setting and achieve some of the advantages that arise from using
an RKHS for the uncertainty. Such advantages include predicting
the ultimate bounds on the tracking error in terms of properties
of the functional uncertainty class such as the smoothness index
and the distance among centers defining approximations of the
uncertainty in the native space. Classical parametric methods,
such as those in References [1–4], do not make such predictions.

The theoretical tools that are available when using RKHSs have
had a deep and widespread impact on modern methods for statis-
tical learning theory, Bayesian estimation, and Gaussian process
estimation for stochastic systems [5–7]. RKHS-based adaptive
control methods based on Gaussian process techniques continue
to be investigated, with notable recent contributions including
References [8–10] as representative examples. However, in such
cases, the uncertainties appearing in the governing ODE are
interpreted as stochastic uncertainties verifying some Gaussian
model. The closed-loop performance guarantees obtained in
these Gaussian process methods are “performance bounds with
high confidence.” This article continues the purely deterministic
approach in [11–20]. The authors think that the derived deter-
ministic ultimate bounds on the trajectory tracking error can
be easier to state, interpret, and compute than the probabilistic
bounds that arise when viewing the functional uncertainty in
the setting of Gaussian processes.

In view of this claim, perhaps one of the most important
attributes of native space embedding methods is how the math-
ematical tools of an RKHS, which are relatively straightforward
to use, are used to obtain sharper error bounds than those usu-
ally obtained in real parametric adaptive control. As discussed
in References [2, 21], a critical step in approximation-based,
deterministic adaptive control invokes a uniform approxima-
tion assumption in 𝐿∞(Ω,ℝ𝑛) over some compact set Ω ⊂ ℝ𝑛

that contains a closed-loop trajectory of interest. Of course, the
particular form that the uniform approximation assumption
takes can vary. The Weierstrass theorem, Cybenko’s theorem,
universal approximations by neural networks, and other results
as described in References [2, 21] are a few examples of the
theorems that are often applied. However, if the uncertainty lies
in a vector-valued RKHS , then the construction of the RKHS
itself ensures that a type of approximation assumption holds in

the norm on , which in this article defines a stronger topology
than that of 𝐿∞(Ω,ℝ𝑛). Even more importantly, compared with
the oft-cited theorems, there are standard tools in RKHS theory
to obtain closed-form expressions for bounds on the pointwise
error of approximation. Instead of just assuring that a family of
basis functions is dense in the continuous functions (e.g., via
the Weierstrass theorem or universality of neural networks), the
structure of the RKHS gives a natural way to estimate the rates
of convergence in proofs of stability or convergence.

This article has been developed in the broader context of an
approach based on learning-based control, which the authors
frame in the context of native spaces. The proposed results can
be used to govern the learn-then-control architecture and the
switched learn-and-control strategies [22], [23, Ch. 6]. Worthy of
mention is how this research trend in the area of learning the-
ory and adaptive control has been gaining increasing interest, as
shown in the recent References [24–27] to name a few.

1.2 | Advantages of Native Space Embeddings
to Capture Nonlinearities

In this article, we consider the nonlinear plant dynamics

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵
(
𝑢(𝑡) + 𝐸𝑥(𝑡)𝑓

)
, 𝑥(𝑡0) = 𝑥0, 𝑡 ≥ 𝑡0 (1)

where 𝑥(𝑡) ∈ 𝕏 ≜ ℝ𝑛 denotes the plant state, 𝑢(𝑡) ∈ 𝕌 ≜ ℝ𝑚

denotes the control input, 𝐴 ∈ ℝ𝑛×𝑛 is unknown, 𝐵 ∈ ℝ𝑛×𝑚 is
known and such that the pair (𝐴,𝐵) is controllable, 𝑓 is unknown
and denotes a nonlinear matched uncertainty in the vector-valued
RKHS , and 𝐸𝑥(𝑡) denotes the evaluation operator at 𝑥(𝑡) ∈ 𝕏.
In this article, we let  be the 𝑚-times Cartesian product of the
scalar-valued RKHS , that is,  ≜ 𝑚. Notably, in this article,
we consider 𝑓 as a fixed element of the RKHS. We also consider
the reference model

𝑥̇𝑟(𝑡) = 𝐴𝑟𝑥𝑟(𝑡) + 𝐵𝑟𝑟(𝑡), 𝑥𝑟(𝑡0) = 𝑥𝑟,0, 𝑡 ≥ 𝑡0 (2)

where 𝑥𝑟(𝑡) ∈ 𝕏 denotes the reference trajectory, 𝑟(𝑡) ∈ 𝕌 denotes
the user-defined, uniformly continuous and bounded reference
command input, 𝐴𝑟 ∈ ℝ𝑛×𝑛 is Hurwitz, and 𝐵𝑟 ∈ ℝ𝑛×𝑚. Given the
RKHS 𝑅 > 0 and 𝜖 > 0, we define the uncertainty classes

𝑅 ≜ {
𝑓 ∈  ∶ ||𝑓 || ≤ 𝑅

}
(3)

𝑅,𝜖,𝑁 ≜ {
𝑓 ∈ 𝑅 ∶ ||(𝐼 −𝚷𝑁 )𝑓 || ≤ 𝜖

}
(4)

where the integer 𝑁 indicates the number of centers that
define a scattered basis in the RKHS, and, hence, define the
finite-dimensional space 𝑁 ≜ 𝑚

𝑁
that approximates , and

𝚷𝑁 denotes the -orthogonal projection onto 𝑁 . Assuming
that 𝑓 ∈ 𝑅,𝜖,𝑁 , we are interested in obtaining uniform ultimate
bounds on the trajectory tracking error 𝑒𝑁 (𝑡) ≜ 𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡), 𝑡 ≥
𝑡0, of the form

||𝑒𝑁 (𝑡)||𝕏 ≤ 𝐶 (𝑁), for all 𝑡 ≥ 𝑇 (5)

where 𝑥𝑁 ∶ [𝑡0,∞) → 𝕏 denotes the closed-loop plant trajectory
when using 𝑁 ⊆  to approximate 𝑓 ∈ , 𝐶 > 0, 𝑇 ≥ 𝑡0, and
 is a known decreasing function of 𝑁 . If  (𝑁) is of the order of
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the error of the best offline approximation of 𝑓 from the subspace
𝑁 , then we say that the adaptive control strategy is approxima-
tion theory asymptotically nearly optimal, or AAO for short.

In the vast majority of publications on MRAC systems, it is
assumed that the nonlinear matched uncertainties 𝑓 in (1) are
elements of the uncertainty class

𝑅,Ψ𝑁
≜ {

𝑓 = ΨT
𝑁
Θ𝑁 ∈ 𝑁 ⊆  ∶ ||Θ𝑁 || ≤ 𝑅

}
(6)

where 𝑅 ≥ 0 is given and Ψ𝑁 ≜ {𝜓1, . . . , 𝜓dim(𝑁 )} denotes the
span of some fixed set of regressors or basis functions. Assum-
ing no unmatched uncertainties and that matched uncertainties
are parameterized by the given regressors, classical MRAC sys-
tems [2, Ch. 9] ensure asymptotic convergence of the tracking
error to zero, despite matched uncertainties. However, this is an
idealistic result, and hence, robustifications of classical MRAC
systems [2, Ch. 11] are needed. The proposed results are con-
siderably stronger than classical robust MRAC systems. Indeed,
the functional uncertainty class 𝑅,𝜖,𝑁 considered in this article,
and, hence, 𝑅, are generally much larger than 𝑅,Ψ𝑁

. For each
𝑅 > 0, it is easy to define𝑅 > 0 such that𝑅,Ψ𝑁

⊆ 𝑅; on the other
hand, if  is infinite-dimensional, then 𝑅 ⊈ 𝑅,Ψ𝑁

for any𝑅 and
𝑅 > 0. Also, it holds that 𝑅,Ψ𝑁

⊆ 𝑅,𝜖,𝑁 . Therefore, the conven-
tional uncertainty class 𝑅,Ψ only contains functions in 𝑁 , but
𝑅,𝜖,𝑁 contains all functions in  whose approximations by ele-
ments in𝑁 have an error of best approximation in𝑁 less than
𝜖. Thus, in general, it holds that

𝑅,Ψ𝑁
⊆ 𝑅,𝜖,𝑁 ⊆ 𝑅 (7)

Furthermore, classical robust MRAC systems do not provide esti-
mates on the rate of convergence of the tracking error similar
to (5), that is, estimates on the convergence of the tracking error
based on the richness of information provided by the regressors.
Finally, the ultimate bound in (5) holds the potential for func-
tional uncertainty classes that describe a much broader collection
of uncertain systems.

In this article, we choose reproducing kernels that define native
spaces  consisting of bounded functions on the state space 𝕏.
This makes proofs of well-posedness, stability, and convergence
more closely resemble those used in classical real parametric
adaptive control. On one hand, this assumption on the kernels
excludes some iconic cases. For example, functions whose com-
ponents contain polynomial powers 𝑥𝑝 are not contained in any
such space  of bounded functions. On the other hand, however,
this assumption is not particularly limiting. Indeed, we only need
that 𝑓 agrees with a function 𝑔 ∈  over a bounded set Ω ⊆ 𝕏
that contains the closed-loop trajectory; carrying the notation for
such an Ω ⊆ 𝕏 in all the analyses that follow unduly complicates
the expressions, and we simply write 𝑓 ∈  in the rest of the
article, keeping this caveat in mind. With this interpretation,
functional uncertainty that contains unbounded functions, such
as polynomials, can be handled readily.

1.3 | Summary of the Original Results

The first set of key results appears in Theorems 1 and 2,
which describe the limiting DPS. Theorem 1 provides sufficient

conditions for a control law and set of adaptive laws, which
resemble the classical control and adaptive laws for classical
MRAC [2, Ch. 9], but involve elements of infinite-dimensional
spaces, to assure uniform asymptotic convergence of the plant
trajectory (i.e., the closed-loop limiting DPS) to the reference
trajectory. Due to the infinite-dimensional elements both in the
closed-loop limiting DPS and in the adaptive laws, it is impossi-
ble to leverage classical Lyapunov-like arguments, such as those
presented in [28], Th. 4.1, to assure the existence of complete
solutions. Thus, Theorem 2 provides sufficient conditions that
ensure that the closed-loop limiting DPS is well-posed and for-
ward complete; these key questions are not posed in the prelimi-
nary article [20], and apply to [20] as well.

A second set of key results is described in Theorems 3 and 4,
which describe how the controller and the adaptive law addressed
in Theorems 1 and 2 can be implemented in finite-dimensional
spaces. To this goal, we use two approaches inspired by the
dead-zone modification of MRAC [29] and the 𝜎-modification
of MRAC [4], respectively. Because the approximation of the
functional uncertainty introduces an error, realizable controllers
require a robust modification that averts the associated parameter
drift. The results of Theorem 3 are based on the initial work on
the dead-zone methods described in [20]. However, Theorem 3
improves the results in [20] by making the role of the uncertainty
class 𝑅,𝜖,𝑁 ⊂  explicit. Theorem 4 is an entirely new result.

Let Ω be a bounded set that contains the closed-loop trajectory
𝑥𝑁 (𝑡), 𝑡 ≥ 𝑡0, and let𝑁 denote the power function of the subspace
𝑁 in , which is commonly used [30, 31] to construct upper
bounds on errors of approximation from 𝑁 . We define

𝜖𝑁 ≜ ||(𝐼 −𝚷𝑁 )𝑓 || (8)

as the error of the best (offline) approximation of 𝑓 ∈  ≜ 𝑚

from (𝑁 )𝑚. Leveraging the results of Theorem 3, the ultimate
bound given by (5) specializes to

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏 ≤ 2
𝜆min(𝑄)

||𝑃𝐵|| sup
𝜂∈Ω

𝑁 (𝜂)𝜖𝑁 (9)

for all 𝑡 ≥ 𝑇 and for some 𝑇 ≥ 𝑡0, where the pair of symmet-
ric, positive-definite matrices (𝑃 ,𝑄) ∈ ℝ𝑛×𝑛 ×ℝ𝑛×𝑛 verify an alge-
braic Lyapunov equation, and 𝜆min(⋅) denotes the eigenvalue of its
argument with the smallest real part. The function𝑁 ∶ 𝕏 → ℝ+

is the power function of the subspace𝑁 in, which is described
in detail in Section 2.3. Equation(9) improves a similar result
derived in [20] in that it clarifies the role of the uncertainty class
𝑅,𝜖,𝑁 and is tighter. Applying the results of Theorem 4, the ulti-
mate bound given by (5) specializes to

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||2
𝕏 ≤ 2

𝜎𝜆min(𝑄)
||𝑃𝐵||2 sup

𝜂∈Ω
2
𝑁
(𝜂)𝜖2

𝑁
+ 𝔟 (10)

for all 𝑡 ≥ 𝑇 and for some 𝑇 ≥ 𝑡0, where 𝔟 > 0 captures a weighted
squared norm of the uncertainties.

The trajectory tracking error bound (9) has the same form as that
derived in [5–7] for offline approximations of functions based
on statistical and machine learning theory using samples from
discrete, stochastic systems with identically distributed observa-
tions. The error bound (10) includes additional terms that do not
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appear in the usual discrete stochastic framework of learning the-
ory. To the authors’ knowledge, this is the first rigorous error
bound on the ultimate performance of adaptive control methods
that uses only deterministic analysis to obtain the same type of
bounds as those found in learning theory approaches for offline
function estimation.

Corollaries 1 and 2 are new results that provide expressions for
the ultimate bounds on the trajectory tracking error that can be
attained by applying Theorems 3 and 4 and that are alternatives
to (9) and (10), respectively. These results also provide a cor-
relation between the smoothness of the unknown nonlinearity
affecting (1), the kernel functions, and the ultimate bound on the
controlled trajectory tracking error dynamics. Specifically, let Ξ𝑁

denote a collection of kernel centers that define the scalar-valued
vector space 𝑁 used to define 𝑁 . Given a sufficiently regular,
bounded set Ω containing the trajectory of the closed-loop limit-
ing DPS, let the fill distance of the centers Ξ𝑁 in Ω be defined as

ℎΞ𝑁 ,Ω ≜ sup
𝑥∈Ω

min
𝜉𝑖∈Ξ𝑁

||𝑥 − 𝜉𝑖||𝕏 (11)

Corollary 1 shows that, applying the adaptive laws postulated by
Theorem 3, and using exponential kernels, inverse multiquadrics
kernels, or compactly supported Wendland functions of regular-
ity 𝑟, the ultimate tracking error is captured by

‖‖𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)‖‖𝕏 ≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑂

(
𝑒
−
(
𝜇

log(ℎΞ𝑁 ,Ω)

ℎΞ𝑁 ,Ω

))
, Gaussian,

𝑂

(
𝑒
−
(

𝜂

ℎΞ𝑁 ,Ω

))
, inverse multiquadric,

𝑂
(
ℎ
𝑟+1∕2
Ξ𝑁 ,Ω

)
, Wendland, smoothness 𝑟

(12)

where 𝜇, 𝜂 > 0 are constant. Similarly, Corollary 2 shows that,
applying the adaptive laws postulated by Theorem 4, and using
exponential kernels, inverse multiquadrics kernels, or compactly
supported Wendland functions of regularity 𝑟, the ultimate track-
ing error is captured by

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏
≤

⎧⎪⎪⎨⎪⎪⎩

𝑂
(

1
𝜎

(
𝑒−𝜇̃| log(ℎΞ𝑁 ,Ω))|∕ℎΞ𝑁 ,Ω + 𝜎

))
, Gaussian,

𝑂
(

1
𝜎

(
𝑒−𝜇∕ℎΞ𝑁 ,Ω + 𝜎

))
, inverse multiquadric,

𝑂
(

1
𝜎

(
ℎ
𝑟+1∕2
Ξ𝑁 ,Ω

+ 𝜎
))

, Wendland, smoothness 𝑟

(13)

where 𝜇, 𝜇̃ > 0 are constant.

These results are particularly advantageous because it is possible
to use information about the smoothness of the uncertainty 𝑓

to choose an appropriate kernel for the synthesis of the adap-
tive laws. It is known that the Gaussian kernel, the Wendland
kernel of smoothness index 𝑟, and Sobolev–Matérn kernels of
smoothness index 𝑚 > 𝑛∕2 over the set 𝕏 define a scalar-valued
native space  that is contained in 𝐶∞(𝕏), the Sobolev space
𝑊 𝑟+(𝑛+1)∕2(𝕏), and the Sobolev space 𝑊 𝑚(𝕏), respectively; recall
that the Sobolev space 𝑊 𝑠(𝕏) for integer 𝑠 > 0 is the subspace

of 𝐿2(𝕏) that contains functions that have (weak) derivatives
contained in 𝐿2(𝕏) for all orders through 𝑠. The scale of Sobolev
spaces 𝑊 𝑠(𝕏) for 𝑠 > 0 gives a precise way of describing the
smoothness of functions. Therefore, in the proposed MRAC
framework, this observation implies that, if the smoothness of
the uncertainty 𝑓 is known, then it is possible to tailor the kernel
used in a native space embedding controller to this smoothness
and produce more suitable ultimate bounds on the trajectory
tracking error dynamics. Such tailoring can also have practical
implications for the dimensionality of the problem. The offline
approximations of smoother functions generally converge faster
as a function of 𝑁 than those for less smooth functions. This
observation is supported by the numerical simulation results
presented in Section 6.

Because (8) captures the optimal offline approximation error,
the primary observations regarding Theorems 3 and 4, and their
corollaries, can be summarized as follows. First, the ultimate
bound on tracking performance for the dead-zone strategy in
Theorem 3, for a suitably scaled dead-zone, is AAO over the
functional uncertainty class 𝑅,𝜖,𝑁 ⊂ 𝑅 ⊂ . Second, the ulti-
mate bound on tracking performance for the 𝜎-modification in
Theorem 4 is not AAO over the functional uncertainty class
𝑅,𝜖,𝑁 . The second observation does not mean, of course, that
some additional hypotheses, such as the persistence of excita-
tion, might suffice to conclude that the 𝜎-modification is AAO.
Also, the fact that the bound on the tracking error for the
𝜎-modification in real parametric adaptive control can be large
is well-known, as discussed in [4, 21]. In contrast to [4, 21],
however, the ultimate bounds on the tracking error provided
in this article are expressed relative to the norm on the gen-
erally infinite dimensional space  for the larger uncertainty
class 𝑅,𝜖,𝑁 . Our numerical studies of the 𝜎-modification sug-
gest that the ultimate bounds on the tracking error induced
by the 𝜎-modification of MRAC can be very conservative.
Refinements that give tighter bounds under additional assump-
tions, such as persistency of excitation, are needed and left for
future work.

2 | Elements of Native Space Theory

This section describes essential results from the theory of RKHS
spaces needed for the adaptive control problems in this article; for
additional details, see [32, 33]. The real numbers and nonnegative
real numbers are denoted by ℝ and ℝ+. Given the normed vector
space 𝑉 and the Banach space 𝑊 over the field of real numbers,
(𝑉 ,𝑊 ) denotes the Banach space of bounded linear operators
mapping 𝑉 into 𝑊 . For brevity, we denote (𝑉 , 𝑉 ) by (𝑉 ).

2.1 | Scalar-Valued Native Spaces

Let Ω ⊆ 𝕏, and let 𝔎 ∶ Ω × Ω → ℝ denote the reproducing ker-
nel function. The kernel section or basis function centered at 𝜉 ∈
Ω is defined as 𝔎𝜉(⋅) ≜ 𝔎(𝜉, ⋅). The native space generated by
𝔎(⋅, ⋅) is a Hilbert space  of real-valued functions defined as
the closed linear span of the kernel sections centered at all 𝜉 ∈ Ω,
that is,

 ≜ span{𝔎𝜉(⋅) ∶ 𝜉 ∈ Ω} (14)
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note that if there are infinitely many elements inΩ, then is gen-
erally infinite-dimensional. We often refer to  as a scalar RKHS
since  contains scalar-valued functions over Ω.

The proposed definition of native spaces allows that the setΩ over
which the functions in  are defined is a subset Ω ⊆ 𝕏 ≜ ℝ𝑛. In
this article, the kernel over Ω is typically generated as the restric-
tion of a “standard kernel” 𝔎 ∶ 𝕏 ×𝕏 → ℝ that is defined over
𝕏 ≜ ℝ𝑛. We overload the notation and use the same symbol 𝔎 to
denote the reproducing kernel over 𝕏 or Ω ⊂ 𝕏. We also use 
to denote the native space of functions that are defined on all of
𝕏 in terms of the standard kernel 𝔎 ∶ 𝕏 ×𝕏 → ℝ, as well as the
RKHS over Ω that is obtained from the restricted kernel; see [33,
34] for details on the theory of RKHS defined by restrictions of
kernels.

Given an RKHS , the evaluation operator 𝐸𝜉 ∶  → ℝ is
defined so that 𝐸𝜉𝑓 = 𝑓 (𝜉) for each 𝜉 ∈ Ω. The evaluation oper-
ator 𝐸𝜉 is bounded and linear, and, hence, its adjoint operator
𝐸∗
𝜉
∶ ℝ → , is a well-defined bounded linear operator. These

operators are related via the reproducing property

⟨𝐸𝜉𝑓 , 𝛼⟩ℝ =
⟨
𝑓,𝐸∗

𝜉
𝛼
⟩
 =

⟨
𝑓,𝔎𝜉𝛼

⟩
 = 𝛼𝑓 (𝜉) (15)

for any 𝛼 ∈ ℝ, 𝜉 ∈ Ω, and 𝑓 ∈ .

In this article, we assume that the kernel 𝔎(⋅, ⋅) that defines  is
continuous on Ω × Ω and is bounded on the diagonal in the sense
that there is a constant 𝔎 > 0 such that

𝔎(𝜉, 𝜉) = ||𝔎𝜉||2 ≤ 𝔎
2
, for all 𝜉 ∈ Ω (16)

This assumption is satisfied for many standard choices of kernels
defined on Ω ⊆ ℝ𝑛, including the Gaussian, Sobolev–Matérn,
inverse multiquadric, or Wendland kernels [30]. The bounded-
ness on the diagonal of 𝔎(⋅, ⋅) is important in our closed-loop
analysis since it ensures that the operator norm ||𝐸𝜉|| = ||𝐸∗

𝜉
|| is

uniformly bounded. Indeed, considering𝐸𝜉 as acting on intoℝ,
we have that ||𝐸𝜉|| ≤ 𝔎 since, by the Cauchy-Schwarz inequality,

|||𝐸𝜉𝑓
||| = |𝑓 (𝜉)| = |||⟨𝑓,𝔎𝜉

⟩

||| ≤ 𝔎‖𝑓‖ (17)

Since 𝑓 is considered a fixed element of the RKHS  and the
functional dependency of the matched uncertainty on the state
is captured by the evaluation operator 𝐸𝜉 for any 𝜉 ∈ Ω, (17) pro-
vides an upper bound on the matched functional uncertainty that
explicitly distinguishes between a contribution given by the cho-
sen RKHS, namely𝔎, and a contribution given by the uncertainty
itself, namely ‖𝑓‖ , which is constant.

This article’s implementable control schemes are derived from
specific approximations in the native space . To start with,
let Ξ𝑁 ≜ {𝜉𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑁} ⊂ Ω denote the set of kernel centers. A
finite-dimensional subspace of approximating functions is defined
as the linear span of the kernel sections located at the set of kernel
centers 𝔎𝜉𝑖

, that is,

𝑁 ≜ span
{
𝔎𝜉𝑖

(⋅) ∶ 𝜉𝑖 ∈ Ξ𝑁

}
(18)

An RKHS  and an associated finite-dimensional subspace of
approximating functions 𝑁 are correlated by Π𝑁 ∶  → 𝑁 ,

which captures the orthogonal projection of any function 𝑓 that
resides in  onto the finite dimensional subspace 𝑁 . With this
definition and the reproducing properties, for any 𝑓 ∈ , it holds
that 𝑓 (𝜉) =

⟨
𝔎𝜉 ,Π𝑁𝑓

⟩
 +

⟨
𝔎𝜉 , (𝐼 − Π𝑁 )𝑓

⟩
 for any 𝜉 ∈ Ω.

2.2 | Vector-Valued Native Spaces

In this article, we consider native spaces  of vector-valued func-
tions given by the Cartesian product  ≜ 𝑚 =  × · · · ×,
where denotes a scalar-valued native space defined by means of
the scalar kernel𝔎(⋅, ⋅) over the setΩ. Similar to the scalar-valued
case, we refer to the spaces = 𝑚 as vector-valued native spaces.
The general theory of vector-valued native spaces  that con-
tain 𝕌-valued functions over Ω is based on operator-valued
kernels [32, 35], and this theoretical framework is more abstract
than it is for the scalar-valued case. Approaches by the authors
in the full generality of operator-valued kernels have been pre-
sented in Reference [17] for the development of observers and
References [18, 20] for the adaptive control schemes.

Assuming that vector-valued RKHSs are defined as the Cartesian
product of scalar-valued RKHSs, given 𝕌 ≜ ℝ𝑚, the evaluation
operator 𝐸𝜉 ∶  → 𝕌 is such that

𝐸𝜉𝑓 = 𝑓 (𝜉), for all 𝜉 ∈ Ω, 𝑓 ∈  (19)

We also define the associated operator kernel and its operator
kernel section as (𝜉, 𝜂) ≜ 𝔎(𝜉, 𝜂)𝐼 and 𝜉(⋅) ≜ 𝔎(𝜉, ⋅)𝐼, respec-
tively, for all 𝜉, 𝜂 ∈ Ω, where 𝐼 denotes the identity onℝ𝑚. It holds
that (𝜉, 𝜂) ∈ (𝕌) for each 𝜉, 𝜂 ∈ Ω, and the real vector-valued
native space  can be equivalently expressed as

 = span{𝜉𝛼 | 𝜉 ∈ Ω, 𝛼 ∈ 𝕌} (20)

Thus,𝐸𝜉 ∈ (,𝕌) and𝜉 ∈ (𝕌,) for each 𝜉 ∈ Ω. The repro-
ducing property for vector-valued native spaces takes the form⟨𝜉𝛼, 𝑓

⟩

=

⟨
𝐸∗
𝜉
𝛼, 𝑓

⟩

=

⟨
𝛼, 𝐸𝜉𝑓

⟩
𝕌 = 𝛼T𝑓 (𝜉) ∈ ℝ (21)

for any 𝛼 ∈ 𝕌, 𝑓 ∈ , and 𝜉 ∈ Ω. It follows from (21) that 𝐸∗
𝜉
≜(

𝐸𝜉

)∗ = 𝜉 for each 𝜉 ∈ Ω. In fact, if the kernel 𝔎(⋅, ⋅) that
defines  is bounded on the diagonal, as we assume in this arti-
cle, then a uniform bound on the operator norm of the evaluation
operator 𝐸𝜉 ∶  → 𝕌 is given by

||𝐸𝜉|| = ||𝐸∗
𝜉
|| = ||𝜉|| ≤ 𝔎, for all 𝜉 ∈ Ω (22)

Similar to the scalar case, if 𝐸𝜉 is considered as an operator on 

into 𝕌, then this bound follows directly from the fact that

||𝜉𝛼||2

= ||𝔎𝜉𝛼||2


= ||𝔎𝜉||2

𝑚∑
𝑖=1

|𝛼𝑖|2 ≤ 𝔎
2||𝛼||2

𝕌

for all 𝛼 ∈ 𝕌 (23)

To introduce a finite-dimensional subspace to approximate
, suppose that the real-valued native space  contains a
finite-dimensional subspace 𝑁 . We define a finite-dimensional
subspace of  as 𝑁 ≜ 𝑁 × · · · ×𝑁 , where the Cartesian
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product is repeated 𝑚 times. The corresponding projection opera-
tor 𝚷𝑁 ∶  → 𝑁 is defined as

𝚷𝑁𝑓 ≜ [
Π𝑁𝑓1, . . . ,Π𝑁𝑓𝑚

]T (24)

Following the convention of the scalar case, for any 𝑓 ∈  it
holds that

𝛼T𝑓 (𝜉) =
⟨𝜉𝛼,𝚷𝑁𝑓

⟩

+

⟨𝜉𝛼, (𝐼 −𝚷𝑁 )𝑓
⟩


(25)

for all 𝛼 ∈ 𝕌, 𝑓 ∈ , and 𝜉 ∈ Ω, where 𝐼 ∶  →  denotes the
identity operator over .

2.3 | The Power Function

A relevant interpretation of (25) is that, when computing
finite-dimensional approximations of 𝑓 ∈ , the projection error
is given by (𝐼 −𝚷𝑁 )𝑓 . Although the exact value of this error can-
not be calculated explicitly, RKHS theory provides us with a tool,
the power function, to bound this error. Following [30, 31], we
define the scalar power function as

𝑁 (𝜉) ≜ ||(𝐼 − Π𝑁

)
𝔎𝜉|| , for each 𝜉 ∈ Ω (26)

which can be calculated as

𝑁 (𝜉) =
√
𝔎(𝜉, 𝜉) −𝔎𝑁 (𝜉, 𝜉) for each 𝜉 ∈ Ω (27)

where 𝔎𝑁 (⋅, ⋅) denotes the reproducing kernel of 𝑁 . It is
well-known [30–32] that the reproducing kernel 𝔎𝑁 is given in
closed form by the expression

𝔎𝑁 (𝑥, 𝑦) ≜ 𝔎T
Ξ𝑁

(𝑥)𝕂−1
𝑁
𝔎T

Ξ𝑁
(𝑦) (28)

where 𝔎Ξ𝑁
(⋅) ≜ [

𝔎𝜉1
(⋅), . . . ,𝔎𝜉𝑁

(⋅)
]T and

𝕂𝑁 =
⎡⎢⎢⎢⎣
⟨𝔎𝜉1

,𝔎𝜉1
⟩ . . . ⟨𝔎𝜉1

,𝔎𝜉𝑁
⟩

⋮ ⋱ ⋮⟨𝔎𝜉𝑁
,𝔎𝜉1

⟩ . . . ⟨𝔎𝜉𝑁
,𝔎𝜉𝑁

⟩
⎤⎥⎥⎥⎦ ∈ ℝ𝑁×𝑁 (29)

denotes the Grammian matrix.

The finite-dimensional approximation error can be bounded by
the power function [36] as

|||𝐸𝜉

(
𝐼 − Π𝑁

)
𝑓
||| ≤ 𝑁 (𝜉)||(𝐼 − Π𝑁 )𝑓 || ≤ 𝑁 (𝜉)||𝑓 || ,

for all 𝜉 ∈ Ω, 𝑓 ∈  (30)

Because, in this article, we define by means of a Cartesian prod-
uct, (30) implies that

‖‖‖𝐸𝜉(𝐼 −𝚷𝑁 )𝑓
‖‖‖2


=

𝑚∑
𝑖=1

|||𝐸𝜉(𝐼 − Π𝑁 )𝑓𝑖
|||2
= 2

𝑁
(𝜉)‖‖(𝐼 −𝚷𝑁 )𝑓‖‖2



≤ 2
𝑁
(𝜉)‖𝑓‖2


, for all 𝜉 ∈ Ω, 𝑓 ∈  (31)

This means that the component-wise error in the 𝑁 and 𝑁

can be bounded using the same scalar power function when  is
defined as the 𝑚-fold Cartesian product of . For vector-valued

RKHSs that are not defined using the Cartesian product, expres-
sions for the upper bound on ‖‖‖𝐸𝜉

(
𝐼 −𝚷𝑁

)
𝑓
‖‖‖ are presented

in [31]. These more general expressions have been used in
Reference [20], which does not assume that the operator-valued
kernel is diagonal.

3 | MRAC for Nonparametric Matched
Uncertainties

3.1 | The Limiting DPS

The next theorem is the first key result of this section, and it pro-
vides an adaptive law so that the limiting trajectory tracking error
𝑒(𝑡) ≜ 𝑥(𝑡) − 𝑥𝑟(𝑡), 𝑡 ≥ 𝑡0, asymptotically converges to zero, despite
the uncertainties in both 𝐴 ∈ ℝ𝑛×𝑛 and 𝑓 ∈ . For the statement
of this result, consider the plant model given by (1) and the refer-
ence model given by (2), and assume that the matching conditions

𝐴𝑟 = 𝐴 + 𝐵𝛼T, 𝐵𝑟 = 𝐵𝛽T (32)

are verified by 𝛼 ∈ ℝ𝑛×𝑚 and 𝛽 ∈ ℝ𝑚×𝑚. It is worthwhile to note
that, in general, the structure of𝐴 is known [2, Ch. 9], and hence,
although it is impossible to compute 𝛼, its existence can be ver-
ified. The matching conditions impose that there exists at least
one solution that allows the plant trajectory 𝑥(⋅) to follow the
reference trajectory 𝑥𝑟(⋅). Let ℤ ≜ ℝ𝑛 ×ℝ𝑛×𝑛 ×ℝ𝑚×𝑚 ×, and for
𝑡 ≥ 𝑡0. For the statement of the next result, consider the adaptive
laws

̇̂𝛼(𝑡) = −Γ𝛼𝑥(𝑡)𝑒T(𝑡)𝑃𝐵, 𝛼(𝑡0) = 𝛼0, 𝑡 ≥ 𝑡0 (33)
̇̂𝛽(𝑡) = −Γ𝛽𝑟(𝑡)𝑒T(𝑡)𝑃𝐵, 𝛽(𝑡0) = 𝛽0 (34)

𝜕𝑓 (𝑡, ⋅)
𝜕𝑡

= Γ𝑓𝑥(𝑡)𝐵
T𝑃𝑒(𝑡), 𝑓 (𝑡0, ⋅) = 𝑓0 (35)

where 𝛼̂ ∶ [𝑡0,∞) → ℝ𝑛×𝑚, 𝛽 ∶ [𝑡0,∞) → ℝ𝑚×𝑚, and 𝑓 ∶ [𝑡0,∞) ×
 → 𝕌 denote the adaptive gain matrices, Γ𝛼 ∈ ℝ𝑛×𝑛, Γ𝛽 ∈
ℝ𝑚×𝑚, and Γ𝑓 ∈ ℝ𝑚×𝑚 denote the user-defined, symmetric, and
positive-definite adaptive rate matrices, 𝑃 ∈ ℝ𝑛×𝑛 denotes the
symmetric, positive-definite solution of the algebraic Lyapunov
equation

−𝑄 = 𝐴T
𝑟
𝑃 + 𝑃𝐴r (36)

and 𝑄 ∈ ℝ𝑛×𝑛 is symmetric, positive-definite, and user-defined.
At this point, we note that the adaptive law (35) is a partial differ-
ential equation (PDE), not an ODE.

Applying the limiting control input

𝑢(𝑡) = 𝛼̂T(𝑡)𝑥(𝑡) + 𝛽
T(𝑡)𝑟(𝑡) − 𝐸𝑥(𝑡)𝑓 (𝑡, ⋅), 𝑡 ≥ 𝑡0 (37)

the trajectory tracking error dynamics are given by

𝑒̇(𝑡) = 𝐴𝑟𝑒(𝑡) − 𝐵
(
𝛼̃T(𝑡)𝑥(𝑡) + 𝛽

T(𝑡)𝑟(𝑡) − 𝐸𝑥(𝑡)𝑓 (𝑡, ⋅)
)

𝑒(𝑡0) = 𝑥0 − 𝑥𝑟,0 (38)

where 𝛼̃(𝑡) ≜ 𝛼 − 𝛼̂(𝑡), 𝛽(𝑡) ≜ 𝛽 − 𝛽(𝑡), and 𝑓 (𝑡, ⋅) ≜ 𝑓 (⋅) − 𝑓 (𝑡, ⋅).
Thus, the time-varying dynamical system given by the trajec-
tory tracking error dynamics (38) and the adaptive laws (33–35)
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define a limiting DPS with a state (𝑒(𝑡), 𝛼̂(𝑡), 𝛽(𝑡), 𝑓 (𝑡, ⋅)) that
evolves in ℤ. Note that

(
𝑒, 𝛼̂, 𝛽, 𝐸𝑥𝑓

)
=

(
0, 𝛼, 𝛽, 𝐸𝑥𝑓

)
is an equi-

librium point of the nonlinear dynamical system given by (38)
and (33–35). The next result proves the boundedness and asymp-
totic convergence of solutions of this system. For clarity of expo-
sition, the proof of the existence of complete solutions of (38) and
(33–35) is deferred to Section 3.2.

Theorem 1. Consider the nonlinear plant dynamics (1), the
reference model (2), the control input (37), and the adaptive laws
(33–35). Assume that the matching conditions in (32) are verified,
let Ω = 𝕏, and assume that the kernel 𝔎(⋅, ⋅) that defines  is such
that (16) is verified for all 𝜉 ∈ 𝕏. If the system given by (38) and
(33–35) has a unique solution over the set [𝑡0,∞) ⊆ [0,∞) for every
initial condition, then the trajectories of (38) and (33–35) are uni-
formly bounded and the tracking error is convergent,

||𝑥(𝑡) − 𝑥𝑟(𝑡)||𝕏 → 0 as 𝑡 → ∞ (39)

uniformly in 𝑡0 ≥ 0.

Proof. Consider the Lyapunov function candidate

𝑉 (𝑒, 𝛼̃, 𝛽, 𝑓 ) = ⟨𝑃𝑒, 𝑒⟩𝕏 +
⟨
Γ−1
𝛼
𝛼̃, 𝛼̃

⟩
tr +

⟨
Γ−1
𝛽
𝛽, 𝛽

⟩
tr

+
⟨
Γ−1
𝑓
𝑓 (⋅, ⋅), 𝑓 (⋅, ⋅)

⟩

, (𝑒, 𝛼̃, 𝛽, 𝑓 ) ∈ ℤ (40)

and, assuming that 𝑓 (⋅) ∈ 𝐶1(ℝ+,𝕏), along the trajectories of
(38) and (33–35) it holds that

𝑉̇
(
𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡, ⋅)

)
= ⟨𝑃 𝑒̇(𝑡), 𝑒(𝑡)⟩𝕏 + ⟨𝑃𝑒(𝑡), 𝑒̇(𝑡)⟩𝕏
+ 2

(⟨
Γ−1
𝛼
𝛼̃T(𝑡), ̇̃𝛼(𝑡)

⟩
tr +

⟨
Γ−1
𝛽
𝛽(𝑡), ̇̃𝛽(𝑡)

⟩
tr

+
⟨
Γ−1
𝑓
𝑓 (𝑡, ⋅), ̇̃𝑓 (𝑡, ⋅)

⟩


)
,

= −𝑒T(𝑡)𝑄𝑒(𝑡)

+ 2
[
−
⟨
𝛼̃(𝑡), 𝑥(𝑡)𝑒T(𝑡)𝑃𝐵

⟩
tr −

⟨
𝛼̃(𝑡),Γ−1

𝛼
̇̂𝛼(𝑡)

⟩
tr

]
+ 2

[
−
⟨
𝛽(𝑡), 𝑟(𝑡)𝑒T(𝑡)𝑃𝐵

⟩
tr −

⟨
𝛽(𝑡),Γ−1

𝛽
̇̂𝛽(𝑡)

⟩
tr

]
+ 2

[⟨𝑥(𝑡)𝐵
T𝑃𝑒(𝑡), 𝑓 (𝑡, ⋅)

⟩

−

⟨
𝑓 (𝑡, ⋅),Γ−1

𝑓
̇̂𝑓 (𝑡, ⋅)

⟩


]
where we used the property whereby 𝑎T𝑏 = tr

(
𝑏𝑎T) for any 𝑎, 𝑏 ∈

𝕏. Thus, utilizing the adaptive laws (33–35), we deduce that

𝑉̇ (𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡)) = −𝑒T(𝑡)𝑄𝑒(𝑡) ≤ 0, 𝑡 ≥ 𝑡0 (41)

along the trajectories of (38) and (33–35).

Since 𝑉̇ (𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡)) ≤ 0 for all 𝑡 ≥ 𝑡0,
𝑉 (𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡)) is non-increasing, and since 𝑉 (⋅, ⋅, ⋅, ⋅)
is positive-definite, it follows from the monotone convergence
theorem that lim𝑡→∞𝑉

(
𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡)

)
= 𝑉∞, where

𝑉∞ ≤ 𝑉 (𝑒(𝑡0), 𝛼̃(𝑡0), 𝛽(𝑡0), 𝑓 (𝑡0)) (42)

The boundedness of 𝑉 (𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡)) for all 𝑡 ≥ 𝑡0 also
implies that the states of (38) and (33–35) are bounded uniformly

in 𝑡0 ≥ 0, that is, 𝑒(⋅) ∈ 𝐿∞(
ℝ+,ℝ𝑛

)
, 𝛼̃(⋅) ∈ 𝐿∞(

ℝ+,ℝ𝑛×𝑛), 𝛽(⋅) ∈
𝐿∞(

ℝ+,ℝ𝑚×𝑚), and 𝑓 (⋅) ∈ 𝐿∞(
ℝ+,

)
. By integrating both sides

of (42), we also conclude that 𝑒(⋅) ∈ 𝐿2(ℝ+,ℝ𝑛
)
.

Next, to conclude the proof, we prove that 𝑒̇(⋅) ∈ 𝐿∞(
ℝ+,ℝ𝑛

)
. It

follows from (38) that

‖𝑒̇(𝑡)‖𝕏 ≤ ||𝐴𝑟||||𝑒||𝐿∞(ℝ+ ,𝕏) + ||𝛽||𝐿∞(ℝ+ ,ℝ𝑚×𝑚)||𝑟||𝐿∞(ℝ+ ,𝕌)

+ ||𝐵||||𝑒||𝐿∞(ℝ+ ,𝕏)||𝛼̃||𝐿∞(ℝ+ ,ℝ𝑛×𝑛)

+ ||𝐵||||𝐸𝑥(𝑡)||(,𝕌)||𝑓 (𝑡, ⋅)||
for all 𝑡 ≥ 𝑡0. Now, 𝐸𝑥(𝑡) ∈ (,𝕌), and under the assumption
that the kernel 𝔎 is bounded on the diagonal, we have the
uniform bound on the operator norm ||𝐸𝑥(𝑡)||(,𝕌) ≤ 𝔎. Fur-
thermore, since ||𝑓 (𝑡, ⋅)|| ≤ ||𝑓 (𝑡, ⋅)||𝐿∞(ℝ+ ,) for all 𝑡 ≥ 𝑡0, we
have proven that 𝑒̇(⋅) ∈ 𝐿∞(

ℝ+,𝕏
)
. Since 𝑒(⋅) ∈ 𝐿∞(

ℝ+,𝕏
)
∩

𝐿2(ℝ+,𝕏
)

and 𝑒̇(⋅) ∈ 𝐿∞(
ℝ+,𝕏

)
, it follows from Barbalat’s

lemma that (39) is verified uniformly in 𝑡0 ≥ 0. ◽

Theorem 1 proves that applying the limiting control input (37)
and the adaptive laws (33–35), the closed-loop plant trajectory
is bounded at all times and asymptotically converges to the ref-
erence model’s trajectory despite parametric uncertainties in 𝛼, 𝛽

and nonparametric uncertainty in 𝑓 , uniformly in the initial time.
Although both (33) and (34) closely resemble those of classi-
cal MRAC [2, Ch. 9], (35) is unique in its kind. Indeed, to the
authors’ knowledge, there does not exist an MRAC system that
accounts for nonparametric matched uncertainties, such as𝐸𝑥(⋅)𝑓

that appear in the limiting DPS, that are known to belong to some
functional space, but whose representation is unknown. Thus,
the framework introduced by Theorem 1 breaks from a conven-
tional approach, whereby the matched uncertainty needs to be
expressed in the form of the product of a regressor vector, which
is either provided with a plant model or to be identified through
neural networks or machine learning techniques [2, 21], and an
unknown matrix.

The proof of the classical Lyapunov’s direct method (see the
proof of Theorem 4.1 in Reference [28] for example) shows the
invariance of the level sets of the Lyapunov function. The same
arguments apply to the proof of Theorem 1. In principle, these
arguments can be used to deduce the invariance of the set Ω. In
practice, however, it is difficult to correlate the level sets of the
Lyapunov function (40) to the set Ω, where the closed-loop tra-
jectory 𝑥(⋅) is expected to lie. For this reason, the set Ω should
be chosen sufficiently large and according to some insights into
the plant dynamics. Future research directions require leverag-
ing Theorem 1 and the results in References [37–39] on MRAC
systems and barrier Lyapunov functions to impose explicitly that
the closed-loop plant trajectory lies in a user-defined set Ω.

Theorem 1 relies on the assumption whereby the nonlinear
dynamical system given by the limiting DPS (38) and (33–35)
is complete, that is, has a unique solution over the set [𝑡0,∞) ⊆
[0,∞) for every initial condition. In Section 3.2, we provide suf-
ficient conditions for the existence of complete solutions of (38)
and (33–35).

Furthermore, the limiting control input (37) is not imple-
mentable as-is. Indeed, 𝑓 (𝑡, ⋅), 𝑡 ≥ 𝑡0, is the solution of a PDE
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and resides in an infinite dimensional space. Indeed, for this
reason, we refer to (37) as the limiting feedback control input.
Finite-dimensional approximations of 𝐸𝑥(𝑡)𝑓 (𝑡, ⋅), and, hence, of
the limiting control input are discussed in Section 4. Finally, the
classical MRAC the guarantees Lyapunov stability of the equilib-
rium point of (38) and (33–35), which is a stronger condition than
the boundedness of the solutions, uniformly in the initial time.
The results discussed in Section 4 also guarantee this result.

3.2 | Forward Completeness of the Limiting
DPS

Theorem 1 assumes the existence of a complete solution of (38)
and (33–35), that is, of solutions over the interval [𝑡0,∞) for any
initial condition. The next theorem provides sufficient conditions
to guarantee the existence of solutions. For the statement of this
result, note that the dynamical system given by (38) and (33–35)
can be rewritten as

d
d𝑡
𝑧(𝑡) = 𝑧(𝑡) + (𝑡, 𝑧(𝑡)), 𝑧(𝑡0) = 𝑧0, 𝑡 ≥ 𝑡0 (43)

where 𝑧(𝑡) ≜ (𝑒(𝑡), 𝛼̃(𝑡), 𝛽(𝑡), 𝑓 (𝑡)) ∈ ℤ, the operator matrix  ≜
diag{𝐴𝑟, 0, 0, 0}, and

(𝑡, 𝑧) ≜
⎡⎢⎢⎢⎢⎢⎣

−𝐵𝛼̃T(𝑥𝑟(𝑡) + 𝑒) − 𝐵𝛽 + 𝐵𝐸𝑥𝑟(𝑡)+𝑒𝑓

Γ𝛼(𝑥𝑟(𝑡) + 𝑒)𝑒T𝑃𝐵

Γ𝛽𝑟(𝑡)𝑒T𝑃𝐵

− Γ𝑓𝑥𝑟(𝑡)+𝑒𝐵
T𝑃𝑒

⎤⎥⎥⎥⎥⎥⎦
Theorem 2. Consider the closed-loop trajectory tracking error
dynamics given by (43), and assume that the reference command
input 𝑡 ↦ 𝑟(𝑡) is continuous and uniformly bounded. Furthermore,
assume that

1. the operator kernel (⋅, ⋅) is bounded on the diagonal in the
sense that there is a constant 𝔎 > 0 such that

||(𝑥, 𝑥)||(𝕌) ≤ 𝔎, for all 𝑥 ∈ 𝕏 (44)

2. the mapping (𝑥, 𝑦) ↦ (𝑥, 𝑦) is Lipschitz continuous on
𝕏, that is, there is a constant 𝐿 > 0 such that ||(𝑥, 𝑦) −
(𝑝, 𝑞)||(𝕌) ≤ 𝐿(||𝑥 − 𝑝|| + ||𝑦 − 𝑞||) for all 𝑥, 𝑦, 𝑝, 𝑞 ∈ 𝕏;

3. the operator kernel  induces a native space  that is con-
tinuously embedded in the Lipschitz continuous functions

 →
(
𝐶0,1(𝕏)

)𝑚 (45)

Then, for any initial condition 𝑧0 ∈ ℤ, (43) has a unique solution
𝑡 ↦ 𝑧(𝑡), with 𝑧(⋅) ∈ 𝐶1([𝑡0,∞),ℤ

)
. Furthermore, the map 𝑧0 ↦ 𝑧

is Lipshitz continuous from ℤ to 𝐶([𝑡0,∞),ℤ).

Before proceeding with the proof of Theorem 2, it is worthwhile
making the following remark.

Remark 1. Assumptions 1–3 of Theorem 2 are not particu-
larly restrictive for the class of problems discussed in this arti-
cle. Indeed, since the vector-valued space  is assumed to be
the Cartesian product of a scalar-valued space, that is,  ≜ 𝑚,

these conditions hold for many types of common kernels 𝔎(⋅, ⋅)
of  defined over 𝕏. For instance, if  ≜ 𝑚 and  is generated
by the exponential, Sobolev–Matérn, inverse multiquadric, or
Wendland kernels, then Assumption 1 is verified. Equation (44)
follows from (23) and (16). If  ≜ 𝑚, then Assumption 2 can
be verified, for example, if the scalar-valued kernel 𝔎(⋅, ⋅) is con-
tained in the space of Lipschitz continuous functions 𝐶0,1(𝕏),
and the exponential, inverse multiquadric, sufficiently smooth
Sobolev–Matérn, and sufficiently smooth Wendland kernels can
be chosen to satisfy this property. Finally, Assumption 3 also
holds for some common selections of the scalar-valued kernels
that define , which in turn defines . For example, the col-
lection of Sobolev–Matérn kernels and Wendland kernels define
native spaces  that are types of Sobolev spaces. These fami-
lies can define Sobolev spaces of arbitrarily high order [30], and
Sobolev spaces of sufficiently high order are continuously embed-
ded in the spaces of Lipschitz continuous functions [40].

We now turn to the proof of Theorem 2.

Proof. This result follows from Theorem 1.4 of Chapter 6
of Reference [41]. To apply this result, we require that 𝑒𝑡 ≜∑∞

𝑛=0
(𝑡)𝑛

𝑛!
is a 𝐶0-semigroup [41], Def. 2.1 generated by ; for

each 𝑧 ∈ ℤ, the map 𝑡 ↦ (𝑡, 𝑧) is continuous over [𝑡0,∞); and, for
each bounded subinterval of [𝑡0,∞), the map 𝑧 ↦ (𝑡, 𝑧) is Lips-
chitz continuous in bounded neighborhoods of 𝑧 = 0, uniformly
in time.

Because  is a bounded linear operator on ℤ, it follows
from Theorem 1.2 of Reference [41] that the exponential 𝑒𝑡 ≜∑∞

𝑛=0
(𝑡)𝑛

𝑛!
, 𝑡 ∈ [𝑡0,∞), is a 𝐶0-semigroup generated by . Thus,

the first condition to apply Theorem 6.1.4 of Reference [41] is
verified.

Next, let  =
[1(𝑡, 𝑧),2(𝑡, 𝑧),3(𝑡, 𝑧),4(𝑡, 𝑧)

]T, (𝑡, 𝑧) ∈ [𝑡0,∞) ×
ℤ, where𝑖(𝑡, 𝑧) denotes the 𝑖th component of(𝑡, 𝑧), 𝑖 = 1, . . . , 4.
For each 𝑧 ∈ ℤ, the continuity in time of 2(𝑡, 𝑧) and 3(𝑡, 𝑧) is a
direct consequence of the continuity of 𝑥𝑟(⋅) and 𝑟(⋅) on [𝑡0,∞).
Furthermore, since 𝑓 ∈  ∈ (𝐶1,0(𝕏))𝑚 ⊆ (𝐶𝑏(𝕏))𝑚, the compos-
ite term𝐸𝑥𝑟(𝑡)+𝑒 is continuous for all 𝑡 ∈ [𝑡0,∞), which, along with
the continuity of 𝑟(⋅) and 𝑥𝑟(⋅), implies that 1(𝑡, 𝑧) is continuous
in time. Finally, it holds that

‖‖4(𝑡, 𝑧) − 4(𝜏, 𝑧)‖‖ ≤ ||𝑥𝑟(𝑡)+𝑒 −𝑥𝑟(𝜏)+𝑒||(𝕌,)
‖‖‖𝐵T𝑃𝑒

‖‖‖𝕌
for all (𝑡, 𝜏) ∈ [𝑡0,∞) × [𝑡0,∞) (46)

the continuity of the map (𝑥, 𝑧) → (𝑥, 𝑧) ∈ (𝕌) implies the
continuity of the map 𝑥 ↦ 𝑥 ∈ (𝕌,), and, since 𝑥𝑟(⋅) is
continuous, it follows that 4(𝑡, 𝑧) is continuous in 𝑡 for each
fixed 𝑧. Thus, the second condition to apply Theorem 6.1.4 of
Reference [41] is verified.

Finally, we prove that, for all 𝑡 in bounded subintervals of [𝑡0,∞),
the map 𝑧 ↦ (𝑡, 𝑧) is Lipschitz continuous in bounded neighbor-
hoods of 𝑧 = 0, uniformly in time. For each bounded subinterval
of [𝑡0,∞), the map 𝑧 ↦ (𝑡, 𝑧) is Lipschitz continuous in bounded
neighborhoods of 𝑧 = 0, if, for each 𝑡 > 𝑡0 and for each open ball
𝐵𝑅(0) ⊂ ℤ of radius 𝑅 > 0 centered at 𝑧 = 0, there exists a con-
stant 𝐿𝑡,𝑅 > 0 such that

||(𝜏, 𝑦) − (𝜏, 𝑧)|| ≤ 𝐿𝑡,𝑅||𝑦 − 𝑧|| (47)
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for all 𝜏 ∈ [𝑡0, 𝑡] and 𝑦, 𝑧 ∈ 𝐵𝑅(0). To prove that (47) is verified,
let 𝑦 =

(
𝑦̃, 𝑐, 𝑑, 𝑔̃

)
∈ 𝐵𝑅(0) ⊂ ℤ and 𝑧 =

(
𝑒, 𝛼̃, 𝛽, 𝑓

)
∈ 𝐵𝑅(0) ⊂ ℤ.

Then, for each 𝑡 ∈ [𝑡0,∞), 3(𝑡, ⋅) is Lipschitz continuous since

||3(𝜏, 𝑦) − 3(𝜏, 𝑧)||ℝ𝑚×𝑚 = ||Γ𝛽𝑟(𝜏)(𝑒 − 𝑦̃)T𝑃𝐵||ℝ𝑚×𝑚

≤ Γ𝛽𝑟max||𝑃𝐵||||(𝑒 − 𝑦̃)||𝕏 (48)

for all 𝜏 ∈ [𝑡0, 𝑡) and for all (𝑦, 𝑧) ∈ ℤ × ℤ, where 𝑟max ≥ 0 denotes
the uniform upper bound on ||𝑟(⋅)||. It follows from the trian-
gle inequality and the submultiplicative property of equi-induced
norms that, for each 𝑡 ≥ 𝑡0,

||2(𝜏, 𝑦) − 2(𝜏, 𝑧)||ℝ𝑛×𝑚

= ||Γ𝛼((𝑥𝑟(𝜏) + 𝑦̃)𝑦̃T𝑃𝐵 − (𝑥𝑟(𝜏) + 𝑒)𝑒T𝑃𝐵
)||

≤ ||Γ𝛼||||𝑃𝐵||⎛⎜⎜⎜⎝𝑥𝑟,max||𝑒 − 𝑦̃||𝕏
⏟⏞⏟⏞⏟

Term 1

+ ||(𝑦̃𝑦̃T − 𝑒𝑒T)||
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

Term 2

⎞⎟⎟⎟⎠ (49)

for all 𝜏 ∈ [𝑡0, 𝑡) and for all (𝑦, 𝑧) ∈ ℤ × ℤ, where ||𝑥𝑟(𝑡)|| ≤ 𝑥𝑟,max,
𝑡 ≥ 𝑡0, and the uniform boundedness of𝑥𝑟(⋅) is guaranteed both by
the Hurwitz property of 𝐴𝑟 and the uniform boundedness of 𝑟(⋅).
Term 1 in (49) is Lipschitz continuous. Term 2 in (49) is such that

||(𝑦̃𝑦̃T − 𝑒𝑒T)||ℝ𝑛×𝑛

≤ ||𝑦̃𝑦̃T − 𝑒𝑦̃T + 𝑒𝑦̃T − 𝑒𝑒T||ℝ𝑛×𝑛

≤ ||(𝑦̃ − 𝑒)𝑦̃T|| + ||𝑒(𝑦̃ − 𝑒)T||ℝ𝑛×𝑛 ≤ 2𝑅||(𝑒 − 𝑦̃)||𝕏 (50)

since 𝑦, 𝑧 ∈ 𝐵𝑅(0) ⊆ ℤ. Because both Term 1 and Term 2 in (49)
are Lipschitz continuous, for each bounded subinterval of [𝑡0,∞),
𝑧 ↦ 2(𝜏, 𝑧) is Lipschitz continuous in bounded neighborhoods
of 𝑧 = 0, uniformly in time. With regards to the term 4(𝑡, 𝑧), for
each 𝑡 ∈ [𝑡0,∞), we have that

‖‖4(𝜏, 𝑦) − 4(𝜏, 𝑧)‖‖
≤ ||Γ𝑓 ||‖‖‖𝑥𝑟(𝜏)+𝑦̃𝐵

T𝑃 𝑦̃ −𝑥𝑟(𝜏)+𝑒𝐵
T𝑃𝑒

‖‖‖
≤ ||Γ𝑓 ||(𝔎||𝐵T𝑃 ||||𝑒 − 𝑦̃||𝕏 + ||𝐵T𝑃 || 𝑅 ||𝑥𝑟(𝜏)+𝑦̃ −𝑥𝑟(𝜏)+𝑒||)

(51)

for all 𝜏 ∈ [𝑡0, 𝑡) and for all (𝑦, 𝑧) ∈ 𝐵𝑅(0) × 𝐵𝑅(0). Thus, we con-
clude that 𝑧 ↦ 4(𝑡, 𝑧) is Lipschitz continuous since the mapping
𝑧 ↦ 𝑧 is assumed Lipschitz continuous in bounded neighbor-
hoods of 𝑧 = 0, uniformly in time. Finally, observe that, for each
𝑡 ∈ [𝑡0,∞),

||1(𝜏, 𝑦) − 1(𝜏, 𝑧)||
≤ ||𝐵||(||𝑐T(𝑥𝑟(𝜏) + 𝑦̃) − 𝛼̃T(𝑥𝑟(𝜏) + 𝑒)|| + 𝑟max||𝛽 − 𝑑||
+||𝑓 (𝑥𝑟(𝜏) + 𝑒) − 𝑔̃(𝑥𝑟(𝜏) + 𝑦̃)||)

≤ ||𝐵||(𝑥𝑟max||𝛼̃ − 𝑐|| + ||𝑐T𝑦̃ − 𝛼̃T𝑒|| + ||𝑓 (𝑥𝑟(𝜏) + 𝑒)

−𝑔̃(𝑥𝑟(𝜏) + 𝑒)|| + ||𝑔̃(𝑥𝑟(𝜏) + 𝑦̃) − 𝑔̃(𝑥𝑟(𝜏) − 𝑒)||) (52)

for all 𝜏 ∈ [𝑡0, 𝑡) and for all (𝑦, 𝑧) ∈ 𝐵𝑅(0) × 𝐵𝑅(0). Now, similarly
to (50), it holds that

||𝑐T𝑦̃ − 𝛼̃T𝑒|| ≤ 2𝑅||𝑒 − 𝑦̃||𝕏

since 𝑦, 𝑧 ∈ 𝐵𝑅(0) ⊆ ℤ. Furthermore, for each 𝑡 ∈ [𝑡0,∞), it holds
that

||𝑓 (𝑥𝑟(𝜏) + 𝑒) − 𝑔̃(𝑥𝑟(𝜏) + 𝑒)|| ≤ ||𝑓 − 𝑔̃||𝐶𝑏(𝕏) ≤ 𝐶̂‖‖𝑓 − 𝑔̃‖‖
(53)||𝑔̃(𝑥𝑟(𝜏) + 𝑦̃) − 𝑔̃(𝑥𝑟(𝜏) − 𝑒)|| ≤ ||𝑔̃||(𝐶0,1(𝕏))𝑚 ||𝑒 − 𝑦̃||𝕏

≤ 𝐷̂||𝑔̃||||𝑒 − 𝑦̃||𝕏 ≤ 𝐷̂𝑅||𝑒 − 𝑦̃||𝕏
(54)

for all 𝜏 ∈ [𝑡0, 𝑡) and for all (𝑦, 𝑧) ∈ 𝐵𝑅(0) × 𝐵𝑅(0). In both (53)
and (54), we have used the fact that  is continuously embedded
in (𝐶𝑏(𝕏))𝑚 and (𝐶0,1(𝕏))𝑚, respectively, that is,  → (𝐶𝑏(𝕏))𝑚
and  → (𝐶0,1(𝕏))𝑚. The former embedding holds since the
operator kernel is uniformly bounded on the diagonal, and the
latter holds by assumption. These embeddings mean that there
are positive constants 𝐶̂ and 𝐷̂ such that

||𝑞||(𝐶𝑏(𝕏))𝑚 ≤ 𝐶̂||𝑞|| ,||𝑞||(𝐶0,1(𝕏))𝑚 ≤ 𝐷̂||𝑞||
for all 𝑞 ∈ . Thus, it follows from (52–54) that the map
𝑧 ↦ 1(𝑡, 𝑧) is Lipschitz continuous in bounded neighborhoods
of 𝑧 = 0, uniformly in time, and the third condition to apply
Theorem 6.1.4 of Reference [41] is verified.

It follows from Theorem 1.4 in Chapter 6 of Reference [41] that
there exists 𝑡max ∈ [𝑡0,∞] such that 𝑡 ↦ 𝑧(𝑡) exists and is unique
for all 𝑡 ∈ [𝑡0, 𝑡max), and if 𝑡max is finite, then lim𝑡→𝑡max

||𝑧(𝑡)|| = ∞.
However, as shown in the proof of Theorem 1, 𝑧(𝑡) is uniformly
bounded for all 𝑡 ≥ 𝑡0, and, hence, 𝑡max = ∞. Thus, solutions of
(43), or, equivalently, (38) are complete.

Using standard arguments, such as those in [28], Th. 3.4, the
continuous dependence of solutions on initial conditions follows
from Gronwall’s inequality and the Lipschitz conditions on (⋅, ⋅),
and, hence, is omitted for brevity. ◽

Remark 2. Assumptions 1–3 of Theorem 2 have been stated
in terms of some general properties of the operator kernel (⋅, ⋅)
that defines . In this article, the space  is given as the
Cartesian product of scalar-valued vector spaces. However, by
proceeding as in the proof of Theorem 2, the same conclu-
sions can be attained by considering alternative (non-diagonal)
admissible operator kernels (⋅, ⋅) as defined, for example, in
Chapter 6 of Reference [32]. Thus, Theorem 2 holds for a
larger class of operator-valued kernels (⋅, ⋅) that are not diag-
onal. For instance, the abovementioned theorem applies as
stated to the results in Reference [20], where more general
operator-valued kernels are treated, ones that are not necessarily
diagonal.

4 | Finite-Dimensional Approximations of the
Limiting DPS

As discussed in Section 3.1, the control input (37) is not
implementable as-is because the term 𝑓 (𝑡, ⋅), 𝑡 ≥ 𝑡0, resides
in an infinite-dimensional space. In this section, we present
finite-dimensional approximations of 𝑓 (𝑡, ⋅), 𝑡 ≥ 𝑡0, and, hence,
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of the limiting control input. To this goal, we introduce the
finite-dimensional subspace

𝑁 ≜ (𝑁 )𝑚 = span
{(

⋅, 𝜉𝑖
)
𝛼 ∶ 𝜉𝑖 ∈ Ξ𝑁, 𝛼 ∈ 𝕌

}
(55)

and define the approximation of 𝑓 (𝑡, ⋅) as

𝑓𝑁 (𝑡, ⋅) ≜
𝑁∑
𝑖=1

(
⋅, 𝜉𝑖

)
Θ̂𝑁,𝑖(𝑡), 𝑡 ≥ 𝑡0 (56)

where Θ̂𝑁,𝑖(𝑡) ∈ 𝕌. In this case, the limiting control input (37) can
be approximated by the finite-dimensional controller

𝑢𝑁 (𝑡) = 𝛼̂T
𝑁
(𝑡)𝑥𝑁 (𝑡) + 𝛽

T
𝑁
(𝑡)𝑟(𝑡) − 𝐸𝑥𝑁 (𝑡)𝑓𝑁 (𝑡, ⋅) (57)

where 𝑓𝑁 (𝑡, ⋅) ∈ 𝑁 .

With the finite-dimensional subspace defined, we can use its
corresponding projection operator 𝚷𝑁 to express the unknown
vector nonlinearity as the sum of two orthogonal components,
namely

𝐸𝑥(𝑡)𝑓 = 𝐸𝑥(𝑡)
(
𝚷𝑁𝑓 +

(
𝐼 −𝚷𝑁

)
𝑓
)
, 𝑡 ≥ 𝑡0 (58)

where 𝚷𝑁𝑓 denotes the orthogonal projection of an arbitrary
function 𝑓 residing in the infinite-dimensional space  onto the
finite-dimensional space of approximants. Furthermore, using
(57), the plant dynamics (1) reduce to

𝑥̇𝑁 (𝑡) = 𝐴𝑥𝑁 (𝑡) + 𝐵
(
𝑢𝑁 (𝑡) + 𝐸𝑥𝑁 (𝑡)𝚷𝑁𝑓

)
+ 𝐵𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓

𝑥𝑁 (𝑡0) = 𝑥0, 𝑡 ≥ 𝑡0 (59)

Thus, the trajectory tracking error dynamics are now defined
as 𝑒𝑁 (𝑡) ≜ 𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡), 𝑡 ≥ 𝑡0, and, letting𝑓𝑁 (𝑡, ⋅) ≜ 𝑓 − 𝑓𝑁 (𝑡, ⋅),
the trajectory tracking error dynamics for the initial condition
𝑒𝑁 (𝑡0) = 𝑥0 − 𝑥𝑟,0 are given by

𝑒̇𝑁 (𝑡) = 𝐴𝑟𝑒𝑁 (𝑡) − 𝐵
(
𝛼̃T
𝑁
(𝑡)𝑥𝑁 (𝑡) + 𝛽

T
𝑁
(𝑡)𝑟(𝑡)

−𝐸𝑥𝑁 (𝑡)𝚷𝑁𝑓𝑁 (𝑡, ⋅)
)
+ 𝐵𝐸𝑥𝑁 (𝑡)

(
(𝐼 −𝚷𝑁 )𝑓𝑁 (𝑡, ⋅)

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(𝐼−𝚷𝑁 )𝑓

𝑒𝑁 (𝑡0) = 𝑥𝑁 (𝑡0) − 𝑥𝑟(𝑡0), 𝑡 ≥ 𝑡0 (60)

Comparing (38) and (60), it appears that the trajectory tracking
error dynamics obtained using a finite-dimensional approxima-
tion of the matched uncertainties result in an additional term,
namely, 𝐵𝐸𝑥𝑁 (𝑡)

(
(𝐼 −𝚷𝑁 )𝑓

)
, 𝑡 ≥ 𝑡0, which can be interpreted as

an unmatched, nonparametric, external disturbance. In the fol-
lowing, we present two adaptive laws that account for this term.

4.1 | The Dead-Zone Modification

To account for the projection error term in (60), in this section, we
use an approach inspired by the dead-zone modification of classi-
cal MRAC presented in Reference [29]. For the statement of this
result, letℤ𝑁 ≜ ℝ𝑛 ×ℝ𝑛×𝑛 ×ℝ𝑚×𝑚 ×𝑁 , let𝑃 ∈ ℝ𝑛×𝑛 denote the
symmetric, positive-definite solution of (36) for some symmetric,
positive-definite user-defined matrix 𝑄 ∈ ℝ𝑛×𝑛, let 𝑅 > 0 denote

the radius of the uncertainty class 𝑅 defined in (3), 𝜖𝑁 be upper
bound on the projection error in the uncertainty class 𝑅,𝜖,𝑁 in
(4), and let the subset Ω0 ⊇

⋃
𝜏≥𝑡0>0 𝑥𝑁 (𝜏). We define two dif-

ferent choices for minimum dead-zone width. If we assume the
trajectory is contained in Ω0, then we use the dead-zone width

𝑑0,𝑁 ≜ 2||𝑃𝐵||
𝜆min(𝑄)

sup
𝜂∈Ω0

𝑁 (𝜂)𝜖𝑁 (61)

and note that, as discussed in Section 1.3, 𝑑0,𝑁 is finite. Alterna-
tively, if we do not make this hypothesis on Ω0, but only assume
that 𝑓 ∈ 𝐶𝑅,𝜖,𝑁 , then we define

𝑑𝜖 ≜ 2||𝑃𝐵||
𝜆min(𝑄)

𝔎𝜖 (62)

Furthermore, let 𝑑 denote the user-defined size of the dead-zone
such that 𝑑 ≥ 𝑑0,𝑁 or 𝑑 ≥ 𝑑𝜖 according to cases. We consider the
adaptive laws

̇̂𝛼𝑁 (𝑡) =

{
− Γ𝛼𝑥𝑁 (𝑡)𝑒T

𝑁
(𝑡)𝑃𝐵, ||𝑒𝑁 (𝑡)|| ≥ 𝑑,

0, ||𝑒𝑁 (𝑡)|| < 𝑑,

𝛼̂𝑁 (𝑡0) = 𝛼̂𝑁,0, 𝑡 ≥ 𝑡0 (63)

̇̂𝛽𝑁 (𝑡) =

{
− Γ𝛽𝑟(𝑡)𝑒T

𝑁
(𝑡)𝑃𝐵, ||𝑒𝑁 (𝑡)|| ≥ 𝑑,

0, ||𝑒𝑁 (𝑡)|| < 𝑑,

𝛽𝑁 (𝑡0) = 𝛽𝑁,0 (64)

̇̂𝑓𝑁 (𝑡) =

{
Γ𝑓𝚷𝑁𝑥𝑁 (𝑡)𝐵

T𝑃𝑒𝑁 (𝑡), ||𝑒𝑁 (𝑡)|| ≥ 𝑑,

0, ||𝑒𝑁 (𝑡)|| < 𝑑,

𝑓𝑁 (𝑡0) = 𝑓𝑁,0 (65)

where 𝛼̂𝑁 (𝑡0) = 𝛼̂𝑁,0, 𝛽𝑁 (𝑡0) = 𝛽𝑁,0, 𝑓𝑁 (𝑡0) = 𝑓𝑁,0, Γ𝛼 ∈ ℝ𝑛×𝑛,
Γ𝛽 ∈ ℝ𝑚×𝑚, and Γ𝑓 ∈ ℝ𝑚×𝑚 and user-defined, symmetric, and
positive-definite, and 𝑃 denotes the symmetric, positive-definite
solution of (36).

Theorem 3. Consider the closed-loop trajectory tracking error
dynamics (60) and the adaptive laws (63–65). Assume that the
assumptions of Theorem 2 are verified. Furthermore, consider the
two alternative cases

1. 𝑥𝑁 (𝑡) ∈ Ω0 for all 𝑡 ≥ 𝑡0 and choose 𝑑 ≥ 𝑑0,𝑁 ;

2. 𝑓 ∈ 𝑅,𝜖,𝑁 and choose 𝑑 ≥ 𝑑𝜖 .

Then, there exists a finite time 𝑇 ≥ 𝑡0 such that ||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏 ≤
𝑑 for all 𝑡 ≥ 𝑇 .

Proof. Consider the Lyapunov function candidate

𝑉 (𝑒𝑁 , 𝛼̃𝑁 , 𝛽𝑁 , 𝑓𝑁 )

= ⟨𝑃𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 +
⟨
Γ−1
𝛼
𝛼̃𝑁 (𝑡), 𝛼̃𝑁 (𝑡)

⟩
tr

+
⟨
Γ−1
𝛽
𝛽𝑁 (𝑡), 𝛽𝑁 (𝑡)

⟩
tr
+

⟨
Γ−1
𝑓
𝑓𝑁 (𝑡, ⋅), 𝑓𝑁 (𝑡, ⋅)

⟩


(𝑒𝑁 , 𝛼̃𝑁 , 𝛽𝑁 , 𝑓𝑁 ) ∈ ℤ𝑁 (66)
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First, let us assume that Ω0 ⊇
⋃

𝑡≥𝑡0 𝑥𝑁 (𝑡) and 𝑑 > 𝑑0,𝑁 . In this
case, if ||𝑒𝑁 (𝑡)||𝕏 ≥ 𝑑 ≥ 𝑑0,𝑁 for some 𝑡 ≥ 𝑡0, then, along the tra-
jectories of (60) and (63–65), it holds that

𝑉̇ (𝑡)

= −2⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 − 2
⟨
𝛼̃𝑁 (𝑡), 𝑥𝑁 (𝑡)𝑒𝑇𝑁 (𝑡)𝑃𝐵 + Γ−1

𝛼
̇̂𝛼𝑁 (𝑡)

⟩
tr

− 2
⟨
𝛽𝑁 (𝑡), 𝑟(𝑡)𝑒𝑇𝑁 (𝑡)𝑃𝐵 + Γ−1

𝛽
̇̂𝛽𝑁 (𝑡)

⟩
tr

+ 2
⟨
𝑓𝑁 (𝑡, ⋅),𝚷𝑁𝑥𝑁 (𝑡)𝐵

T𝑃𝑒𝑁 (𝑡) − Γ−1
𝑓

̇̂𝑓𝑁 (𝑡, ⋅)
⟩


+ 2
⟨
𝑓𝑁 (𝑡, ⋅),

(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡)

⟩


= −⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 + 2
⟨
𝐵T𝑃𝑒𝑁 (𝑡), 𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓
⟩
𝕌

≤ −⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 + 2||𝑃𝐵||||𝑒𝑁 (𝑡)||𝕏||𝐸𝑥𝑁 (𝑡)(𝐼 −𝚷𝑁 )𝑓 ||𝕌
(67)

≤ −𝜆min(𝑄)||𝑒𝑁 (𝑡)||𝕏(||𝑒𝑁 (𝑡)||𝕏 − 𝑑0,𝑁
)

≤ −𝜆min(𝑄)||𝑒𝑁 (𝑡)||𝕏(||𝑒𝑁 (𝑡)||𝕏 − 𝑑
)

(68)

where 𝑉̇ (⋅) represents 𝑉̇ (𝑒𝑁 (⋅), 𝛼̃𝑁 (⋅), 𝛽𝑁 (⋅), 𝑓𝑁 (⋅)) for notational
brevity. Thus, if 𝑒𝑁 (𝑡) is outside the dead-zone 𝐵𝑑 ⊂ 𝕏 for some
𝑡 ≥ 𝑡0, then the time derivative of (66) along the trajectories of (60)
and (63–65) is negative. Therefore, following standard analysis in
real parametric adaptive control [2, 21], there exists a finite-time
𝑇 > 𝑡0 such that ||𝑒𝑁 (𝑡)||𝕏 ≤ 𝑑 for all 𝑡 ≥ 𝑇 .

Next, let us assume that 𝑓 ∈ 𝑅,𝜖,𝑁 and 𝑑 > 𝑑𝜖 . In this case, if||𝑒𝑁 (𝑡)||𝕏 ≥ 𝑑 ≥ 𝑑𝜖 , then, an upper bound on the time derivative
of the Lyapunov function candidate is given by (67). Since we
know that 𝑓 ∈ 𝑅,𝜖,𝑁 and 𝔎 is uniformly bounded on the diag-
onal, it holds that ||𝐸𝑥𝑁 (𝑡)(𝐼 − Π𝑁 )𝑓 ||𝕌 ≤ 𝔎𝜖. The remainder of
the proof now follows as in the previous case. ◽

Similar to the classical dead-zone modification of MRAC, to apply
Theorem 3, it is necessary to define a sufficiently large dead-zone,
that is, choose either 𝑑 > 𝑑0,𝑁 or 𝑑 > 𝑑𝜖 . In problems of practical
interest, it is impossible to compute a priori a bounded set Ω0 that
contains the controlled plant trajectory 𝑡 ↦ 𝑥𝑁 (𝑡), and, hence,
to compute or even estimate 𝑑0,𝑁 . In practice, for fixed 𝑁 and
𝑁 , Theorem 3 should be applied iteratively, starting with a suffi-
ciently large value of 𝑑, measuring the bound on the trajectory
tracking error after a sufficiently long time, and then decreas-
ing 𝑑 until such a bound is no longer a decreasing function of
𝑑. The numerical example discussed in Section 6 clarifies this
point. In contrast, note that if we know the functional uncertainty
𝑓 ∈ 𝑅,𝜖,𝑁 , then we know 𝜖 and 𝑑𝜖 can be computed. We empha-
size that if we choose 𝑑 to be equal to 𝑑0,𝑁 or 𝑑𝜖 , then we obtain
the ultimate bounds

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏 ≤ 𝑂

(
sup
𝜂∈Ω

𝑁 (𝜂)𝜖𝑁
)

(69)

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏 ≤ 𝑂(𝜖) (70)

respectively. Equation (69) yields a tighter performance bound,
and (70) uses information that is more likely available.

4.2 | The 𝝈-Modification

As an alternative to the dead-zone modification discussed in
Section 4.1, we present an approach based on the 𝜎-modification

of MRAC that in its classical formulation, is discussed in Refer-
ence [4]. For the statement of this result, consider the trajectory
tracking error dynamics (60) and the adaptive laws

̇̂𝛼𝑁 (𝑡) = −Γ𝛼𝑥𝑁 (𝑡)𝑒T
𝑁
(𝑡)𝑃𝐵 − 𝜎𝛼̂𝑁 (𝑡), 𝛼̂𝑁 (𝑡0) = 𝛼̂𝑁,0, 𝑡 ≥ 𝑡0

(71)
̇̂𝛽𝑁 (𝑡) = −Γ𝛽𝑟(𝑡)𝑒T

𝑁
(𝑡)𝑃𝐵 − 𝜎𝛽𝑁 (𝑡), 𝛽𝑁 (𝑡0) = 𝛽𝑁,0 (72)

̇̂𝑓𝑁 (𝑡) = Γ𝑓𝚷𝑁𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡) − 𝜎𝑓𝑁 (𝑡), 𝑓𝑁 (𝑡0) = 𝑓𝑁,0 (73)

where Γ𝛼 ∈ ℝ𝑛×𝑛, Γ𝛽 ∈ ℝ𝑚×𝑚, and Γ𝑓 ∈ ℝ𝑚×𝑚 are user-defined,
symmetric, and positive-definite, 𝑃 denotes the symmetric,
positive-definite solution of the Lyapunov equation (36) for some
symmetric, positive-definite user-defined matrix 𝑄 ∈ ℝ𝑛×𝑛, and

0 < 𝜎 <
𝜆min(𝑄)

2𝜆max(𝑃 )
, where 𝜆max(⋅) denotes the eigenvalue of its

argument with the largest real part.

Theorem 4. Consider the closed-loop trajectory tracking error
dynamics (60) and the adaptive laws (71)–(73). If the assump-
tions of Theorem 2 are verified, then for any bounded subset Ω ⊇⋃

𝜏≥𝑡0>0 𝑥(𝜏) there is 𝑇 ≥ 𝑡0 such that

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||2
𝕏 ≤ 2

𝜎𝜆min(𝑄)
||𝑃𝐵||2 sup

𝜂∈Ω
2
𝑁
(𝜂)𝜖2

𝑁

+
⟨
𝛼,Γ−1

𝛼
𝛼
⟩

tr +
⟨
𝛽,Γ−1

𝛽
𝛽
⟩

tr
+

⟨
𝑓,Γ−1

𝑓
𝑓
⟩


(74)

for all 𝑡 ≥ 𝑇 , where 𝜖𝑁 is given by (8) and 𝑁 (⋅) is given by (27).

Proof. Consider the Lyapunov function candidate (66). By pro-
ceeding as in (68), along the trajectories of (60) and (71–73) it
holds that

𝑉̇ (𝑡)

= −⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 + 2
⟨(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡), 𝑓𝑁 (𝑡, ⋅)

⟩


+ 2𝜎
⟨
𝛼̃𝑁 (𝑡),Γ−1

𝛼
𝛼̂𝑁

⟩
tr + 2𝜎

⟨
𝛽𝑁 (𝑡),Γ−1

𝛽
𝛽𝑁 (𝑡)

⟩
tr

+ 2𝜎
⟨
𝑓 (𝑡, ⋅),Γ−1

𝑓
𝑓𝑁 (𝑡, ⋅)

⟩

, 𝑡 ≥ 𝑡0 (75)

where 𝑉̇ (⋅) represents 𝑉̇ (𝑒𝑁 (⋅), 𝛼̃𝑁 (⋅), 𝛽𝑁 (⋅), 𝑓𝑁 (⋅)) for notational
brevity.

Next, for brevity, let ⟨⋅, ⋅⟩𝐺 denote any weighted inner product
so that, for example, ⟨𝛼̃𝑁 , 𝛼̂𝑁⟩𝐺 =

⟨
𝛼̃𝑁 ,Γ−1

𝛼
𝛼̂𝑁

⟩
tr. Furthermore,

recalling that the inner product is bilinear and symmetric over
the field of real numbers, we obtain that, for all 𝑡 ≥ 𝑡0,

⟨𝛼̃𝑁 , 𝛼̃𝑁⟩𝐺 = ⟨𝛼 − 𝛼̂𝑁 , 𝛼⟩𝐺 − ⟨𝛼 − 𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺
= ⟨𝛼, 𝛼⟩𝐺 − 2⟨𝛼, 𝛼̂𝑁⟩𝐺 + ⟨𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺

which yields

2⟨𝛼, 𝛼̂𝑁⟩𝐺 = ⟨𝛼, 𝛼⟩𝐺 + ⟨𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺 − ⟨𝛼̃𝑁 , 𝛼̃𝑁⟩𝐺 (76)

Subtracting 2⟨𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺 from both sides of (76) yields

2⟨𝛼̃𝑁 (𝑡), 𝛼̂𝑁 (𝑡)⟩𝐺 = ⟨𝛼, 𝛼⟩𝐺 − ⟨𝛼̃𝑁 (𝑡), 𝛼̃𝑁 (𝑡)⟩𝐺 − ⟨𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺 (77)
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and similar properties can be inferred for ⟨𝛽𝑁 (𝑡), 𝛽𝑁 (𝑡)⟩𝐺 and⟨𝑓𝑁 (𝑡), 𝑓𝑁 (𝑡)⟩𝐺. Therefore, it follows from (75) that, for all 𝑡 ≥ 𝑡0,

𝑉̇ (𝑡)

= −⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 + 2
⟨(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡), 𝑓𝑁 (𝑡, ⋅)

⟩


− 𝜎⟨𝛼̃𝑁 (𝑡), 𝛼̃𝑁 (𝑡)⟩𝐺 + 𝜎⟨𝛼, 𝛼⟩𝐺
− 𝜎⟨𝛽𝑁 (𝑡), 𝛽𝑁 (𝑡)⟩𝐺 + 𝜎⟨𝛽, 𝛽⟩𝐺 − 𝜎⟨𝑓𝑁 (𝑡), 𝑓𝑁 (𝑡)⟩𝐺

+ 𝜎⟨𝑓, 𝑓⟩𝐺 − 𝜎⟨𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺 − 𝜎⟨𝛽𝑁, 𝛽𝑁⟩𝐺 − 𝜎⟨𝑓𝑁, 𝑓𝑁⟩𝐺 (78)

As the terms −𝜎⟨𝛼̂𝑁 , 𝛼̂𝑁⟩𝐺, −𝜎⟨𝛽𝑁, 𝛽𝑁⟩𝐺, and −𝜎⟨𝑓𝑁, 𝑓𝑁⟩𝐺 are
non-positive, it follows from (78) that

𝑉̇ (𝑡) ≤ − ⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏
+ 2

⟨(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡), 𝑓𝑁 (𝑡, ⋅)

⟩


− 𝜎⟨𝛼̃𝑁 (𝑡), 𝛼̃𝑁 (𝑡)⟩𝐺 + 𝜎⟨𝛼, 𝛼⟩𝐺 − 𝜎⟨𝛽𝑁 (𝑡), 𝛽𝑁 (𝑡)⟩𝐺
+ 𝜎⟨𝛽, 𝛽⟩𝐺 − 𝜎⟨𝑓𝑁 (𝑡), 𝑓𝑁 (𝑡)⟩𝐺 + 𝜎⟨𝑓, 𝑓⟩𝐺 (79)

for all 𝑡 ≥ 𝑡0. Adding and subtracting 𝜎⟨𝑃𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏, 𝑡 ≥ 𝑡0,
from (79) yields

𝑉̇ (𝑡) ≤ − ⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏
+ 2

⟨(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡), 𝑓𝑁 (𝑡, ⋅)

⟩


+ 𝜎⟨𝑃𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 + 𝜎⟨𝛼, 𝛼⟩𝐺 + 𝜎⟨𝛽, 𝛽⟩𝐺𝑣
+ 𝜎⟨𝑓, 𝑓⟩𝐺 − 𝜎𝑉 (𝑡) (80)

Now, note that

2
⟨(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡), 𝑓𝑁 (𝑡, ⋅)

⟩


= 2
⟨
𝐵T𝑃𝑒𝑁 (𝑡), 𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓𝑁 (𝑡, ⋅)

⟩
𝕌

= 2
⟨
𝑒𝑁 (𝑡), 𝑃𝐵𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
(𝑓 (⋅) − 𝑓𝑁 (𝑡, ⋅))

⟩
𝕏 (81)

for all 𝑡 ≥ 𝑡0. Furthermore, since 𝑓𝑁 (𝑡, ⋅) ∈ 𝑁 , it holds that

𝐸𝑥𝑁 (𝑡)
(
𝐼 −𝚷𝑁

)
𝑓𝑁 (𝑡, ⋅) = 0, for all 𝑡 ≥ 𝑡0 (82)

Therefore, it follows from (81) and the Cauchy-Schwarz inequal-
ity that

− ⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏
+ 2

⟨(
𝐼 −𝚷𝑁

)𝑥𝑁 (𝑡)𝐵
T𝑃𝑒𝑁 (𝑡), 𝑓𝑁 (𝑡, ⋅)

⟩


= −⟨𝑄𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 + 2
⟨
𝑒𝑁 (𝑡), 𝑃𝐵𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓 (⋅)

⟩
𝕏

≤ −𝜆min(𝑄)||𝑒𝑁 (𝑡)||2
𝕏 + 2||𝑒𝑁 (𝑡)||𝕏||𝑃𝐵𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓 (⋅)||𝕏

≤ −1
2
𝜆min(𝑄)||𝑒𝑁 (𝑡)||2

𝕏 − 2𝜆min(𝑄)(
1
4
||𝑒𝑁 (𝑡)||2

𝕏 −
‖‖𝑒𝑁 (𝑡)‖‖𝕏
𝜆min(𝑄)

‖‖‖𝑃𝐵𝐸𝑥𝑁 (𝑡)
(
𝐼 −𝚷𝑁

)
𝑓 (⋅)‖‖‖𝕏

)
(83)

Now, for each 𝑡 ≥ 𝑡0, let 𝜈(𝑡) ≜ 𝜆−1
min(𝑄)‖‖‖𝑃𝐵𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓
‖‖‖𝕏,

and note that

1
4
‖‖𝑒𝑁 (𝑡)‖‖2

𝕏 −
‖‖𝑒𝑁 (𝑡)‖‖𝕏
𝜆min(𝑄)

‖‖‖𝑃𝐵𝐸𝑥𝑁 (𝑡)
(
𝐼 −𝚷𝑁

)
𝑓 (⋅)‖‖‖𝕏

= 1
4
‖‖𝑒𝑁 (𝑡)‖‖2

𝕏 − 𝜈(𝑡)‖‖𝑒𝑁 (𝑡)‖‖𝕏
=

(1
2
‖‖𝑒𝑁 (𝑡)‖‖𝕏 − 𝜈(𝑡)

)2
− 𝜈2(𝑡) (84)

Thus, substituting (84) and (83) into (80) yields

𝑉̇ (𝑡) ≤ −1
2
𝜆min(𝑄)‖‖𝑒𝑁 (𝑡)‖‖2

𝕏

− 2𝜆min(𝑄)
[(1

2
||𝑒𝑁 (𝑡)||𝕏 − 𝜈(𝑡)

)2
− 𝜈2(𝑡)

]
+ 𝜎⟨𝛼, 𝛼⟩𝐺 + 𝜎⟨𝛽, 𝛽⟩𝐺 + 𝜎⟨𝑓, 𝑓⟩𝐺 − 𝜎𝑉 (𝑡)

+ 𝜎⟨𝑃𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏 (85)

As −
(

1
2
||𝑒𝑁 (𝑡)||𝕏 − 𝜈(𝑡)

)2 ≤ 0 for all 𝑡 ≥ 𝑡0, we obtain that

𝑉̇ (𝑡) ≤ −1
2
𝜆min(𝑄)‖‖𝑒𝑁 (𝑡)‖‖2

𝕏

+ 2𝜆−1
min(𝑄)‖‖‖𝑃𝐵𝐸𝑥𝑁 (𝑡)

(
𝐼 −𝚷𝑁

)
𝑓 (⋅)‖‖‖2

𝕏

+ 𝜎⟨𝛼, 𝛼⟩𝐺 + 𝜎⟨𝛽, 𝛽⟩𝐺 + 𝜎⟨𝑓, 𝑓⟩𝐺 − 𝜎𝑉 (𝑡)

+ 𝜎⟨𝑃𝑒𝑁 (𝑡), 𝑒𝑁 (𝑡)⟩𝕏
≤ −𝜎𝑉 (𝑡) −

(1
2
𝜆min(𝑄) − 𝜎𝜆max(𝑃 )

)‖‖𝑒𝑁 (𝑡)‖‖2
𝕏

+ 2
𝜆min(𝑄)

‖‖‖𝑃𝐵𝐸𝑥𝑁 (𝑡)
(
𝐼 −𝚷𝑁

)
𝑓 (⋅)‖‖‖2

𝕏

+ 𝜎
(⟨𝛼, 𝛼⟩𝐺 + ⟨𝛽, 𝛽⟩𝐺 + ⟨𝑓, 𝑓⟩𝐺)

By assumption, 𝜎 is such that 1
2
𝜆min(𝑄) − 𝜎𝜆max(𝑃 ) > 0, and,

hence, we obtain that

𝑉̇ (𝑡) ≤ − 𝜎𝑉 (𝑡) + 2
𝜆min(𝑄)

‖‖‖𝑃𝐵𝐸𝑥𝑁 (𝑡)
(
𝐼 −𝚷𝑁

)
𝑓 (⋅)‖‖‖2

𝕏

+ 𝜎
(⟨𝛼, 𝛼⟩𝐺 + ⟨𝛽, 𝛽⟩𝐺 + ⟨𝑓, 𝑓⟩𝐺)

Next, initially set Ω = 𝕏. It follows from (31) that||𝐸𝑥𝑁 (𝑡)
(
𝐼 −𝚷𝑁

)
𝑓 (⋅)||𝕌 ≤ sup𝜂∈Ω 𝑁 (𝜂)𝜖𝑁 < ∞, and, hence,

𝑉̇ (𝑡) ≤ −𝜎𝑉 (𝑡) + 2
𝜆min(𝑄)

||𝑃𝐵||2 sup
𝜂∈Ω

2
𝑁
(𝜂)𝜖2

𝑁
+ 𝜎

(⟨𝛼, 𝛼⟩𝐺
+⟨𝛽, 𝛽⟩𝐺 + ⟨𝑓, 𝑓⟩𝐺), for all 𝑡 ≥ 𝑡0 (86)

note that since 𝔎(⋅, ⋅) is uniformly bounded on the diag-
onal, the power function 𝑁 is also uniformly bounded
over 𝕏. Now, let 𝐷 ≜ 2

𝜆min(𝑄)
||𝑃𝐵||2 sup𝜂∈Ω 2

𝑁
(𝜂)𝜖2

𝑁
+

𝜎
(⟨𝛼, 𝛼⟩𝐺 + ⟨𝛽, 𝛽⟩𝐺 + ⟨𝑓, 𝑓⟩𝐺). It follows from (86) that

𝑉 (𝑡) ≤ 𝑐1𝑒
−𝜎𝑡 + 𝐷

𝜎
, for all 𝑡 ≥ 𝑡0 (87)

where 𝑐1 ∈ ℝ is a coefficient that depends on the initial condition
of the system. Using arguments similar to those used in the proof
of Theorem 3, (87) implies that there exists 𝑇 ≥ 𝑡0 such that
(𝑒𝑁 (𝑇 ), 𝛼̃𝑁 (𝑇 ), 𝛽𝑁 (𝑇 ), 𝑓𝑁 (𝑇 )) ∈ 𝑆0, where

𝑆0 ≜ {(
𝑒𝑁 , 𝛼̃𝑁 , 𝛽𝑁 , 𝑓𝑁

)
∈ ℝ𝑛 ×ℝ𝑛×𝑚 ×ℝ𝑚×𝑚

×𝑁 ∶ 𝑉
(
𝑒𝑁 , 𝛼̃𝑁 , 𝛽𝑁 , 𝑓𝑁

) ≤ 𝐷

𝜎

}
(88)

12 of 21 International Journal of Adaptive Control and Signal Processing, 2025



which implies (74). The proposed argument can be iterated for
smaller sets Ω ⊂ 𝕏 containing the closed-loop trajectory to attain
tighter bounds on the closed-loop system’s uniform ultimate
bounded given by (74). ◽

Note that, as discussed in Section 1.3, the ultimate bound (74),
in contrast to the dead-zone method, is not AAO as defined in
Section 1.2. However, (74) improves on the bounds in References
[4, 21], because, as discussed in Section 1.2, the uncertainty class
𝑅 over which the bound holds is generally larger than those that
arise in real parametric adaptive control.

As a concluding remark, it is worthwhile noting that Theorems
3 and 4 apply to dynamical models for the tracking error affected
by unmatched uncertainties, that is, captured by

𝑒̇𝑁 (𝑡) = 𝐴𝑟𝑒𝑁 (𝑡) − 𝐵
(
𝛼̃T
𝑁 (𝑡)𝑥𝑁 (𝑡) + 𝛽

T
𝑁 (𝑡)𝑟(𝑡) − 𝐸𝑥𝑁 (𝑡)𝚷𝑁𝑓𝑁 (𝑡, ⋅)

)
+ 𝐵𝐸𝑥𝑁 (𝑡)

(
(𝐼 −𝚷𝑁 )𝑓𝑁 (𝑡, ⋅)

)
+ 𝜂(𝑡)

𝑒𝑁 (𝑡0) = 𝑥𝑁 (𝑡0) − 𝑥𝑟(𝑡0), 𝑡 ≥ 𝑡0 (89)

where 𝜂 ∶ [𝑡0,∞) → ℝ𝑛 is continuous and bounded. Indeed, the
unmatched uncertainty can be seamlessly included in the pro-
jection error term

(
(𝐼 −𝚷𝑁 )𝑓𝑁 (𝑡, ⋅)

)
. However, it should be

noted that the proposed framework, as with any MRAC sys-
tem, performs worse as the norm of the unmatched uncertainties
increases. If the norm of the unmatched uncertainty is expected
to be considerably larger than the norm of the matched uncer-
tainty, then alternative techniques, such as adaptive error bound-
ing should be considered. These techniques, however, may suffer
from chattering due to their switched mechanisms. For details,
see Reference [23], Th. 5.10.

4.3 | Controller Performance as a Function
of the Fill Distance

One of the advantages of restricting the analysis in this article
to vector-valued native spaces  ≜ 𝑚 is that it is possible to
derive versions of Theorems 3 and 4 that are easy to interpret
geometrically. These alternative versions of Theorems 3 and 4 are
based on upper bounds on the power function 𝑁 (⋅) of common
scalar-valued native spaces that have the form

sup
𝜉∈Ω

𝑁 (𝜉) ≤  (𝑁) ≜
√

 (ℎΞ𝑁 ,Ω) (90)

where  is defined in Table 1; for additional details, see also Ref-
erence [30, Ch. 11]. A similar table with slightly different bounds
can be found in Reference [36].

TABLE 1 | Examples of kernel basis functions and corresponding
upper bounds [30, Ch. 11].

Kernel name
𝕶(𝒙, 0) = 𝕶0(𝒓),

𝒓 = ‖𝒙‖𝕏  (𝒉)

Gaussian 𝑒−𝛼𝑟
2
, 𝛼 > 0 𝑒−𝑐|log(ℎ)|∕ℎ

Inverse multi-quadratic (𝑐2 + 𝑟2)𝛽 , 𝛽 < 0 𝑒−𝑐∕ℎ

Wendland 𝜙𝑑,𝑘(𝑟) ℎ2𝑘+1

Corollary 1. Assume the hypotheses of Theorem 3 are verified,
the scalar-valued native space  is defined in terms of one of the
admissible kernels 𝔎(⋅, ⋅) in Table 1, and let  be defined as in
Table 1. Then, there exists a finite time 𝑇 ≥ 𝑡0 such that

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏 ≤ 𝑂

(√
 (ℎΞ𝑁 ,𝑆

)
)

(91)

for all 𝑡 ≥ 𝑇 . In particular, (12) is verified.

Proof. This result follows as a direct consequence of
Theorem 3. ◽

A similar result stems from Theorem 4.

Corollary 2. Assume the hypotheses of Theorem 4 are verified,
the scalar-valued native space  is defined in terms of an admissi-
ble kernel 𝔎(⋅, ⋅) chosen from Table 1, and let  be defined as in
Table 1. Then, there exists a finite time 𝑇 ≥ 𝑡0 such that

||𝑥𝑁 (𝑡) − 𝑥𝑟(𝑡)||𝕏 ≤ 𝑂

(
1
𝜎

(√
 (ℎΞ𝑁 ,𝑆

) + 𝜎

))
(92)

for all 𝑡 ≥ 𝑇 . In particular, (13) is verified.

Proof. This result is a direct consequence of Theorem 4. ◽

5 | Coordinate Implementation

In this section, we study in detail the coordinate realizations of
the adaptive laws (65) and (73) with diagonal, positive-definite,
adaptive rate matrix Γ𝑓 ≜ diag(𝛾1

𝑓
, . . . , 𝛾𝑚

𝑓
). Given that the

finite-dimensional approximation of the uncertainty is in 𝑁 ,
which is a Cartesian product of 𝑁 , it is possible to write 𝑓𝑁 (𝑡, ⋅)
in the vector form

𝑓𝑁 (𝑡, ⋅) =

[
𝑁∑
𝑗=1

𝜃̂
1
𝑁,𝑗

(𝑡)𝔎𝜉𝑁,𝑗
, . . . ,

𝑁∑
𝑗=1

𝜃̂
𝑚

𝑁,𝑗
(𝑡)𝔎𝜉𝑁,𝑗

]T

=
𝑁∑
𝑗=1

(
⋅, 𝜉𝑁,𝑗

)
Θ̂𝑁,𝑗(𝑡) (93)

where Θ̂𝑁,𝑗(⋅) =
[
𝜃̂

1
𝑁,𝑗

(⋅), . . . , 𝜃̂𝑚
𝑁,𝑗

(⋅)
]T

∈ 𝑅𝑅𝑚, 𝔎𝜉𝑁,𝑗
(⋅) denotes

the kernel basis function centered at 𝜉𝑁,𝑗 , and 𝜃̂
𝑙

𝑁,𝑗
denotes

the coefficient associated with the kernel basis function in
the 𝑙-th subspace of . Taking the 𝑙-th component of 𝑓𝑁 ≜[
𝑓

1
𝑁
, . . . , 𝑓

𝑚

𝑁

]T
, 𝑙 ∈ {1, . . . , 𝑚}, it follows from (73)

𝜕𝑓
𝑙

𝑁

𝜕𝑡
(𝑡, ⋅) ≜

𝑁∑
𝑗=1

̇̂𝜃
𝑙

𝑁,𝑗
(𝑡)𝔎𝜉𝑁,𝑗

= 𝛾𝑙
𝑓
Π𝑁𝔎𝑥𝑁 (𝑡)[𝐵T𝑃𝑒𝑁 (𝑡)]𝑙 − 𝜎

𝑁∑
𝑗=1

𝜃̂
𝑙

𝑁,𝑗
𝔎𝜉𝑁,𝑗

for all 𝑙 ∈ {1, . . . , 𝑚}, for all 𝑡 ≥ 𝑡0,

and for each 𝑖 ∈ {1, . . . , 𝑁} (94)

Here, [𝐵T𝑃𝑒𝑁 (⋅)]𝑙 denotes the 𝑙-th component of 𝐵T𝑃𝑒𝑁 (⋅). It
follows from (15) that 𝐸∗

𝑥𝑁 (𝑡)𝛼 = 𝔎𝑥𝑁 (𝑡)𝛼 for any scalar 𝛼 ∈ ℝ.
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Taking the inner product of (94) with 𝔎𝜉𝑁,𝑖
for 1 ≤ 𝑖 ≤ 𝑁 , we

obtain that

𝑁∑
𝑗=1

⟨𝔎𝜉𝑁,𝑖
,𝔎𝜉𝑁,𝑗

⟩ ̇̂𝜃
𝑙

𝑁,𝑗
(𝑡) = 𝛾𝑙

𝑓
⟨𝔎𝜉𝑁,𝑖

,Π𝑁𝔎𝑥𝑁 (𝑡)⟩[𝐵T𝑃𝑒𝑁 (𝑡)]𝑙

− 𝜎

𝑁∑
𝑗=1

⟨𝔎𝜉𝑁,𝑖
,𝔎𝜉𝑁,𝑗

⟩ 𝜃̂𝑙𝑁,𝑗
(𝑡)

for all 𝑙 ∈ {1, . . . , 𝑚}, for all 𝑡 ≥ 𝑡0,

and for each 𝑖 ∈ {1, . . . , 𝑁} (95)

and it follows from (29) that

𝑁∑
𝑗=1

𝕂𝑁,𝑖𝑗
̇̂𝜃
𝑙

𝑁,𝑗
(𝑡) = 𝛾𝑙

𝑓
𝔎
(
𝜉𝑁,𝑖, 𝑥𝑁 (𝑡)

)
[𝐵T𝑃𝑒𝑁 (𝑡)]𝑙

− 𝜎

𝑁∑
𝑗=1

𝕂𝑁,𝑖𝑗 𝜃̂
𝑙

𝑁,𝑗
(𝑡)

for all 𝑙 ∈ {1, . . . , 𝑚}, for all 𝑡 ≥ 𝑡0,

and for each 𝑖 ∈ {1, . . . , 𝑁} (96)

where 𝕂𝑁,𝑖𝑗 denotes the element of 𝕂𝑁 on the 𝑖-th row and 𝑗-th
column, and, hence,

̇̂𝜃
𝑙

𝑁
(𝑡) = 𝛾𝑙

𝑓
𝕂−1
𝑁

⎡⎢⎢⎢⎣
𝔎
(
𝜉𝑁,1, 𝑥𝑁 (𝑡)

)
⋮

𝔎
(
𝜉𝑁,𝑁 , 𝑥𝑁 (𝑡)

)
⎤⎥⎥⎥⎦ [𝐵T𝑃𝑒𝑁 (𝑡)]𝑙 − 𝜎𝜃̂

𝑙

𝑁
(𝑡)

𝜃̂𝑁 (𝑡0) = 𝜃̂𝑁,0, 𝑡 ≥ 𝑡0 (97)

which is the adaptive law for 𝑙-th entry of the vector of functions
in 𝑓𝑁 .

Remark 3. The coordinate realization (97) takes the classical
form of a 𝜎-modification in ℝ𝑛 commonly used in real parametric
adaptive control, as summarized in References [1, 3, 4]. One way
to interpret the results of this section is that the inverse of the
Grammian matrix 𝕂𝑁 scales the adaptive laws, and, hence, the
diagonal matrix of adaptive rates Γ𝑓 must be tuned accounting
for this effect.

By proceeding similarly, we deduce that, if the adaptive rate
matrix Γ𝑓 is diagonal, then a coordinate implementation of (65)
is given by

̇̂𝜃
𝑙

𝑁
(𝑡) =

⎧⎪⎪⎨⎪⎪⎩
𝛾𝑙
𝑓
𝕂−1
𝑁

⎡⎢⎢⎢⎣
𝔎
(
𝜉𝑁,1, 𝑥𝑁 (𝑡)

)
⋮

𝔎
(
𝜉𝑁,𝑁 , 𝑥𝑁 (𝑡)

)
⎤⎥⎥⎥⎦[𝐵

T𝑃𝑒𝑁 (𝑡)]𝑙, ||𝑒𝑁 (𝑡)|| ≥ 𝑑,

0, ||𝑒𝑁 (𝑡)|| < 𝑑,

𝜃̂𝑁 (𝑡0) = 𝜃̂𝑁,0 (98)

It follows from (97) and (98) that the computational cost of
the proposed control nonparametric control system grows with
the number of centers 𝑁 since 𝕂𝑁 ∈ ℝ𝑁×𝑁 . Thus, sampling a
given domain Ω with a larger number of centers 𝑁 will pro-
duce smaller tracking errors at a higher computational cost. Sim-
ilarly, to counter large uncertainties on where the closed-loop

trajectory will lie, larger domains Ω may need to be investi-
gated. However, fixed the fill distance, larger values for the diam-
eter of Ω imply larger values of 𝑁 and higher computational
costs.

As a final remark, it is worthwhile noting that the proposed exten-
sions of the dead-zone modification of MRAC and 𝜎-modification
of MRAC may be considered alternatives to one another. How-
ever, as discussed in Reference [2, Ch. 11], best industrial prac-
tices recommend that the dead-zone modification of MRAC be
compounded with other techniques, such as the 𝜎-modification
of MRAC, to activate the adaptation mechanism only if the track-
ing error is sufficiently large. Thus, (98) should be compounded
with (97) to give

̇̂𝜃
𝑙

𝑁 (𝑡) =

⎧⎪⎪⎨⎪⎪⎩
𝛾𝑙
𝑓
𝕂−1
𝑁

⎡⎢⎢⎢⎣
𝔎
(
𝜉𝑁,1, 𝑥𝑁 (𝑡)

)
⋮

𝔎
(
𝜉𝑁,𝑁 , 𝑥𝑁 (𝑡)

)
⎤⎥⎥⎥⎦[𝐵

T𝑃𝑒𝑁 (𝑡)]𝑙 − 𝜎𝑙𝜃̂
𝑙

𝑁 (𝑡), ||𝑒𝑁 (𝑡)|| ≥ 𝑑,

0, ||𝑒𝑁 (𝑡)|| < 𝑑,

𝜃̂𝑁 (𝑡0) = 𝜃̂𝑁,0 (99)

where 𝜎𝑙 > 0 is user-defined. If the tracking error is sufficiently
small, then a nominal baseline controller, typically a PID (propor-
tional, integral, derivative) controller, should be used. For details
on the problem of augmenting baseline controllers with adaptive
controllers, see Reference [2, Ch. 10].

6 | Numerical Examples

To demonstrate the applicability of the proposed results, in
this section, we present two numerical examples. The first
example concerns the problem of controlling an unstable plant
model. The second example concerns the problem of control-
ling the rotational dynamics of a rigid body. The Matlab codes
showing an implementation of these examples can be found in
Reference [42].

6.1 | A Two-Dimensional Dimensional Problem

Consider the unstable plant model[
𝑥̇1(𝑡)
𝑥̇2(𝑡)

]
=

[
1 −1
1 1

]
⏟⏟⏟

𝐴

[
𝑥1(𝑡)
𝑥2(𝑡)

]

+

⎛⎜⎜⎜⎜⎜⎜⎝
[
𝑢1(𝑡)
𝑢2(𝑡)

]
+

𝑥1(𝑡)
2||𝑥(𝑡)||

[
𝑥1(𝑡)
𝑥2(𝑡)

]
+

[
−𝑥1||𝑥(𝑡)||2

−𝑥2||𝑥(𝑡)||2

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑓 (𝑥)

⎞⎟⎟⎟⎟⎟⎟⎠
𝑥(𝑡0) = 𝑥0, 𝑡 ≥ 𝑡0 (100)

which is in the same form as (1) with 𝑛 = 2, 𝑚 = 2, 𝑡0 = 0,
the matrix 𝐵 = 𝐼 known, and both the matrix 𝐴 and func-
tion 𝑓 (⋅) unknown. The reference model is given by (2) with
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𝐴𝑟 =
[
−2 −0.1
0.1 −2

]
, 𝐵𝑟 =

[
2 0.1

−0.1 2

]
, and

𝑟(𝑡) =

[
2 cos(0.1𝜋𝑡)
4 sin(0.1𝜋𝑡)

]
, 𝑡 ≥ 0 (101)

it is easy to show that the matching conditions (32) are verified.

The reproducing kernels used in this example come from three
families of functions. The first family of kernels is specific types
of Sobolev–Matérn kernels archived by Abramowitz [43], which
are defined as

𝔎𝑝+1∕2(𝑑) = exp

(
−
√

2𝑝 + 1𝑑
𝑙

)
𝑝!

(2𝑝)!

⋅
𝑝∑
𝑖=0

(𝑝 + 𝑖)!
𝑖!(𝑝 − 𝑖)!

(
2
√

2𝑝 + 1𝑑
𝑙

)𝑝−𝑖

(102)

where 𝑑 = ‖𝑥 − 𝑦‖𝕏 denotes the distance between 𝑥 and 𝑦 ∈ 𝕏,
and 𝑝 ∈ ℕ denotes the power of the polynomial. The power index
corresponds to the Sobolev space defined by the Sobolev–Matérn
kernel via half integers. For example, if 𝑝 = 1, 2, 3, then the
3∕2, 5∕2, and 7∕2 Sobolev–Matérn kernels are induced,
respectively. Note that the larger the index, the smoother the
corresponding Sobolev space. The second family of reproducing
kernels is the Wendland kernels introduced in Reference [30].
In particular, Wendland kernels that correspond to 3 different
smoothness parameters are chosen. For kernels lying in 𝐶2(ℝ𝑛),
𝐶4(ℝ𝑛), and 𝐶6(ℝ𝑁 ), the corresponding kernel functions are
defined as [30]

𝔎2(𝑟) = (1 − 𝑟)4
+(4𝑟 + 1) (103)

𝔎4(𝑟) =
1
3
(1 − 𝑟)6

+(35𝑟2 + 18𝑟 + 3) (104)

𝔎6(𝑟) = (1 − 𝑟)8
+(32𝑟3 + 25𝑟2 + 8𝑟 + 1) (105)

respectively, where 𝑟 = ‖𝑥−𝑦‖𝕏
3𝑙

is the radius, and 𝑙 > 0 is
user-defined. In this expression, (⋅)+ ∶ ℝ → ℝ denotes the
cutoff function with (𝑥)+ ≜ 𝑥 for 𝑥 > 0 and (𝑥)+ ≜ 0 otherwise.
The last type of reproducing kernel studied in this section is the
Gaussian kernel

𝔎exp(𝑥, 𝑦) = exp

(
−
‖𝑥 − 𝑦‖2

𝕏

2𝑙2

)
, (𝑥, 𝑦) ∈ 𝕏 ×𝕏 (106)

this is the smoothest of all the kernels used in this example. The
parameter 𝑙 in (103–106) is set to a value of 𝑙 = 1. The native
space generated by the Gaussian kernel is contained in 𝐶∞(Ω).
The Sobolev–Matérn kernel having smoothness index 𝑚 > 𝑛∕2
generates a native space that is equivalent to the Sobolev space
𝑊 𝑚 for 𝑚 > 𝑛∕2 = 1.

By Corollaries 1 and 2, we expect that the tracking error depends
on the fill distance of the centers Ξ𝑁 ⊂ Ω. The numerical
conditioning of Grammian matrices depends strongly on the uni-
formity of the distribution of centers Ξ𝑁 in Ω; see Reference [30].
For this reason, kernel centers are distributed “approximately
uniformly” over a set Ω that contains the reference trajectory.

FIGURE 1 | Limit cycle of the reference trajectory 𝑥𝑟(⋅) and kernel
centers. around the reference trajectory. Knowing that the reference tra-
jectory eventually reaches a limit cycle allowed us to distribute centers in
a sufficiently large neighborhood of this set.

FIGURE 2 | Condition number of the matrix 𝕂 for kernels used in
the example.

The larger the number 𝑁 of centers in Ξ𝑁 , the denser the kernel
centers, and, consequently, the smaller the fill distance ℎΞ𝑁 ,Ω.

Figure 1 shows the limit cycle achieved by the reference trajectory
𝑥𝑟(⋅) and the set of centersΞ𝑁 used to capture the matched uncer-
tainty. Knowing that the reference trajectory eventually reaches a
limit cycle allowed us to distribute centers in a sufficiently large
neighborhood of this set. In this example, the set Ω is defined as
the convex hull of Ξ𝑁 .

Figures 2–8 capture some key results from 182 numerical simu-
lations. In particular, Figure 2 shows the condition number of the
Grammian matrix 𝕂𝑁 for different choices of reproducing kernel
grows as a function of the fill distance. As is shown in Figure 2,
the condition number of the Grammian matrix 𝕂𝑁 associated
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FIGURE 3 | Normalized steady-state tracking error of system using
𝜎-modification and a family of Matern kernels. The conservative bound
has the form

√
2

𝜎𝜆min(𝑄)
||𝑃𝐵|| sup𝜂∈Ω 𝑁 (𝜂)𝑅. The tighter bound has

the form
√

2
𝜎𝜆min(𝑄)

||𝑃𝐵|| sup𝜂∈Ω 𝑁 (𝜂)𝜖𝑁 . The legend is the same as
Figure 4.

FIGURE 4 | Steady-state tracking error of system using dead-zone
modification and a family of Matern kernels. The conservative bound has
the form 2

𝜎𝜆min(𝑄)
||𝑃𝐵|| sup𝜂∈Ω 𝑁 (𝜂)𝑅. The tighter bound has the form

2
𝜎𝜆min(𝑄)

||𝑃𝐵|| sup𝜂∈Ω 𝑁 (𝜂)𝜖𝑁 .

FIGURE 5 | Normalized steady-state tracking error of system using
𝜎-modification and a family of Wendland kernels. The conservative and
aggressive bound both share the same expressions as Figure 3. The legend
is the same as Figure 6.

FIGURE 6 | Steady-state tracking error of system using dead-zone
modification and a family of Wendland kernels. The conservative and
aggressive bounds both share the same expressions as Figure 4.
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FIGURE 7 | Steady-state tracking error of system using dead-zone
modification and a Gaussian kernel.

FIGURE 8 | Steady-state tracking error of system using dead-zone
modification and Exponential Kernel.

with kernels of greater smoothness tends to grow faster than the
condition number of the Grammian matrix associated with less
smooth kernels. The Gaussian kernel produces the smoothest
reproducing kernel among all kernels considered in this article,
and its condition number grows much faster than for the other
cases.

Figures 3–8 show that the ultimate bounds on the trajec-
tory tracking error derived in this article are verified. Each
figure explicitly depicts the boundaries of the uncertainty classes
𝑅 and 𝑅,𝜖,𝑁 ; the expressions “conservative bound” captures
sup𝜂∈Ω 𝑁 (𝜂)𝑅, and the expression “tighter bound” captures
sup𝜂∈Ω 𝑁 (𝜂)||(𝐼 −𝚷𝑁 )𝑓 || , where 𝑅 ≥ ||𝑓 || . As expected, the
larger the uncertainty class, the poorer the guarantee of per-
formance. Worthy of attention is that the rates of decrease in

Figures 4 and 6 because the achieved ultimate performance error
closely matches that of the theoretical bounds.

Although smoother kernel functions may lead to poorly
conditioned Grammian matrices, smoother kernels can be
advantageous in terms of the rate of convergence of the approxi-
mations they generate. Smoother kernels generate more accurate
approximations of smoother functions using fewer unknowns.
Figures 3–8 capture numerical estimates of the maximum
steady-state error in comparison with the size of the power func-
tion, as the fill distance between kernel basis centers decreases. It
appears from these figures that the power functions for smoother
kernels, such as the 7∕2 Matern kernel or the Wendland 𝐶6

function, have a much steeper reduction of tracking error than
less smooth kernels, such as the 3∕2 Sobolev–Matérn kernel
or the Wendland 𝐶2 kernel. The Gaussian kernel produces the
fastest decrease in tracking error and the worst increase in the
condition number, as the distribution of centers becomes denser
and 𝑁 → ∞.

In general, since the power function determines an upper bound
on tracking error, in theory, if the fill distance becomes arbitrar-
ily small and 𝑁 grows to infinity, then the tracking performance
should improve. As shown in Figures 4, 6, and 8, when using
dead-zone modification, the tracking performance improves as
𝑁 increases and smoother kernel functions provide stronger
results. Such behavior is expected since the bound 𝑑 in Theorem 3
depends on sup𝜂∈Ω0

𝑁 (𝜂), which is used to scale the approxima-
tion error 𝜖𝑁 . However, the computational cost of the proposed
approach grows with 𝑁 ; this effect can be seen as a form of curse
of dimensionality. Furthermore, if the fill distance becomes suf-
ficiently small, then the tracking error oscillates. This behavior
can be explained by the deterioration of the conditioning of the
kernel matrix 𝕂𝑁 , the placement of centers, and rapid oscilla-
tions at the edge of the dead-zone, which is typical of this method.
Note also that if the fill distance becomes sufficiently small, then
the condition number of the Grammian for the smoother ker-
nels increases beyond 105. Substantially, this means that pertur-
bations due to the numerical integration error and numerical
noise degrade the tracking error. In addition, for some basis cen-
ter placements, there may be fewer basis centers that are cen-
tered directly on the trajectory, and the tracking performance may
worsen.

In comparison with the dead-zone modification, which is sensi-
tive to the power function value, the tracking performance of the
𝜎-modification of MRAC decreases rapidly to the set tolerance of
the simulation as shown in Figures 3, 5, and 7. The derived rates
of convergence in Theorem 4 appear to be very conservative. This
suggests an important direction of future research to improve the
bounds in Theorem 3, and especially Theorem 4. A strategy may
be to use arguments of the persistency of excitation, in the native
space embedding context.

6.2 | Rotational Dynamics of a Fully Actuated
Body With Unsteady Appendage

In this section, we discuss the problem of controlling the rota-
tional dynamics of a fully actuated rigid body connected to an
unsteady appendage. This problem is at the core of the inner loop
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control system design of aerial systems, such as uncrewed aerial
vehicles (UAVs), which are usually fully actuated in their rota-
tional dynamics [44]. In this case, the equations of motion are
given by

⎡⎢⎢⎢⎣
𝜙̇(𝑡)
𝜃̇(𝑡)
𝜓̇(𝑡)

⎤⎥⎥⎥⎦ = 𝐽−1(𝜙(𝑡), 𝜃(𝑡))𝜔(𝑡),
⎡⎢⎢⎢⎣
𝜙(0)
𝜃(0)
𝜓(0)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
𝜙0

𝜃0

𝜓0

⎤⎥⎥⎥⎦, 𝑡 ≥ 0 (107)

𝜔̇(𝑡) = 𝐼−1
⏟⏟⏟

𝐵⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝑀(𝑡)
⏟⏟⏟

𝑢(𝑡)

−
⎡⎢⎢⎢⎣
𝐼𝑦 − 𝐼𝑧 0 0

0 𝐼𝑧 − 𝐼𝑥 0
0 0 𝐼𝑥 − 𝐼𝑦

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

ΘT
param

⎡⎢⎢⎢⎣
𝜔𝑦(𝑡)𝜔𝑧(𝑡)
𝜔𝑥(𝑡)𝜔𝑧(𝑡)
𝜔𝑥(𝑡)𝜔𝑦(𝑡)

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

Φparam(𝜔(𝑡))

+5
⎡⎢⎢⎢⎣
| cos(𝜔2) cos(𝜔3)| − 0.5| cos(𝜔1) cos(𝜔3)| − 0.5| cos(𝜔1) cos(𝜔2)| − 0.5

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐸𝜔(𝑡)𝑓

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝜔(0) = 𝜔0 (108)

for details, see Reference [45, Ch. 1]. Here, 𝜙 ∶ [𝑡0,∞) → [0, 2𝜋),
𝜃 ∶ [𝑡0,∞) → (− 𝜋

2
, 𝜋

2
), and 𝜓 ∶ [𝑡0,∞) → [0, 2𝜋) denote the roll,

pitch, and yaw angles of a principal body reference frame rela-
tive to an inertial frame according to a 3-2-1 rotation sequence,
respectively. The matrix

𝐽 (𝜙, 𝜃) ≜
⎡⎢⎢⎢⎣
1 0 − sin 𝜃
0 cos𝜙 sin𝜙 cos 𝜃
0 − sin𝜙 cos𝜙 cos 𝜃

⎤⎥⎥⎥⎦, (𝜙, 𝜃) ∈ [0, 2𝜋) ×
(
−𝜋

2
,
𝜋

2

)
(109)

denotes the Jacobian matrix. The positive-definite matrix 𝐼 ≜
diag(𝐼𝑥, 𝐼𝑦, 𝐼𝑧) ∈ ℝ3×3 denotes the inertia matrix, and 𝜔(𝑡) ≜[
𝜔𝑥(𝑡), 𝜔𝑦(𝑡), 𝜔𝑧(𝑡)

]T, 𝑡 ≥ 0, denotes the angular velocity of the
body reference frame relative to the inertial reference frame,
expressed in the body frame.

The rotational kinematic equations (107) are unaffected by uncer-
tainties. Hence, to impose the twice continuously differentiable
user-defined roll, pitch, and yaw angles 𝜙user ∶ [𝑡0,∞) → [0, 2𝜋),
𝜃user ∶ [𝑡0,∞) → (− 𝜋

2
, 𝜋

2
), 𝜓user ∶ [𝑡0,∞) → [0, 2𝜋), we would like

to set lim𝑡→∞ ||𝜔(𝑡) − 𝜔cmd(𝑡)|| = 0, where

𝜔cmd(𝑡) ≜ 𝐽 (𝜙user(𝑡), 𝜃user(𝑡))
⎡⎢⎢⎢⎣−𝐾𝑃

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
𝜙(𝑡)
𝜃(𝑡)
𝜓(𝑡)

⎤⎥⎥⎥⎦ −
⎡⎢⎢⎢⎣
𝜙user(𝑡)
𝜃user(𝑡)
𝜓user(𝑡)

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠

−𝐾𝐼∫
𝑡

0

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
𝜙(𝜏)
𝜃(𝜏)
𝜓(𝜏)

⎤⎥⎥⎥⎦ −
⎡⎢⎢⎢⎣
𝜙user(𝜏)
𝜃user(𝜏)
𝜓user(𝜏)

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠d𝜏 +

⎡⎢⎢⎢⎣
𝜙̇user(𝑡)
𝜃̇user(𝑡)
𝜓̇user(𝑡)

⎤⎥⎥⎥⎦
⎤⎥⎥⎥⎦ (110)

The symmetric, positive-definite matrices 𝐾𝑃 ,𝐾𝐼 ∈ ℝ3×3 denote
the proportional feedback and integration feedback coefficients.

The rotational dynamic equations (108) are in the same form
as (1) with 𝑛 = 3, 𝑚 = 3, 𝐴 = 0, 𝐵 = 𝐼−1, 𝑥(𝑡) = 𝜔(𝑡), and 𝑢(𝑡) =
𝑀(𝑡). In this article, we assume that the inertia matrix 𝐼 is
unknown. Hence, to compute the adaptive laws, we set 𝐵 equal
to the identity matrix. This formulation of the plant model, which
includes uncertainties in the matrix 𝐵, is not explicitly admitted
by the proposed theoretical results. Hence, this example shows
how the proposed results can be extended to additional classes
of functional uncertainties; a formal justification of this result,
which is to be sought in the diagonal structure of 𝐼 , is left to
future research. Uncertainties in the matrix of inertia are cap-
tured not only by diagonal, right-multiplicative uncertainties to
the matrix 𝐵 (for details, see Reference [46]) but also by the
term ΘT

paramΦparam(𝜔(𝑡)) in (108). Finally, the term 𝐸𝜔(𝑡)𝑓 in (108)
accounts for the effect of the unsteady payload.

In this article, we use the proposed nonparametric MRAC sys-
tems to augment a classical parametric MRAC system. To this
goal, we consider the control input

𝑢𝑁 (𝑡) = 𝛼̂T
𝑁
(𝑡)𝑥𝑁 (𝑡) + 𝛽

T
𝑁
(𝑡)𝑟(𝑡) − Θ̂

T
paramΦparam(𝑥𝑁 (𝑡))

− 𝐸𝑥𝑁 (𝑡)𝑓𝑁 (𝑡, ⋅), 𝑡 ≥ 0 (111)

where the adaptive gain matrices 𝛼̂(⋅) and 𝛽(⋅) verify (63) and (64)
in the case of the dead-zone modification of MRAC and (71) and
(72) in the case of the 𝜎-modification of MRAC. The adaptive gain
matrix Θ̂param ∶ [0,∞) → ℝ3×3 verifies either

̇̂Θparam(𝑡) =

{
−Γ𝛾Φparam(𝑥𝑁 (𝑡))𝑒T

𝑁
(𝑡)𝑃𝐵, ||𝑒𝑁 (𝑡)|| ≥ 𝑑,

0, ||𝑒𝑁 (𝑡)|| < 𝑑,

Θ̂param(0) = Θ̂param,0, 𝑡 ≥ 0 (112)

in the case of the dead-zone modification of MRAC, where the
adaptive rate matrix Γ𝛾 ∈ ℝ3×3 is user-defined, symmetric, and
positive-definite, or

̇̂Θparam(𝑡) = −Γ𝛾Φparam(𝑥𝑁 (𝑡))𝑒T
𝑁
(𝑡)𝑃𝐵 − 𝜎Θ̂param(𝑡),

Θ̂param(0) = Θ̂param,0, 𝑡 ≥ 0 (113)

in the case of the 𝜎-modification of MRAC, where 𝜎 > 0. Finally,
the adaptive gains 𝑓𝑁 (𝑡, ⋅), 𝑡 ≥ 0, verify (65) in the case of the
dead-zone modification of MRAC and (73) in the case of the
𝜎-modification of MRAC.

To enforce that lim𝑡→∞ ||𝜔(𝑡) − 𝜔cmd(𝑡)|| = 0 using the MRAC
framework, we define the reference model

𝜔̇ref(𝑡) = −𝐾𝑃,𝜔𝜔ref(𝑡)
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝐴𝑟𝑒𝑓 𝜔𝑟𝑒𝑓

+
[
𝐾𝐼,𝜔∫

𝑡

0

(
𝜔ref(𝜏) − 𝜔cmd(𝜏)

)
d𝜏 +𝐾𝑃,𝜔𝜔̇cmd(𝑡)

]
,

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑟(𝑡)

𝜔ref(0) = 𝜔ref,0, 𝑡 ≥ 0 (114)

where 𝐾𝑃,𝜔, 𝐾𝐼,𝜔 ∈ ℝ3×3 are user-defined, symmetric, and
positive-definite. Remarkably, this dynamical model captures
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FIGURE 9 | Location of basis centers relative to reference trajectory
in rotation velocity space.

FIGURE 10 | Norm of tracking error as a function of time apply-
ing the dead-zone modification of MRAC. Nonparametric MRAC consis-
tently reduces the tracking error at each time instant.

a PI-controlled system so that lim𝑡→∞ ||𝜔ref(𝑡) − 𝜔cmd(𝑡)|| = 0,
and, since the MRAC framework guarantees that lim𝑡→∞ ||𝜔(𝑡) −
𝜔ref(𝑡)|| = 0, the desired attitude is eventually attained.

Figures 10–15 show numerical simulation results to

attain the user-defined attitude captured by
⎡⎢⎢⎣
𝜙user(𝑡)
𝜃user(𝑡)
𝜓user(𝑡)

⎤⎥⎥⎦ =
0.5[cos(𝑡), sin(𝑡), sin(𝑡)]T. To capture the rotational dynamics of an
actual X8-copter, we let 𝐼 = diag(2.27199, 2.2020, 1.6146) ⋅ 10−2

kg ⋅ m2. We consider the homogeneous distribution of 125 kernel
centers depicted in Figure 9, and the tunable parameters

𝐾𝑃 = 1.5 ⋅ diag(18.0, 20.0, 10.0), 𝐾𝐼 = 1.5 ⋅ diag(0.2, 0.2, 0.5),

𝐾𝑃 ,𝜔 = diag(14.0, 12.0, 2.0), 𝐾𝐼,𝜔 = diag(0.1, 0.15, 0.4),

Γ𝛼 = 100 ⋅ 𝟏3, Γ𝛽 = 𝟏3, Γ𝛾 = 1500 ⋅ 𝟏3,

Γ𝑓 = 1000 ⋅ 𝟏3, 𝑄 = 𝟏3, 𝜎 = 0.01, 𝜖𝑁 = 0.5

FIGURE 11 | 𝐿2 norm of tracking error as a function of time apply-
ing the dead-zone modification of MRAC. Nonparametric MRAC consis-
tently reduces the cumulative tracking error over time.

FIGURE 12 | 𝐿2 norm of control effort as a function of time apply-
ing the dead-zone modification of MRAC. Nonparametric MRAC consis-
tently reduces the cumulative control effort over time.

FIGURE 13 | Norm of tracking error as a function of time applying
the 𝜎-modification of MRAC. Nonparametric MRAC consistently reduces
the tracking error at each time instant.
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FIGURE 14 | 𝐿2 norm of tracking error as a function of time applying
the 𝜎-modification of MRAC. Nonparametric MRAC consistently reduces
the cumulative tracking error over time.

FIGURE 15 | 𝐿2 norm of control effort as a function of time applying
the 𝜎-modification of MRAC. Nonparametric MRAC consistently reduces
the cumulative control effort over time.

We chose 3/2 Matern-Sobolev kernels with 𝑝 = 1 and 𝑙 = 1. In this
example, the set Ω is defined as the convex hull of Ξ𝑁 .

Figures 10–12 show the norm of the trajectory tracking error,
the 𝐿2-norm of the trajectory tracking error, and the 𝐿2-norm
of the control effort obtained by applying the dead-zone modi-
fication of MRAC both with and without the proposed nonpara-
metric MRAC augmentation. Figures 13–15 show similar results
applying the 𝜎-modification of MRAC. It is apparent how the pro-
posed nonparametric MRAC produces smaller tracking errors for
smaller cumulative control efforts.

7 | Conclusion

This article presented the first set of results toward a general the-
ory of robust adaptive control for functional uncertainty classes
in a vector-valued native space. In particular, this article showed
how, under mild assumptions on the uncertainties’ functional
space, and without any information on the structure or shape of
functional uncertainties in terms of regressors, as typically occurs
in classical MRAC, it is possible to construct a control law and
adaptive laws that guarantee uniform ultimate boundedness of
the trajectory tracking error. Two numerical examples show the

applicability of the proposed results, their advantages over classi-
cal parametric MRAC, and the effect of user-defined choices such
as the density of kernel centers distribution and the smoothness
of the underlying reproducing kernels.

The proposed results give insight into future research direc-
tions. Examples of open questions are related to the conservative
nature of the ultimate bounds on the trajectory tracking error;
the dimension, computational cost, and numerical stability of
the realizable controllers; and the sometimes delicate interplay
among the achievable error bounds, functional uncertainty class,
approximation error, numerical conditioning, and external dis-
turbances. Additional future works concern the application of
the proposed results to complex problems engineering problems
such as the design of control systems for underactuated UAVs or
marine vehicles.
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