
1066-033X/18©2018ieee102  IEEE CONTROL SYSTEMS MAGAZINE »  JUNE 2018

»   F o c u s  o n  e d u c at i o n

Andrea L’Afflitto, Robert B. Anderson, and Keyvan Mohammadi

An Introduction to Nonlinear Robust Control for Unmanned Quadrotor Aircraft
How to Design Control Algorithms for Quadrotors Using Sliding  
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Quadrotor aircraft are drawing considerable attention 
for their high mobility and capacity to perform tasks 
with complete autonomy, while minimizing the costs 

and risks involved with the direct intervention of human 
operators [1]–[4]. Moreover, several limitations character-
izing these rotary-wing unmanned aerial systems (UASs), 
such as their underactuation, make quadrotors ideal test-
beds for innovative theoretical approaches to the problem 
of controlling mechanical systems.

Designing autopilots for autonomous quadrotors is a 
challenging task, which involves multiple interconnected 
aspects. Numerous researchers are currently addressing 
the problem of designing autonomous guidance systems 
[5]–[9], navigation systems [10]–[12], and control systems for 
quadrotors. The primary goal of this article is to present an 
analysis and synthesis of several nonlinear robust control 
systems for quadrotors, as discussed in “Summary.” First, 
the article presents and analyzes the equations of motion 
of quadrotors under three sets of progressively restrictive 
modeling assumptions: 1) the vehicle’s inertial properties 
(such as the mass and matrix of inertia) vary in time, 2) the 
quadrotor’s main frame is a rigid body and the propellers 
are thin spinning discs, and 3) the pitch and roll angles 
are small. This analysis is instrumental to both explain 
the assumptions underlying the dynamical models used 
in quadrotors’ control systems design and understand the 
architecture of autopilots for quadrotors. Next, we explain 
how sliding mode control, model reference adaptive control 
(MRAC), and adaptive sliding mode control design tech-
niques can be applied to create autopilots for quadrotors. 
These techniques were chosen over others for their popu-
larity and relative ease of implementation. Finally, we show 
a qualitative and quantitative approach to the problem of 
selecting a nonlinear robust control law for quadrotors. As 
part of this selection process, the performances of sliding 
mode control, MRAC, and adaptive sliding mode control 
laws are evaluated, compared, and contrasted through 
numerical simulations. The most promising of these control 

laws for precision, robustness, and computational time is 
successively implemented and tested on a quadrotor.

This article targets both control practitioners and engi-
neering students who have been exposed to graduate-level 
courses in the analysis and control of nonlinear dynamical 
systems. Both sliding mode control and model reference 
adaptive control are illustrated by explicitly referencing 
graduate-level textbooks such as [13] and [14] so that the 
problem of designing autopilots for quadrotors results in 
a direct application of the theoretical notions usually pre-
sented in class. The adaptive sliding mode control tech-
nique is presented to illustrate how a significant limitation 
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Summary

In the near future, quadrotor vehicles will be involved in 

many complex tasks, such as transporting injured people 

from secluded locations or manipulating objects in indus-

trial premises. These mission scenarios require exploiting 

the quadrotors’ ability to operate in the proximity of people 

and obstacles, be robust to adverse weather and malfunc-

tions of the propulsion system, and guarantee the safety 

of their payloads. These strict requirements can be met by 

employing nonlinear robust control algorithms to design au-

topilots for quadrotors. This article is aimed both at control 

practitioners and engineering students who have been ex-

posed to graduate-level courses in the analysis and control 

of nonlinear dynamical systems. It presents, in a tutorial 

manner, how sliding mode control, model reference adap-

tive control, and adaptive sliding mode control can be ap-

plied to design autopilots for quadrotors that are robust to 

model uncertainties, external disturbances, sensor noises, 

and faults of the control system. Numerical examples and 

experimental results are used to illustrate both the appli-

cability of the theoretical results and the performances of 

control algorithms presented. The numerical examples  

have been produced using the open-source virtual simula-

tor Matlab/Simulink A Simulator for Quadrotors, created by 

the authors.
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of sliding mode control, namely chattering [13, pp. 554–
555], can be mitigated by merging two popular nonlinear 
control design techniques.

Several analytical examples are provided to better explain 
how the control design techniques presented here can be 
used to design control systems for quadrotors. Moreover, 
we cite recent publications that present how sliding mode 
control, MRAC, and adaptive sliding mode control have 
been utilized to synthesize autopilots for quadrotors.

The performance of each nonlinear control technique 
considered here is illustrated using numerical examples 
produced using A Simulator for Quadrotors, a freeware vir-
tual simulator created by the authors [15]. Since this simula-
tor is freely available and open source, readers are provided 
with working examples of how the theoretical notions pre-
sented in this article can be applied to create control systems 
for quadrotors. This simulator will also allow research-
ers to compare the performance of their original control 
techniques against those coded in the toolbox presented 
in [15]. The results produced by this simulator have been 
validated using jMAVSim [16]. To challenge the robustness 
of the sliding mode control, MRAC, and adaptive sliding 
mode control, the aircraft’s inertial properties are consid-
ered as unknown in the numerical examples. Moreover, the 
noisy signal of sensors is mimicked by injecting Gaussian 
noise into the quadrotor’s state vector that is fed back to 
the controller. Furthermore, the efficiency of one of the four 
propellers is reduced during the course of the mission. A 
quadrotor’s motors may not be able to deliver the requested 
thrust forces because of issues such as wear and tear of the 
motors, low battery levels, or faulty inputs. Lastly, to simu-
late some fault in the quadrotor’s gyroscopes, the measured 
roll angle is set to zero for a few seconds.

An analysis of the numerical simulations highlights sev-
eral advantages and disadvantages of sliding mode control, 
MRAC, and adaptive sliding mode control. For instance, 
a sliding mode control law is easy to implement, but it is 
difficult to tune and affected by chattering, that is, high-fre-
quency oscillations. An  MRAC law guarantees good trajec-
tory tracking but may be particularly aggressive and, hence, 
would strain the quadrotor’s control system. Finally, an 
adaptive sliding mode control law provides good trajectory 
tracking performance and is not affected by chattering, but 
it is difficult to implement and tune. Based on these consid-
erations and the quality of the numerical results presented, 
the adaptive sliding mode control has been selected, imple-
mented on an actual quadrotor, and tested through indoor 
flight experiments.

To perform these flight experiments, the adaptive slid-
ing mode control law was coded in the C++ programming 
language and executed on an Odroid X4 microcomputer 
installed on a quadrotor; a Pixhawk flight controller re
ceives the control input from the microcomputer and coordi-
nates the four motors. In the flight experiments, estimates 
on the UAS’s position, velocity, and orientation are affected 

by noise and delays. The UAS’s translational position and 
velocity are measured by a motion capture system and 
transmitted over a Wi-Fi signal to the vehicle, and the 
UAS’s orientation and angular velocity are measured by 
the Pixhawk flight controller. To verify the robustness of 
the adaptive sliding mode control, the vehicle’s mass and 
inertial properties are considered as unknown, and a pay-
load (whose mass is 27% of the overall vehicle’s mass) is 
deployed, while the quadrotor follows a given reference 
trajectory. Moreover, the efficiency of one of the motors is 
reduced to 50%.

The results in this article will allow the reader to appre-
ciate additional control techniques for quadrotors, such 
as fault tolerant control, which merges the characteristics 
of fault detection and isolation theory, robust control, and 
reconfigurable control [17], [18].

Notation
Let R  denote the set of real numbers, Rn  the set of n 1#  
real column vectors, and Rn m#  the set of n m#  real matri-
ces. We denote 1n  for the n n#  identity matrix and 0n m#  for 
the zero n m#  matrix. Given , ,a b R3!  with [ ] ,a a a a1 2 3

T=  
the cross product of a  and b  is denoted by ,a b#  where
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Let { ; , , }O X Y ZI =  denote an inert ia l,  or thonormal 
reference frame centered at some point ,O  and let 

,{ ; ( ), ( ), ( )},A x t y t z t t tJ 0$=  denote an orthonormal refer-
ence frame fixed with the quadrotor and centered at some 
point ,A  which is conveniently chosen. It is worthwhile to 
recall that the axes of orthonormal reference frames have 
unit length and are orthogonal to one another. The axes of 
the reference frames I  and J  form two orthonormal bases 
of R3 , and, if a vector a R3!  is expressed in ,I  then this 
vector is denoted by ;aI  if a R3!  is expressed in ,J  then no 
superscript is used.

It is common practice in aeronautical engineering to set 
the Z-axis of the reference frame I  so that the weight of an 
aircraft of mass m is given by ,F mgZg

I =  where g  denotes the 
gravitational acceleration; see Figure 1. The matrix of inertia 
of the quadrotor (excluding its propellers) with respect to A  
is denoted by ,I R3 3! #  and the matrix of inertia of each pro-
peller with respect to A is denoted by I R3 3

P !
# .

The position of the point A  relative to the origin O  of 
the inertial reference frame I  is denoted by : [ , ) ,r t RA 0

3
"3

and the velocity of A  with respect to I  is denoted by 
.: [ , )v t RA 0
3

"3  The position of the quadrotor’s center of 
mass C  with respect to the reference point A  is denoted by 

.: [ , )r t RC 0
3

"3  Numerous researchers choose the vehicle’s 
center of mass as the reference point (that is, A C/ ) and, 
hence, set .( ) ,r t t t0C 0$=  However, the center of mass of a 
mechanical system may not be easily identifiable. Further-
more, the addition of payloads (especially those connected 
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to the quadrotor by flexible structures such as ropes [19]) 
may significantly alter the position of the vehicle’s center of 
mass and introduce uncertainties in the vehicle’s dynami-
cal model over time.

The attitude of the reference frame J  with respect to 
the reference frame I  is captured by the roll, pitch, and 
yaw angles using a 3-2-1 rotation sequence [20, Ch. 1]. In 
particular, we denote by , : [ , ) [ , )t 0 20 "3z } r  the roll and 
yaw angles, respectively, and : [ , ) ,t 2 20 "3i r r-^ ^^ h hh 
the pitch angle. It is worthwhile to recall alternative meth-
ods to capture the attitude of quadrotors that are based 
on Euler parameters [21], [22], classical and modified 
Rodrigues parameters [23], [24], and the SO(3) representa-
tion [25], [26]; for details on these attitude representation 
techniques, see [27]. The angular velocity of J  with respect 
to I  is denoted by .: [ , )t R0

3
"3~  Lastly, the spin rate of 

the ith propeller is denoted by : [ , ) , , , .t i 1 4R,i 0P "3 fX =  
Figure  1 illustrates some of the variables introduced to 
capture the motion of a quadrotor.

Equations of Motion of a Quadrotor
In this section, we present the equations of motion of a 
quadrotor and analyze some of their properties. It is com-
mon practice in the control literature to model a quadro-
tor’s dynamics using simplified equations of motion. For 
instance, in several publications the inertial countertorque 
is neglected, the vehicle’s inertial properties are considered 

as constant, and the roll and pitch angles are usually con-
sidered to be small; the validity of these assumptions is dis-
cussed in this section. Although these assumptions hold in 
most cases of practical interest, it is worthwhile to analyze 
a quadrotor’s equations of motion in detail. Specifically, 
this analysis is instrumental to parameterize the vehicle’s 
nonlinear dynamics and design more effective adaptive 
controllers, estimate the largest upper bound on the closed-
loop system’s uncertainty and design more effective slid-
ing mode control laws [28], and address those less common 
cases, wherein the quadrotor’s inertial properties vary with 
time [29]. Moreover, this analysis is fundamental to under-
stand the architecture of autopilots for quadrotors.

The translational kinematic equation of a UAS is given 
by [20, Ex. 1.12]

	 ( ) ( ( ), ( ), ( )) ( ), ( ) , ,r t R t t t v t r t r t t,A A A A0 0 0
I II $z i }= =o � (1)
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Figure 1 A schematic representation of a quadrotor aircraft. The reference point A does not necessarily coincide with the quadrotor’s 
center of mass, whose location may be unknown or vary due to oscillations of the payload. According to the aeronautical convention, 
the Z -axis of the inertial reference frame I  is aligned with the gravitational force.
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and the rotational kinematic equation of a UAS is given by 
[20, Th. 1.7]
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Recall that ( , )z iC  is invertible, since ,/ 22!i r r-^ h [20, 
pp. 18–19]. For additional discussions on a quadrotor’s 
rotational kinematics, see “Facts on Angular Position 
and Velocity.”

Assuming that the quadrotor’s mass is constant, its 
translational dynamic equation is given by [30]
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where ( ) , , ( )F t u t0 0 1T
T- =6 @  denotes the thrust force, that is, 

the force produced by the propellers that allows a quadro-
tor to hover,
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denotes the quadrotor’s weight, and : [ , )F t R0
3

"3  denotes 
the aerodynamic forces acting on the quadrotor [28], [31]–[34]. 
The rotational dynamic equation of a quadrotor whose frame 
is modeled as a rigid body, payload is rigidly attached to 
the vehicle, and propellers are modeled as thin spinning 
discs is given by [30]
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where ( ) [ ( ), ( ), ( )]M t u t u t u t2 3 4
T

T =  denotes the moment 
of the forces induced by the propellers, ( , , )M rCg z i =

T

( , ), ( , , ) [ , ) ,r F r 0 2 2 2RC C
3

g # #!z i z i r r r-# ^ ^^ h hh  denotes 
the moment of the quadrotor’s weight with respect to ,A  and 

: [ , )M t R0
3

"3  denotes the moment of the aerodynamic 
forces with respect to .A  The terms [ , , ( )] ,I t0 0 Pi 1

4
P

T
iX=
o/  

t t0$  and ( ) [ , , ( )]t I t0 0 Pi 1
4

P
T

i~ X#

=
/  are the inertial coun-

ter-torque and the gyroscopic effect, respectively.
A quadrotor ’s  cont rol  vec tor  i s  g iven by ( )u t = 

[ ( ), ( ), ( ), ( )] , ,u t u t u t u t t t1 2 3 4 0
T $  that is, the third compo-

nent of the thrust force ( )F $T  and the moment of the forces 
induced by the propellers .( )M $T  It is possible to verify that 
[35, Ch. 2]
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where : [ , ) , , ,T t i 1 4Ri 0 "3 f=  denotes the component of 
the force produced by the ith propeller along the (·)z -axis 
of the reference frame ,J  l 02  denotes the distance of the 
propellers from the vehicle’s barycenter, and c 0T 2  denotes 
the propellers’ drag coefficient; the relation between con-
trols and propellers’ forces in (6) is bijective if and only 
if .lc 0T !

Since the thrust force generated by the ith propeller is 
related to the propeller’s angular velocity by

	 ( ) ( ), , , , ,T t k t i t t1 4,i i
2

0P f $X= = � (7)

where k 02  [35], [36], some authors neglect the inertial 
countertorque and define ( ), ( ), ( ), ( ), , , ,1

2 2 2 2
2 3 4P P P P

T
$ $ $ $X X X X6 @   

as the quadrotor’s control vector [37], [38]. For additional 
considerations on the modeling of quadrotors, see [32], 
“Inertial or Body Reference Frame?,” “Special Cases,” and 
the references therein.

Control Strategies for Quadrotors
Before designing controls for any mechanical system, it is 
necessary to verify whether the control inputs can steer the 
system’s configuration at will, that is, whether the mechan-
ical system is fully actuated or underactuated [39, Def. 2.9]. 
This analysis is instrumental to design effective control 

Facts on Angular Position and Velocity

The rotational kinematic equation (3) shows that the time 

derivative of the angular position is not equal to the angu-

lar velocity. Indeed, (3) can be considered as a nonholonom-

ic constraint on the quadrotor’s dynamics [40, pp. 140–147]. 

To design controllers for quadrotors, numerous researchers 

set ( ), ( ), ( ) ( ),t t t tT
z i } ~=o o o6 @  t t0$  [35]. In the first approxima-

tion, if it is known a priori that the Euler angles (·)z  and (·)i  

are sufficiently small, then ( , ) ,13.z iC  and, hence, it fol-

lows from (3) that this choice is justifiable; note that the yaw 

angle (·)}  plays no role in the small angle approximation as-

sumptions. The small angle approximation is quite realistic 

for numerous applications involving quadrotors.
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strategies. To define the underactuated mechanical system, 
consider the second-order differential equation

	
( ) ( , ( ), ( )) ( ( )) ( ),
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where ( )q t RD n! 1  denotes the vector of indepen-
dent generalized coordinates [40, Ch. 2], ( ) ,u t Rm!  

: [ , ) ,f t RRD n n
0 "# #3  and : ,G R Rn n m

"
#  and recall that 

all mechanical systems can be expressed in the same form 
as (8); for details, see [41].

Inertial or Body Reference Frame?

In aeronautical engineering, it is common practice to express 

the dynamic equations of an aircraft (4) and (5) in the body 

reference frame J  [20, Ch. 2]. Several authors addressing the 

control problem for quadrotors capture the vehicle’s transla-

tional dynamic equation in the inertial reference frame I  [62], 

[S1]–[S4]. Specifically, (1) and (4) can be replaced by
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where ( ) ( ( ), ( ), ( )) ( ) .F t R t t t F tI z i }=  This formulation is advan-

tageous to directly control the quadrotor’s position by regulat-

ing the thrust force and the pitch and roll angles. Moreover, 

(S1) is useful to design feedback controls, should the quadro-

tor’s position in the reference frame I  be measured using, for 

instance, a GPS receiver or a camera-based motion capture 

system. Since aerodynamic coefficients are usually measured 

in the body reference frame [S5, Ch. 5], a drawback of (S1) 

is that the aerodynamic forces acting on the vehicle must be 

computed in the body reference frame and then expressed in 

the inertial frame using the rotation matrix (2).
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Special Cases

I t is rather common to assume that the quadrotor’s mass is 

constant over time; if the vehicle is battery operated and is 

not deploying any payload, then this assumption is realistic. 

However, there are applications, such as in precision agricul-

ture, wherein the quadrotor’s mission is to spread pesticides, 

herbicides, and fertilizer the crop [S6]. To account for the varia-

tions in the quadrotor’s mass, the translational dynamic equa-

tion becomes

( ) (m t r t= + )( ( ), ( )) ( )F t t F tz i +( )F t +( ) ( ) ( ) ( )
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where ( ) ( ) ( )F t w t m t
V

T d=
Tt o#  denotes the force generated by de-

ploying some mass from the unmanned aerial system (UAS), 

V R31  denotes a volume containing the quadrotor and its pay-

load but not the mass expelled from the UAS, : [ , )m t R0 "3d  

denotes the mass of an infinitesimally small subset of ,V  whose po-

sition from A is denoted by : [ , ) ,Vr tmA 0 "3  and : [ , )w t R0
3

"3  

denotes the exhaust velocity of each particle expelled from .V  

Moreover, the rotational dynamic equation becomes
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where ( ) ( ) ( ) ( ),M t r t w t m t t t
V

mA 0T $d= #Tt o#  denotes the moment 

of the thrust force, ( ) ( ) ( ) ( )I t r t r t m t
V

mA mA d=- # #T #  denotes the in-

ertia matrix of the UAS with respect to the reference point ,A  

( ) ( ) ( ) ( ),J t r t r t m t
V

mA mA d= # #T
o#  and ( ) ( ) ( ) ( );h t r t r t m t

V
mA mA d= #T

o#  ( )J $  

captures the variation in the quadrotor’s moment of inertia due to 

the variation of the vehicle’s mass over time, and ( )h $  captures 

the contribution to the quadrotor’s angular momentum because 

some components (such as the propellers) are moving. If the 

quadrotor’s frame is modeled as a rigid body of constant mass, 

the payload is rigidly connected to the vehicle, and the propel-

lers are modeled as thin spinning discs, then ( ),h t t t0$o  special-

izes to the inertial counter torque, and ( ) ( )t h t~#  specializes to 

the gyroscopic effect in (5). For details, see [30].

Reference
[S6] L. P. Hafsal, “Precision agriculture with unmanned aerial vehicles 
for SMC estimations towards a more sustainable agriculture,” Master’s 
thesis, Hedmark Univ. Applied Science, Elverum, Norway, 2016.
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Definition [39, Def. 2.9] 
Consider the nonlinear dynamical system (8). If ( ( ))G qrank  
n=  for all ,q D!  then (8) is fully actuated. Alternatively, 

if ( ( )) , ,G q n qrank D1 !  then (8) is underactuated.
A quadrotor’s configuration is uniquely described by 

the vector of independent generalized coordinates

	 ( ) ( ) , ( ), ( ), ( ) , ,q t r t t t t t tA 0
T TI $z i }= ^ h6 @ � (9)

and, if ( ) , ,r t t t0C 0/ $  then the equations of motion of a  
quadrotor, that is, (S1), (3), and (5), can be expressed in 
the same form as (8) with ,n 6=  ,m 4=  and RD 3 #=  
[ , ) / , / [ , ),0 2 2 2 0 2# #r r r r-^ h  and (10), found in the box 
at the bottom of the page, with ( , ) , , ,1 T

~ z i z i }C= - o o o6 @
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, , , ,q r ,A0 0 0 0 0
T TI z i }= ^ h6 @  a nd  , ( , ) .q v, ,d A0 0 0 0

T
0
T T TI ~ z iC= ^ h6 @  I f  

( ) , ,r t t t0C 0/ $Y  then (·)G  is the same as in (11). It follows 
from [20, Th. 1.5] that ( , , ) [ , , ] ,R 0 0 1 1Tz i } =  and, since 

( , )m I 1z iC -  is full rank, , , [ , ) / , /0 2 2 2#!z i } r r r-^ ^^ ^ h hh h
[ , ),0 2# r  it holds that ( ( )) , .G q q4rank D!=  Thus, quadro-

tors are underactuated.
The fact that quadrotors are underactuated can be intui-

tively shown by noticing that quadrotors are characterized 

by six independent, generalized coordinates and four con-
trol inputs. Hexrotors are rotary-wing UASs similar to 
quadrotors, which have six parallel propellers. The reader 
is encouraged to prove whether these vehicles are fully 
actuated or not.

It follows from (S1) and (5) that the control input (·)u  
can be designed to regulate the altitude and orientation of 
a quadrotor. Indeed, it is possible to prove that the dynami-
cal system that captures both the vertical motion and the 
orientation of a quadrotor is fully actuated. However, in 
practical applications, it is useful to regulate a quadro-
tor’s position in the inertial space and its yaw angle, since 
these UASs are generally employed to transport detection 
devices (such as antennas or cameras) to a specific location 
and point these devices in a given direction. Thus, the fol-
lowing control strategy is generally used. Assume that the 
quadrotor’s desired position , , : [ , )r r r t R, , ,X Y Z 0

3
ref ref ref

T
"36 @  

and its desired yaw angle : [ , ) [ , )t 0 20ref "3} r  are given. 
Firstly, compute the roll angle : [ , ) [ , )t 0 20ref "3z r  and 
the pitch angle : [ , ) , //t 220ref "3i r r-^ ^^ h hh  needed to 
tilt the quadrotor and utilize the horizontal component of 
the thrust force to track ( ), ( ) , ;r t r t t t, ,X Y 0ref ref

T $6 @  this step is 
known as outer-loop design. Successively, design a control 
law for (·)u  to track the reference altitude ( ), ,r t t t,Z 0ref $  and 
the reference orientation ( ), ( ), ( ) ;t t tref ref ref

Tz i }6 @  this step is 
known as inner-loop design. Figure 2 shows a schematic 
representation of how inner and outer loops contribute to 
computing the control inputs for a quadrotor. For examples 
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Equation (6)

rX,ref, rY,ref

rX, rY

rZφref, θref

rZ,ref

ψref

u

φ, θ, ψ
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Figure 2 A control scheme for a quadrotor. To track both the reference position , ,r r r, , ,X Y Zref ref ref
T6 @  and the reference yaw angle ,ref}  con-

ventional control schemes for quadrotors are divided into two parts, the outer loop and the inner loop. The outer loop determines both 
the roll angle refz  and the pitch angle refi  needed to steer the quadrotor’s thrust force and track , .r r, ,X Yref ref

T6 @  The inner loop determines 
the thrust forces , ,T T1 4f  the propellers must deliver to track ., , ,r ,Z ref ref ref ref

Tz i }6 @
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of outer-loop design strategies, see “Example 1: Outer-Loop 
Design” and “Example 2: Outer-Loop Design.”

Remark
If the aerodynamic forces and moments are negligible, 
( ) , ,r t t t0C 0/ $  and

,I
I

I
I

0
0

0

0

0
0

x

y

z

=> H

then it follows from (S1), (3), and (5) that the linearized equa-
tions of motion of a quadrotor are given by

	 ( ) ( ) ( ), ( ) , ,x t Ax t Bu t x t t t00 0$= + =o u � (12)

where , ,x q qT T T
= o6 @  q  is given by (9), [ , , , ] ,u u mg u u u1 2 3 4

T= -u   
, ,A A A A A A A 1R , , , , , ,

12 12
1 7 2 8 3 9 4 10 5 11 6 12! = = = = = =#  

,A g,7 5 =-  ,A g,8 4 =  , , , ,A i j 1 12,i j f=  denotes the element 
on the ith  row and jth  column of A  (every other element 
of A  is equal to zero), ,B R12 4! #  ,B m,9 1

1= -  ,B lI, x10 2
1= -  

,B lI, y11 3
1= -  ,B I, z12 4

1= -  and every other element of B is equal 
to zero. It follows from (12) that, in first approximation, the 
inner-loop dynamics (the dynamics of ( ), ( ), ( ),z $ $ $z i  and 

( ))$}  is regulated by four decoupled double integrators. 
Moreover, the outer-loop dynamics (the dynamics of (·)x  
and ( ))y $  are regulated by two decoupled quadruple inte-
grators [42]. Thus, the inner-loop dynamics respond faster 
than the outer-loop dynamics [43, Ch. 5].

Robust Nonlinear Control Techniques  
for Quadrotors
In this section, we explain how three popular nonlinear 
robust control techniques, namely sliding mode control, 
MRAC, and adaptive sliding mode control, can be applied 
to design autopilots for quadrotors. Moreover, we illustrate 
the features of these control techniques using numerical 
examples involving the quadrotor DJI F450. These numeri-
cal examples have been performed using the open-source, 
publicly available A Simulator for Quadrotors, which was cre-
ated by the authors [15].

Example 1: Outer-Loop Design

L et ( ) [ ( ), ( ), ( )] , .r t r t r t r t t tA X Y Z 0
TI $=  The authors in [S7] 

and [S8] assume a priori that ( ), ,t t t0$z  and ( )ti  are 

sufficiently small, set ( ) ,r t 0C =  and neglect the aerodynam-

ic forces. In this case, it follows from (S1) that
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Considering (·)z  and (·)i  as virtual control inputs of (S4), 

it is possible to set
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where ,K K R2 2
p d !

#  are symmetric, positive-definite. Note 

that (S5) is well defined since ( ) ,u t t t01 0! $  is a necessary 

condition for a quadrotor to fly.
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Example 2: Outer-Loop Design

The authors in [S9] use the following approach. It follows 

from (S1) that
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where (·)u1  is considered a time-varying parameter and

	 ( ) ( ) ( ) ( ) ( ) ( ),cos sin cos sin sinu t t t t t tX z i } z }+=
T � (S7)

	 ( ) ( ) ( ) ( ) ( ) ( )sin sin cos cos sinu t t t t t tY z i } z }= -
T � (S8)

are considered as virtual control inputs designed so that 

| ( ) ( ) |r t r t 0,X X ref "-  and | ( ) ( ) |r t r t 0,Y Y ref "-  as .t " 3  In this 

case, ( )ref $z  and ( )ref $i  are such that

	 ( ) ( ) ( ) ( ) ( ), ,sin sin cost u t t u t t t tX Y 0ref ref ref $z } }= - � (S9)

( ) ( ) ( ) ( ) ( ) ( ) .sin cos cos sint t u t t u t tX Yref ref ref refi z } }= + � (S10)

The virtual control inputs (·)uX  and (·)uY  can be designed 

using proportional-integral-derivative control, sliding mode 

control, model reference adaptive control, the adaptive slid-

ing mode control, or any other design technique. A similar 

approach is presented in [S10].
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Sliding Mode Control
The sliding mode control architecture consists of steer-
ing in finite time the system’s trajectory to a subspace of 
the state space (known as the sliding manifold), which is 
designed such that if the system’s trajectory reaches this 
manifold, then the system’s state asymptotically converges 
to zero [13, Ch. 14]. This approach is popular for its sim-
plicity of implementation and robustness to uncertainties 
[44]. We discuss below how the sliding mode control can be 
employed to design an autopilot that steers a quadrotor to a 
given location with a given yaw angle.

Consider the nonlinear, time-varying plant [13, pp. 564]

	 ( ) ( , ( ), ( )), ( ) , ,x t f t x t x t x t x t t1 1 1 2 1 0 10 0$= =o � (13)

( ) ( , ( ), ( )) ( ( ), ( )) ( , ( ), ( )) ( )
( , ( ), ( ), ( )),

x t f t x t x t G x t x t E t x t x t u t

t x t x t u t
2 2 1 2 1 2 1 2

1 2d

= +

+

o

( ) .x t x2 0 20= � (14)

where ( ) , ,x t t tRD n m
1 0! 3 $-  ,0 D( )n m 1 !#-  ( ) ,x t Rm

2 !   
( ) ,u t U Rm! 3  : [ , ) ,f t R RD m n m

1 0 "# #3 -  : [ , )f t2 0 #3   
,R RD m m

"#  : ,G RRD m m m
"# #  a nd : [ , )E t D0 # #3  

R Rm m m
"

#  are continuous in their arguments, ( , , )E t x x1 2  
is invertible for all ( , , )t x x1 2 !  [ , ) ,t RD m

0 # #3  (·, ·)G  is  
an unknown positive-definite diagonal matrix, that is,  
( , )G x x g Im1 2 0$  for some ,g 00 2  and : [ , )t RD m

0 # # #3d  
U Rm
"  is continuous and unknown. Both (·, ·, ·, ·)d  and 
(·, ·)G  account for model uncertainties and faults of the 

control system. Note that the equations of motion of many 
mechanical systems can be cast in the same form as (13) 
and (14). Specifically, (13) captures the kinematic equations, 
and (14) captures the dynamic equations. The kinematic 
equations of a mechanical system are usually considered 
to be perfectly known, whereas the dynamic equations are 
usually affected by modeling errors, uncertainties on the 
system’s inertial properties, and disturbances.

To design a sliding manifold, the following assumption 
is needed.

Assumption [13, p. 564]
Consider the nonlinear time-varying dynamical system 
(13). There exist : [ , ) ,V t RRm

0 "#3  which is continuously 
differentiable, and , , : ,W W W R Rm

1 2 "  which is continu-
ous and positive-definite, and a control law : RRn m m

"a -  
so that

	 ( ) ( , ) ( ), ( , ) [ , ) ,W x V t x W x t x t D1 1 1 2 1 1 0 #3# # ! � (15)
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Considering (·)x2  as an input for (13), it follows from  [13, 
Th. 4.9] that this assumption postulates the existence of a 
control law ( ),$a  such that (13) with ( ),x x x D2 1 1 !a=  is 
uniformly asymptotically stable [13, Def. 4.4]. The sliding 
mode control framework steers (·)x2  toward ( (·))x1a  in finite 

time. The subspace ( , ) ,: ( , )S x x x x 0RD m
1 2 1 2#! v= =

9
a " ,  

where ( , ) ( )x x x x1 2 2 1v a= -
9  is the sliding manifold. It 

is common practice to design linear sliding manifolds, 
that is, to set ( , ) , ( , ) ,x x x K x x x RDx

m
1 2 2 1 1 21 #!v = +  where 
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To design a sliding mode control law for the nonlinear 
dynamical system given by (13) and (14), let the invertible 
matrix function :G RRD m m m
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Furthermore, define
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where (·, ·)iv  denotes the ith component of ( , ),x x1 2v  
, , ,i m1 f=  [ , ),k 0 1i !  ( )sign $  denotes the signum function 

[13, p. 19], : RRDi
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Applying Lyapunov stability theory for nonlinear time-
varying dynamical systems [13, pp. 564–566], it is possible 
to prove that if (15) and (16) are verified and (22) is satisfied, 
then the solutions (·)x1  and (·)x2  of (13) and (14) with

	
( , , ) ( , , ) ( , , ) ( , ),
( , )

u t x x u t x x E t x x x x

x x RD m

1 2 1 2
1

1 2 1 2

1 2

eq

#!

c= + -

�
(23)

are such that both ( )x t 01 "  and ( )x t 02 "  as t " 3  uni-
formly in .t0

It follows from (20)–(22) that, in the sliding mode archi-
tecture, larger uncertainties on the control imply stronger 
control actions. The control law (20) involves the signum 
function and, hence, is discontinuous. It is well known 
that solutions of ordinary differential equations with 
discont inuous right-hand sides may not exist or be 
unique [45, Ch. 2], [46]. In most cases of practical interest, 
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discontinuous control inputs induce an undesired effect 
known as chattering, which consists of high-frequency 
oscillations of the system’s state about the sliding manifold 
[13, Ch. 14], [47]. Chattering is one of the main drawbacks of 
classical sliding mode control, which can be mitigated by 
introducing a boundary layer, where the signum function 
is approximated by the saturation, the sigmoid, or the arc-
tangent functions [13, pp. 556–558], [48], [49]. Alternatively, 
it is possible to resort to higher-order sliding mode control 
[47], [50], [51], whereby the sliding mode architecture is 
applied to higher derivatives of the sliding variable to 
contrast chattering, chattering attenuation conventional 
sliding mode control (whereby chattering is reduced by 
employing a time-varying sliding manifold [52]), or adap-
tive sliding mode control, discussed in the following. Ter-
minal sliding mode is a variation of sliding mode control 

and guarantees finite-time convergence to the equilibrium 
point [53].

Remark 
The function (·, ·)it  provides an upper bound on the sys-
tem’s uncertainties and directly affects the amplitude of the 
sliding mode control law. Thus, accurate dynamical mod-
els are essential to estimate the system’s uncertainties and 
minimize the control effort.

Sliding mode control and its numerous variations have 
been applied to design all or some of the four control inputs 
of a quadrotor. For instance, the classical sliding mode con-
trol architecture is applied in [54] to regulate a quadro-
tor’s inner loop, [55] in combination with a backstepping 
control law that regulates the vehicle’s outer loop, and [56] 
with an adaptive observer to estimate unknown param-
eters and hence dynamically estimate the upper bounds 
on the system’s uncertainties. Terminal sliding mode is 
employed in [57] for trajectory tracking. Second-order slid-
ing mode is applied in [58] to design the four control inputs 
of a quadrotor, [59] in conjunction with the block control 
technique [55], and [60] to regulate a quadrotor’s orienta-
tion using nonlinear sliding surfaces. Lastly, higher-order 
sliding mode control has been applied to design outer loops 
[61] and estimators for quadrotors [62]. The sliding mode 
control technique for stochastic dynamical systems is dis-
cussed in [63]–[65]. For detailed examples on how to design 
the inner and outer loops of quadrotors using the sliding 
mode control architecture, see “Example 3: Sliding Mode 
and Outer-Loop Design” and “Example 4: Sliding Mode 
and Inner-Loop Design.”

Figure 3 shows the trajectory of a quadrotor, which 
implements the sliding mode control law discussed in [54]. 
The aircraft takes off from the origin O  of the inertial refer-
ence frame I  and follows a cylindrical spiral reference tra-
jectory with forward velocity of 1 m/s and vertical velocity 
of 0.15 m/s; this simulation has been performed using the 
toolbox presented in [15]. After 17 s from takeoff, the effi-
ciency of one of the motors is reduced to 75%. Despite this 
efficiency loss, the quadrotor is still able to follow the ref-
erence trajectory. However, this control law fails for lower 
values of the motor’s efficiency.

Every sensor is unavoidably affected by noise, and, to 
add realism to this numerical simulation, white Gaussian 
noise is introduced in the quadrotor’s state vector being fed 
back to the inner and outer loops’ control laws. The noise’s 
variance is 0.188, which corresponds to an uncertainty of 
2°  in the Euler’s angles capturing the vehicle’s orientation. 
Moreover, the noise’s frequency is 200 Hz, which is approx-
imately the output frequency of sensors used for appli-
cations involving quadrotor helicopters, such as motion 
capture systems and gyroscopes. Figure 4 represents the 
measured roll angle, which is corrupted by noise. Although 
sliding mode control is not explicitly designed to be robust 
to stochastic disturbances, it appears from Figure 3 that 

Example 3: Sliding Mode  
and Outer-Loop Design

Consider the problem of designing a quadrotor’s outer 

loop so that the unmanned aerial system is steered to a 

given point in the horizontal plane. In this case, without loss 

of generality, it is possible to set ( ) ( ) , .r t r t t t0, ,X Y 0ref ref $= =  

If the quadrotor’s mass m 0>  is unknown, then it follows 

from (S4) that the outer-loop dynamics can be cast in the 

same form as (13) and (14) with , ,x r rX Y1
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where both (·)u1  and (·)}  are known time-varying param-

eters. The sliding manifold can be defined, for instance, 

by the proportional control law ( ) ,x K xx1 11a =-  where 
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#  is symmetric, positive-definite. In this case, it 

follows from (17)–(19) that
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where m 02t  denotes an estimate of the quadrotor’s mass 

and

( , , , ) .t x x w m m m K xx1 2
1

21D = --t t^ h

An upper bound on the uncertainties is given by (22) with

( , ) || || || ||, ,x x m K x i4 1 2i x1 2 21t = =
t

and ,k 0i =  where || ||Kx1  denotes the Euclidean equi-in-

duced norm of the matrix Kx1  [72, Def. 9.4.1].



JUNE 2018 «  IEEE CONTROL SYSTEMS MAGAZINE  111

the quadrotor implementing the sliding mode control law 
is able to follow the given reference trajectory with accept-
able tracking error, despite noise in the feedback signal and 
uncertainties on the vehicle’s inertial properties.

Figure 5 represents the control inputs for the quadro-
tor implementing the sliding mode control law and clearly 
shows the effect of chattering. This discontinuous behavior 

of the control input would not allow the implementation of 
sliding mode control laws on actual quadrotors, unless a 
boundary layer is introduced.

MRAC with Integral Feedback Connections
MRAC is a design technique that allows regulating non-
linear dynamical systems whose dynamics are partly 

Example 4: Sliding Mode  
and Inner-Loop Design

Consider the problem of designing an autopilot for quadro-

tors so that the unmanned aerial system is steered 

to a given point in the reference frame I  with a yaw angle. 

In this case, the autopilot ’s outer loop can be designed 

as in “Example 3: Sliding Mode and Outer-Loop De-

sign,” and the inner loop can be designed assuming 

w i thout  loss of genera l i t y  that  ( ) ,r t t t0,Z 0ref $=  and 

( ) ( ) ( ) .t t t 0ref ref refz i }= = =  If the vehicle’s mass m  and 

matrix of inertia I  are unknown, the location of the cen-

ter of mass ( )rC $  is constant and unknown, the aerody-

namic force and moment of the force are unknown, and 

both the roll angle ( ),t t t0$z  and the pitch angle ( )ti  are 

small, then it follows from (S1), (3), and (5) that the inner-

loop dynamics can be cast in the same form as (13) and 

(14) with , , , ,x rZ1
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and ( , , ) .E t x x 11 2 4=  The sliding manifold can be defined, 

for instance, by the proportional control law ( ) ,x K xx1 11a =-  

where K Rx
4 4

1 !
#  is symmetric, positive-definite. In this 

case, it follows from (17)–(19) that
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where mt  and It  denote an estimates of the quadrotor’s mass and 

matrix of inertia, respectively, ( , , , ) ( , , ) ,t x x w u t x x w1 2 1 2eq} = +  

and
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An upper bound on the uncertainties is given by (22) 

with , , ;k i0 1 2i = =  the expression for ( , )x xi 1 2t  is omitted 

for brevity.
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Figure 3 The trajectory of a quadrotor implementing a sliding 
mode control law. The aircraft takes off from the origin and fol-
lows a cylindrical spiral trajectory. After 20 s, the efficiency of one 
propeller is reduced to 75%. Despite this efficiency loss and un-
certainties in the aircraft’s inertial properties, the quadrotor still 
continues following the reference trajectory.
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Figure 4 The measured roll angle for the quadrotor implementing 
the sliding mode controller. To increase the realism of this numeri-
cal simulation, white Gaussian noise is introduced into the inte-
grated state vector to mimic the noisy behavior of sensors.
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known. Specifically, parameterizing the plant’s nonlinear 
dynamics by means of a given regressor vector and a set of 
unknown coefficients, an MRAC law regulates the closed-
loop system’s response so that it asymptotically coincides 
with an ideal dynamical system’s response [14]. In its origi-
nal formulation, MRAC is robust both to parametric and 
matched uncertainties in the plant’s model. Robustness to 
unmanteched uncertainties can be achieved by employ-
ing modified versions of this control technique [66], [67], 
[14, Ch. 10]. MRAC controls that are explicitly designed 
to guarantee robustness to random disturbances are dis-
cussed in [68]–[70].

Consider the nonlinear plant [14, pp. 293–294]

	
( ) ( ) ( ) ( ( )) ,
( ) , ,

x t A x t B u t x t

x t x t t0 0 0

p p p p
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p p

p $

K H U= + +

=

o u6 @
�

(24)
	 ( ) ( ),y t C x tp p= � (25)

where ( ) , ,x t t tRn
0p

p! $  ( ) ,u t Rm!u  ( ) ,y t Rm!  A Rn n
p

p p! #  
is unknown, ,B Rn m

p
p! #  ,C Rm n

p
p! #  RN m!H #  is unknown, 

the regressor vector ( ) , ,x xR RN n
p

p! !U  is Lipschitz con-
tinuous in ,xp  and Rm m!K #  is diagonal, positive-definite, 
unknown, and such that the pair ( , )A Bp pK  is controllable. 
Although the matrix Ap  is unknown, its structure is usu-
ally known, and the controllability of the pair ( , )A Bp p K  
can be generally verified. The matrix K  captures mal-
functions in the control system, such as the breakage of 
a propeller, and ( ),x x RnT

p p p
p!H U , parameterizes the 

plant’s nonlinearities.
Given the bounded, continuous reference signal 
: [ , ) ,y t Rm

0cmd "3  the goal of the MRAC architecture with 
integral feedback connections is to design the control input 
( )u $  so that the measured output ( )y $  tracks ( )y dcm $  with 

uniformly ultimately bounded error, that is,

	 || ( ) ( )|| , ,y t y t b t t T0cmd 1 $- + � (26)
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and , .C C 0m mp= #6 @  Consider also the reference dynamical 
model
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where A Rn n
ref !

#  is Hurwitz, and define the tracking error 
( ) ( ) ( ), .e t x t x t t t0ref $= -

T

Applying classical Lyapunov stability theory [14, Ch. 10] 
or, equivalently, partial-state stability theory [71], it is pos-
sible to prove that if there exists K Rx

n m! #  such that

	 ,A A B Kxref
TK= + � (31)

then the adaptive control law
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Rx
n n!C #  is symmetric positive-definite, RN N!C #

U  is 
symmetric positive-definite, P Rn n! #  is the symmetric 
positive-definite solution of the Lyapunov equation

	 ,A P PA Q0 ref
T

ref= + + � (34)

and Q Rn n! #  is symmetric positive-definite. In practice, 
the MRAC law (32) guarantees that the nonlinear plant (24) 
and (25) eventually mimics the behavior of the reference 
model (29) and (30) and the measured output eventually 
tracks the reference signal ( ).yref $  Since

L L( ) [ ( )], \ ( ),( ) C s A B y s Ay 1 specCn
1

ref ref cmd refref $$ != - -6 @
� (35)

where L [·] denotes the Laplace transform of its argument 
[43, Ch. 2] and spec (·) denotes the spectrum of its argument 
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Figure 5 Sliding mode control inputs for a quadrotor following a 
cylindrical spiral trajectory. Clearly, these control signals are af-
fected by high-frequency oscillations. This phenomenon is known 
as chattering.
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[72, Ch. 4], , ,A Bref ref  and C  must be chosen so that ( )yref $  
tracks ( )ycmd $  with bounded error. This way, the MRAC 
law (32) guarantees that ( )y $  eventually tracks ( )ycmd $  with 
bounded error [14, p. 297].

The authors in [42] modify the quadrotor’s linear-
ized equations of motion (12) to match the dynami-
cal model (24) and (25) with ,n 12p =  , ,m N4 17= =  

,x q qp
T T T

= o6 @ , q  is given by (9), [ , , , ] ,u u mg u u u1 2 3 4
T= -u  

( ) , , ,x x y t t1 0p p
T

cmd
T T

$U =6 @  and ( ) ( ) , ( ) ,y t r t tA
T TI }= ^ h6 @  and 

the MRAC is applied (32) to regulate the quadrotor’s inner 
loop. MRAC has been also employed in [73] to design inner 
loops and regulate a quadrotor’s pitch and roll dynam-
ics, [37] to account for the misalignment in the propellers’ 
axes, [74] by relaxing the matching condition (31), and [75] 
to counteract parametric and nonparametric uncertainties. 
For detailed examples on how to design the inner loops of 
quadrotors using the MRAC architecture, see “Example 5: 
MRAC and Inner-Loop Design” and “Example 6: MRAC 
and Inner-Loop Design.”

Figure 6 shows the trajectory of a quadrotor, which 
implements the MRAC law discussed in [37]. The aircraft 
takes off from the origin O of the inertial reference frame I  
and follows a cylindrical spiral reference trajectory with 
forward velocity of 1 m/s and vertical velocity of 0.15 m/s; 
this simulation has been performed using the tool-
box presented in [15]. To simulate a fault in the quadro-
tor’s gyroscope, the roll angle fed back to the autopilot’s 
inner loop is set equal to zero in the time interval [5, 9.8] s. 
After 20 s from take off, the efficiency of one of the motors 
is reduced to 50%. Furthermore, the state vector fed back 
to the inner and outer loops is affected by the same white 
Gaussian noise as in the numerical example discussed in 
the previous subsection. The quadrotor is clearly able to 

Example 5: MRAC and Inner-Loop Design

Consider the problem of designing a quadrotor’s inner 

loop, and assume that the vehicle’s mass ,m  matrix of 

inertia ,I  and location of the center of mass ( )rC $  are con-

stant and unknown. In this case, it follows from (12) that the 

equations of motion of a quadrotor can be approximated 

by the nonlinear dynamical model (24) with , ,x q qp
T T T

= o6 @  

( )q $  given by (9), ,u R4!u  , ,B 0 14 8 4p
T= #6 @  R4 4!K #  is a di-

agonal matrix such that ,m,1 1
1K = -  ,lI, x2 2

1K = -  ,lI, y3 3
1K = -  

,I, z4 4
1K = -  and
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A typical output signal for inner-loop design problems is 

[ , , , ] .y rZ Tz i }=

Example 6: MRAC and Inner-Loop Design

The inner-loop design strategy outlined in “Example 5: 

MRAC and Inner-Loop Design” underlies the assumption 

that the pitch and roll angles are small at all times. To circum-

vent this limiting assumption, one option is to feedback linear-

ize the inner-loop dynamics and then apply the model refer-

ence adaptive control (MRAC) design framework as follows. If 

( ) , ,r t t t0C 0$=  then it follows from (S1) that
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the vertical dynamics is regulated by a double integrator; the 

virtual control input v1  can be designed using any control law. 
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where ( )Lf
2 $  denotes the second Lie derivative [13, p. 510] with 

respect to f  of its argument, the closed-loop system is equiva-

lent to
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R3 3!K #  is diagonal positive-definite, (·)U  conveniently 
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explicit expressions for ,Lf
2z  ,Lf

2i  and Lf
2}  are omitted for 

brevity. In this case, the terms K  and ( ( ))XT
p $H U  have been 

introduced to account for model uncertainties and neglected 

nonlinear terms. The MRAC framework can be now applied to 

design a robust control law for .v  For details, see [13].
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continue following the reference trajectory despite these 
challenges. Figure 7 shows the quadrotor’s roll angle fed 
back to the autopilot’s inner loop, and Figure 8 shows the 
quadrotor’s control inputs.

Adaptive Sliding Mode Control
As discussed earlier, chattering is a substantial problem in 
the implementation of autopilots for quadrotors based on 
sliding mode control. Adaptive sliding mode control pro-
vides an approach to overcome this difficulty by merging 
sliding mode control’s robustness to uncertainties with adap-
tive control’s ability to tune the controller’s gains and eventu-
ally reduce the amplitude of the high-frequency oscillations 
to a minimal admissible level defined by the conditions for 
the sliding mode to exist [76]. To achieve this result, however, 
the closed-loop system’s trajectory does not converge to the 
sliding manifold in the finite time.

The adaptive sliding mode control architecture can be 
applied to design a quadrotor’s inner loop as follows [77]. 
Let (8) capture a quadrotor’s equations of motion with the 

vector of independent generalized coordinates q R6!  given 
by (9), the control input ,u R4!  ( , , )f t q qo  given by (10), and 
( )G q  given by (11). Moreover, let , , ,q j 1 6j f=  denote the ith 

component of ,q  q ,jref  denote jth component of the vector 
Rq 6

ref !  of reference-independent, generalized coordinates, 
( , , )fj $ $ $  the jth component of ( , , ),f $ $ $  and ( ), , ,G i 1 4,i i2 $ f=+  

the element on the ( )i 2+ th row and ith column of (·)G ; it 
is worthwhile to recall that ,q rZ3 =  ,q4 z=  ,q5 i=  and 

.q6 }=  Assume also that both the quadrotor’s mass m  and 
matrix of inertia I  are unknown and both the pitch angle 
( ), ,t t t0$z  and the roll angle ( )ti  are small; recall that in 

this case [ ( ), ( ), ( )] ( ),t t t tTz i } ~=o o o  ( ( ), ( )) ,t t 13z iC =  and 
( ( ), ( ))t t 03 3z iC = #
o  in (10) and (11). Finally, let the nonlinear 

terms ( , ), , ,, if 1 4i 2 $ $ $ f=+  be parameterized so that
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Figure 6 The trajectory of a quadrotor implementing a model ref-
erence adaptive control law (MRAC). The aircraft takes off from 
the origin and follows a cylindrical spiral trajectory. In the time in-
terval [5, 9.8] s, the flight controller is unable to measure the roll 
angle ( ) .$z  After 20 s, the efficiency of one propeller is reduced to 
50%. Despite these faults and uncertainties in the vehicle’s iner-
tial properties, the quadrotor still continues following the reference 
trajectory with good precision.
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Figure 7 The measured roll angle for a quadrotor implementing 
a model reference adaptive control law. To simulate a fault in the 
flight controller, the roll angle fed back to the autopilot’s inner loop 
is set equal to zero in the time interval [5, 9.8] s. Moreover, to 
mimic the noisy behavior of sensors, white Gaussian noise is in-
troduced into the state vector fed back to the controller.
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whe r e  D ,[ , ) / , / [ , ),0 2 2 2 0 2R R3 9# # # !r r r r H= -^ ^ ^h hh
captures of the vehicle’s unknown inertial properties, the 
regressor vector is given by
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The sliding surface is defined as
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and K R4 4! #  is a diagonal positive-definite matrix of con-
trol gains. Using Lyapunov stability theory, it is possible to 
prove that the control law
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M q^ h  i s  a  d i a g o n a l  m a t r i x ,  ( ) ,M q 1,1 1 =  ( )M q,2 2 =  
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h  is symmetric positive-definite,
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, , , ,j0 1 9j f2c =  5, , ,e 1 1 Rn
nTf !=6 @  denotes the Schur 

product [72, p. 404], and ,  denotes the Kronecker product 
[72, Def. 7.1.2].

In practice, in the adaptive sliding mode control architec-
ture, the closed-loop system’s trajectory is steered to a sliding 
manifold and the gains of the control law are chosen using 
an adaptive approach so that the magnitude of the control 
vector (and, hence, the magnitude of chattering) decreases 
as the closed-loop system’s trajectory approaches the slid-
ing manifold. The adaptive sliding mode control has been 

employed in [78] and [79] to design autopilots for quadro-
tors that do not require prior knowledge of the uncertainties’ 
upper bound, in [80] to counteract white Gaussian noise in 
the measured output, in [81] together with a backstepping 
control architecture that generates the reference pitch and 
roll angles needed to regulate the vehicle’s position in the 
horizontal plane, and in [82] by employing the projection 
operator [14, p. 332], [83, Def. B.3] to verify constraints on the 
propellers’ maximum thrust.

Figure 9 shows the trajectory of a quadrotor, which 
implements the adaptive sliding mode control law pre-
sented in [84]. The aircraft takes off from the origin O  of 
the inertial reference frame I  and follows a cylindrical 
spiral reference trajectory with forward velocity of 1 m/s  
and vertical velocity of 0.15 m/s; this simulation has been 
performed using the toolbox presented in [15]. To simulate 
a fault in the aircraft’s gyroscope, the roll angle fed back 
to the autopilot’s inner loop is set equal to zero in the time 
interval [5, 9.8] s. Moreover, after 20 s  from takeoff, the effi-
ciency of one of the motors is reduced to 50%. The state vec-
tor fed back to the inner and outer loops is affected by the 
same white Gaussian noise as in the numerical examples 
discussed in the previous subsections. The quadrotor is 
clearly able to continue following the reference trajectory 
despite these challenges.
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good precision.
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Figure 10 shows the quadrotor’s control inputs. This fig-
ure clearly shows that the control inputs ( )( ), ,uu 11 $$ f  for the 
adaptive sliding mode control are not affected by chattering. 
Moreover, comparing Figure 10 with Figure 8, it is apparent 
that adaptive sliding mode control is less aggressive than 
MRAC. In this example and the one presented in the previ-
ous section, we consider the same quadrotor following the 
same reference trajectory. Thus, the plot of the roll angle fed 
back to the inner loop of the quadrotor equipped with the 
adaptive sliding mode control law resembles the plot shown 
in Figure 7 and is omitted for brevity.

As previously discussed in this article, the autopilot 
design problem is usually divided into two parts (namely 
the outer- and inner-loop design problems), and we illus-
trated how to design the outer and inner loops separately. 
Before concluding this survey of nonlinear robust control 
techniques for quadrotors, the reader is referred to “Are the 
Inner and Outer Loops Separated?” for further details on 
the separation between inner and outer loops.

Pros and Cons—Which Control Law to Choose?
In the previous subsections, we presented numerical exam-
ples and separately analyzed the performances of autopi-
lots based on sliding mode control, MRAC, and adaptive 
sliding mode control laws. In this subsection, we compare 
the results of these numerical examples and make several 
considerations, some of which are based on our experience 
in coding and implementing these control laws. This com-
parative analysis will eventually lead to the selection of a 
control law to implement on an actual quadrotor.

Although sliding mode control is easy to code and pro-
vides acceptable results, this technique is affected by chat-
tering, which prevents its application on actual quadrotors 
unless a boundary layer is introduced. Moreover, it was 
difficult to identify the coefficients c  and ,ki  , ,i 1 4f=  in (21), 
that give satisfactory trajectory tracking performances; most 
satisfactory results have been achieved for smaller values 
of c 0>  and [ , ), , , .k i0 1 1 4i f! =  For further considerations 
on the sliding mode control performance, see Table 1; for 
recommended values of c  and ,ki  , ,i 1 4f= , see [15]. Lastly, 
the quadrotor implementing the sliding mode control law 
crashed whenever the roll angle fed back to the inner loop was 
set to zero to mimic some faulty behavior of the control input.

MRAC is relatively easy to code, guarantees a low trajec-
tory tracking error, and is the fastest of the nonlinear control 
techniques presented in this article. Moreover, the quadrotor 
implementing the MRAC law was able to follow the refer-
ence trajectory despite the fact that the roll angle fed back 
to the inner loop was set to zero for 4.8 s  to mimic some 
faulty behavior of the aircraft’s gyroscope. However, MRAC 
involves 24 coupled nonlinear differential equations, 
namely the adaptive laws (33), and eight coupled linear dif-
ferential equation, namely the reference model (29). In addi-
tion, as shown by Figure 8, the control inputs may be very 
large and saturate the quadrotor’s motors. In our experience, 

Are the Inner and Outer Loops Separated?

The inner and outer loops are usually designed separate-

ly. However, is it sufficient to juxtapose an outer loop 

and an inner loop to create an autopilot for quadrotors? Un-

fortunately, the answer to this question is negative: assume 

that the aerodynamic forces and moments are negligible 

and ( ) , .r t t t0 0C $=  It follows from the equations of motion 

of a quadrotor (3), (5), and (S1) that the rotational dynamics 

affects the translational dynamics but not vice-versa. In this 

case, it follows from [S11, Prop. 4.1] that if both the inner 

and outer loops are asymptotically stable, then the inter-

connected system either is able to track a given reference 

trajectory or diverges. In practice, either the inner and outer 

loops work well together, or they do not.

Several approaches to solve this problem are available. 

For instance, one approach is to set the system’s initial con-

ditions sufficiently close to the reference trajectory; how-

ever, finding the maximum distance between the initial 

condition and the reference trajectory that guarantees 

asymptotic convergence of the tracking error is a nontrivial 

problem. Alternatively, one can assume that the roll and 

pitch angles are small at all times; in this case, the transla-

tional dynamics are decoupled from the rotational dynam-

ics. Otherwise, the inner loop is designed using the 

backstepping control approach [13, pp. 589–603]; however, 

backstepping control is usually not robust to modeling 

errors. Lastly, one can design the control input so that the 

inner loop is asymptotically stable and the interconnected 

system given by the outer and inner loops does not diverge, 

as is discussed in [S12].
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finding xC  and CU  in (33) (which guarantee satisfactory 
trajectory tracking) may require some effort. If 100x 2C  
and ,102CU  then the quadrotor is excessively responsive, 
and the time needed to integrate the control law (33) grows 
considerably; the operator ·  denotes the equi-induced 
Euclidean norm. Alternatively, if 10x 1C  and . ,0 51CU  
then the quadrotor is too slow to track the reference model 
(29) and (30). For further considerations on the MRAC per-
formance, see Table 1; for recommended values of the adap-
tation gain matrices xC  and ,CU  see [15].

The adaptive sliding mode control is not easy to code 
and involves 52 coupled nonlinear differential equations, 
namely, the adaptive laws (41) and (42). Finding Ch  and CH  
in (41) and (42) that guarantee good trajectory tracking 
performances was a difficult task. Also in this case, we ver-
ified that, if 1002Ch  and ,102CH  then the quadro-
tor is excessively responsive; alternatively, if 101Ch  
and ,11CH  then the quadrotor is too slow. For recom-
mended values of Ch  and ,CH  see [15]. However, as shown 
by Table 1, the adaptive sliding mode control law is the sec-
ond fastest among those presented in this article, and, as 
shown by Figure 10, it does not involve large variations in 
the control inputs. Lastly, the quadrotor implementing the 
adaptive sliding mode control law was able to follow the 
reference trajectory despite the fact that the roll angle fed 
back to the inner loop was set to zero for 4.8 s to mimic 
some faulty behavior of the control input.

Figure 11 shows the path-following error of three qu
adrotors following the same cylindrical spiral reference 
trajectory as in the examples shown in the previous sub-
sections and implementing the sliding mode control law in 

[54], the MRAC law in [37], and the adaptive sliding mode 
control law in [84]. On each quadrotor, the efficiency of one 
of the propellers is reduced to 75% for all .t 20 s$  From 
these plots, it appears that the quadrotor implementing the 
adaptive sliding mode control law suffers from the small-
est path-following error. Indeed, the average path-follow-
ing error is 18.15% for the sliding mode control law, 12.47% 
for the MRAC law, and 3.18% for the adaptive sliding mode 
control law. These simulations were completed in 62.72 s by 
the sliding mode control law, 13.11 s by the MRAC law, and 
42.80 s by the adaptive sliding control law; for additional 
details, see Table 1.

SMC MRAC ASMC 

Easy to code Yes Moderately No 

Quality of 
control input 

Affected by 
chattering 

Smooth, 
affected 
by large 
variations 

Smooth 
and with 
small 
variations 

Average 
path-following 
error with 25% 
efficiency loss 
in one propeller

18.15% 12.47% 3.18% 

Simulation time 62.72 s 13.11 s 42.80 s

Table 1  A comparison of sliding mode control (SMC), 
model reference adaptive control (MRAC), and adaptive 
sliding mode control (ASMC) for a quadrotor helicopter 
following a cylindrical spiral reference trajectory.

Time (s)

|r
X

 −
 r

X
,r

ef
|  (

m
)

|r
Y

 −
 r

Y
,r

ef
|  (

m
)

|r
Z

 −
 r

Z
,r

ef
|  (

m
)

0

0.2

0.4

0.6

MRAC Adaptive Sliding Mode Sliding Mode

0

0.1

0.2

0.3

0
0.05
0.1

0.15
0.2

5 10 15 20 25 30

Time (s)
5 10 15 20 25 30

Time (s)
5 10 15 20 25 30

Figure 11 The path-following error of three quadrotors implementing a sliding mode control law, a model reference adaptive control 
(MRAC) law, and an adaptive sliding mode control law, while following a cylindrical spiral trajectory. After 20 s, the efficiency of one pro-
peller is reduced to 75% on each quadrotor. The adaptive sliding mode control appears to suffer from the smallest path-following error.



118  IEEE CONTROL SYSTEMS MAGAZINE »  JUNE 2018

These qualitative and quantitative considerations hint 
that the adaptive sliding mode control law may guarantee 
the most satisfactory results in actual flight experiments, 
despite its complexity. In the next section, we present the 
results of a flight test involving a quadrotor aircraft that 
implements an adaptive sliding mode control law.

From Theory to Flight
In this section, we present the results of a flight test involving 
the quadrotor aircraft shown in Figure 12. This quadrotor, 
which was designed by the Army Research Lab and is used 
at the University of Oklahoma within the context of a col-

laborative agreement, employs a control system based on the 
adaptive sliding mode control framework presented in [84].

The quadrotor’s control system comprises an Odroid 
XU4 microcomputer and a Pixhawk flight controller. The 
adaptive sliding mode control algorithm is coded in the 
C++ programming language and implemented on the 
Odroid XU4 microcomputer. Since the flight tests are per-
formed indoors, the quadrotor’s translational position and 
velocity are deduced by a Vicon motion capture system and 
transmitted over a Wi-Fi signal to the Odroid microcom-
puter; the motion capture system’s sampling rate is 250 Hz. 
In outdoor experiments, the aircraft’s position and veloc-
ity can be alternatively deduced using, for instance, a GPS 
system. The vehicle’s orientation and angular velocity are 
estimated by the Pixhawk flight controller and transmit-
ted to the microcomputer over a dedicated USB 2.0 cable; 
the flight controller’s output rate is approximately 150 Hz. 
At each integration time step, the control input (40) is cal-
culated by the microcomputer using the Runge–Kutta 
method to integrate the adaptation laws (41) and (42). The 
control input is then transmitted over a dedicated USB 2.0 
cable to the flight controller, which employs (6) to deter-
mine the thrust force each motor must deliver.

The aircraft carries a payload of 0.364 kg and the quadro-
tor’s mass, including its payload, is 1.380 kg. The adaptive 
sliding mode controller is designed assuming that the over-
all vehicle’s estimated mass is 0.91 kg. The vehicle’s princi-
pal moments of inertia are unknown, and the control law is 
designed assuming that the estimated principal moments 
of inertia are . ,I 0 0075 kg mx

2=t  . ,I 0 0075 kg my
2=t  and 

. .I 0 013 kg mz
2=t  In this flight test, the quadrotor’s tasks 

are to reach an altitude of 2 m, drop its payload, and then 
follow a circular trajectory of 1.5-m radius at 1 m from the 
ground. The autopilot is not informed of when the payload is 
dropped and is expected to maintain the aircraft at a constant 
altitude, despite the sudden variation in the quadrotor’s mass.

Figure 13 shows the quadrotor’s altitude in the first 
part of the experiment. At 17 s, the payload is dropped and 
hence, at ,t 17 s=  the vehicle experiences an impulsive 
force captured by the term ( )F t m gZp=-t  on the left-hand 
side of (S2), where .m 0 364 kgp =  denotes the payload’s 
mass. Approximately 8 s after the payload was dropped, 
the quadrotor returned to its reference altitude, despite a 
sudden decrease in the vehicle’s mass of 27%. Figure 14 
shows the quadrotor’s trajectory during the second part of 
the experiment, that is, while descending to 1-ßm altitude 
and following a circular trajectory with forward reference 
velocity of 1 m/s. This is the same forward reference veloc-
ity as in the numerical examples presented in the previous 
section. After 58 s, the control input is modified so that the 
efficiency of one motor is reduced to 50%. Results achieved 
in this flight test are also satisfactory, despite large uncer-
tainties in the vehicle’s inertial properties, the efficiency 
loss in one motor, and the noise and delays in the sensors’ 
output, the Wi-Fi connection that transmits the position 
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Two USB 2.0 Cables

Wi-Fi Antenna

Figure 12 A quadrotor utilized for the flight experiments presented 
in this article. This quadrotor was designed by the Advanced Mo-
bility and Manipulation Team of the Vehicles Technology Director-
ate at the Army Research Lab and is used at the University of 
Oklahoma as a testbed for nonlinear control algorithms.
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data to the quadrotor, and the two USB 2.0 cables connect-
ing the flight controller to the microcomputer.

The Odroid XU4 microcomputer comprises a 2-GHz 
Samsung Exynos5422 Cortex A-15 processor with eight 
cores and a random access memory (RAM) of 2 GB. The 
C++ code used to manage the connections between the 
Odroid XU4 and the Pixhawk flight controller and inte-
grate the adaptive control laws (41) and (42) occupy 10% of  
the microcomputer’s RAM, which is approximately 200 MB.  
Moreover, these codes require 100% of the computational 
power of only one of the processor’s cores, and it is esti-
mated that each integration step of the Runge–Kutta 
method used to integrate both (41) and (42) requires only  33 
μs to be completed.

Conclusion
In this article, we presented, in a tutorial manner, an analysis 
and synthesis of nonlinear robust control techniques to design 
autopilots for quadrotor aircraft. First, we presented and ana-

lyzed the equations of motion of quadrotors under three sets 
of progressively restrictive modeling assumptions. Second, we 
explained how sliding mode control, MRAC, and adaptive 
sliding mode control design techniques can be applied to create 
autopilots for quadrotors. Finally, we performed several numer-
ical simulations to analyze the performance of these nonlin-
ear control techniques and selected an adaptive sliding mode 
control law as the most promising one for precision, robustness, 
and computational time. The performance of an autopilot based 
on this adaptive sliding mode control law was shown through 
indoor flight tests. Future work directions involve a compara-
tive analysis of linear and nonlinear control techniques for 
quadrotors. Moreover, flight tests in realistic outdoor settings 
will be performed using commercial off-the-shelf aircraft.
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