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Nomenclature

F = external forces acting on V
I = matrix of inertia of the unmanned aerial system and

its payload
I = inertial reference frame centered in O
J = unmanned aerial system reference frame centered inA
M = moment of the external forces
MT = moment of the force due to mass variation
m = mass of the unmanned aerial system and its payload
Pi = volume containing the ith propeller
rA = position of A from O
rC = position of the center of mass C with respect to A
rmA = position of the infinitesimalmass δmwith respect toA
rmC = position of δm with respect to C
T = force due to mass variation
V = volume containing both the unmanned aerial system

and its payload
vA = velocity of A with respect to I
�ϕ; θ;ψ � = angular position of I with respect to J
ΩPi

= angular rate of the ith propeller
ω = angular velocity of I with respect to J

I. Introduction

ROTARY-WING unmanned aerial systems (UASs), such as
quadrotors, hexrotors, and octorotors, have drawn considerable

attention in the past decade [1], ([2] pp. 2–7), [3,4]. Thus far, these
platforms have been mostly used for remote sensing applications,
such as surveying some geographic areas, monitoring crops, and
inspecting infrastructures. One of the next frontiers for rotary-wing
UASs is to perform tasks that require direct interaction with the
environment, such as manipulating and transporting objects [5–9]
for which the inertial properties are unknown. Significant
limitations to the use of UASs for these applications are the low
capacity of energy storage systems and the need for reliable control
systems that allow completing the mission objectives in spite of
errors in the UAS model, unknown reaction forces, and
uncertainties introduced by the payload. For instance, the UAS
mass, center of mass, and inertia matrix may vary substantially by

uplifting and deploying some payload of unknown inertial
properties. Moreover, if the payload is connected to the UAS
through flexible structures, such as ropes, these variations are more
significant; and the UAS control system must be robust to these
changes [10]. Similarly, to extend the endurance of UASs beyond
the current capabilities of electric batteries, a solution is to employ
fuel cells and fuel-based motors [11]. In this case, the UAS mass is
a decreasing function of time, and the effect of fluid fuel sloshing
must be accounted for in the dynamical model and compensated by
the control system.
Numerous researchers are involved in the design and

implementation of robust control design techniques for UASs,
ranging from the classical H∞ control [12] and the linear-quadratic
Gaussian [13] control to more advanced ones, such as the robust
feedback linearization [14], the model reference adaptive control
[15,16], and the sliding-mode control [17]. Having accurate models
of the UAS dynamics, control engineers can make less conservative
assumptions on the closed-loop system’s uncertainties and design
efficient robust controllers.
The equations of motion of rotary-wing UASs can be deduced

using the Newton–Euler approach or the Euler–Lagrange approach.
All publications found by the authors, where the equations of motion
of rotary-wing UASs were derived, assumed that the UAS mass was
constant and the position of the vehicle’s center of mass was known
([2] p. 28), [18–20]. Some proofs based on the Newton–Euler
approach accounted for the gyroscopic effect only and neglected the
inertial countertorque. Some proofs accounted for both the inertial
countertorque and the gyroscopic effect as external moments of the
forces, but this approach is not formally justifiable. The proofs based
on the Euler–Lagrange approach, such as those in ([2] pp. 25–28) and
([21] pp. 99–102), involved trigonometric polynomials in the
Coriolis term, and hence the computational complexity of the control
laws designed using this characterization of the rotational dynamics
is high.
In this engineering Note, we apply the Newton–Euler approach

and deduce in a tutorial manner the equations of motion of rotary-
wing UASs, for which the inertial properties, such as the mass and
matrix of inertia, are not constant in time. Moreover, in our
approach, the UAS reference frame is centered in a point that does
not necessarily coincide with the UAS center of mass. Thus, our
framework is suitable for control problems, wherein the location of
the vehicle’s center of mass is unknown and not fixed in the UAS.
The unforced dynamic equations presented in this Note involve
polynomial nonlinearities only, and it is worthwhile recalling that
the polynomial evaluation has complexity O�n� [22], which is
generally considered as low. Lastly, by assuming that the UAS
mass is constant, the center of mass is known, the payload is
rigidly connected to the UAS, and both the UAS frame and the
propellers are rigid bodies, we deduce the equations of motion of
rotary-wing UASs that are commonly available in the literature.
A numerical example illustrates the applicability of the theoretical
results exposed herein.

II. Notation

In this Note, we denote byN the number of propellers of a UAS; I
as an orthonormal inertial reference frame centered inO;V ⊂ R3 as a
volume containing the UAS and its payload; J as an orthonormal
reference frame fixed with the UAS and centered in a point A ∈ V;
and Pi ⊂ R3, i � 1; : : : ; N, as a volume exclusively containing the
ith propeller (see Fig. 1). If a vector a ∈ R3 is expressed in the
reference frame I, then it is denoted byaI; if a vector is expressed in J,
then no superscript is used. Given a � � a1 ; a2 ; a3 �T ∈ R3
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a× ≜

"
0 −a3 a2
a3 0 −a1
−a2 a1 0

#

denotes the cross-product operator.
The position of the reference point A with respect to the origin O

of the reference frame I is denoted by rA:�0;∞� → R3, the velocity
of A with respect to I is denoted by vA:�0;∞� → R3, and the
position of the UAS center of mass C with respect to the reference
point A is denoted by rC:�0;∞� → V. Let rmA:�0;∞� → V denote
the position of a generic point in V with respect to A and
δm:�0;∞� → R the mass of an infinitesimal volume centered in
rmA�⋅�. We denote by rmO:�0;∞� → V the position of the center of
this infinitesimal volume with respect to O, and we denote
rmC:�0;∞� → V as the position of the center of this infinitesimal
volume from C; see Fig. 1. The sum of the external forces acting
on δm�⋅� is denoted by δF:�0;∞� → R3. Part of the arbitrarily
small mass δm�t�, t ≥ 0, may be deployed from the UAS at some
time t2 ≥ t with nonzero velocity; we denote by u:�0;∞� → V the
exhaust velocity: that is, the velocity of the part of the mass δm�⋅�
that is expelled from the volume V.
In this Note, we denote by ϕ;ψ :�0;∞� → �0; 2π� the roll and yaw

angles, respectively;

θ:�0;∞� →
�
−
π

2
;
π

2

�

as the pitch angle; ω:�0;∞� → R3 as the angular velocity of J with
respect to I; and ωPi

:�0;∞� → R3 as the angular velocity of the ith
propeller, i � 1; : : : ; N, with respect to J (see Fig. 1).

III. Kinematics and Dynamics of a Variable-Mass UAS

Thekinematic equations of aUAScapture themotion of the reference
frame J with respect to the reference frame I and do not depend on the
modeling assumptions on the UAS. Specifically, the translational
kinematic equation of a UAS is given by ([23] example 1.12)

_rIA�t� �

2
64
cosψ�t� − sinψ�t� 0

sinψ�t� cosψ�t� 0

0 0 1

3
75
2
64

cos θ�t� 0 sin θ�t�
0 1 0

− sin θ�t� 0 cos θ�t�

3
75

⋅

2
64
1 0 0

0 cosϕ�t� − sinϕ�t�
0 sinϕ�t� cosϕ�t�

3
75vA�t�;

rIA�0� � rIA;0; t ≥ 0 (1)

and the rotational kinematic equation of a UAS is given by ([23]
theorem 1.7)

2
664

_ϕ�t�
_θ�t�
_ψ�t�

3
775 �

2
664
1 sinϕ�t� tan θ�t� cosϕ�t� tan θ�t�
0 cosϕ�t� − sinϕ�t�
0 sinϕ�t� sec θ�t� cosϕ�t� sec θ�t�

3
775ω�t�;

2
664
ϕ�0�
θ�0�
ψ�0�

3
775 �

2
664
ϕ0

θ0

ψ0

3
775 (2)

Equation (1) relates the translational velocity of point A with respect
to I, which is expressed in the reference frame J, to the time derivative
of the translational position of A in the inertial reference frame I.
Equation (2) relates the angular velocity of Jwith respect to I, which per
definition is expressed in the reference frameJ ([23] definition 1.9),with
the time derivative of the angular position of the reference frame Jwith
respect to I.
To capture the dynamics of variable-mass rotary-wing UASs, we

apply Newton’s law to each infinitesimal mass δm�⋅� contained in V.
Specifically, let δm�t�_rImO�t� denote the momentum of δm�⋅� at the
time instant t ≥ 0. In the first approximation, the momentum of the
same infinitesimal mass at t2 ≥ t ≥ 0 is given by

�δm�t2� � δ _m�t2��t2 − t���_rImO�t2� � �rImO�t2��t − t2��
− δ _m�t2�� _rImO�t2� � uI�t2���t2 − t� (3)

The term

�δm�t2� � δ _m�t2��t2 − t���_rImO�t2� � �rImO�t2��t − t2��

t2 ≥ t ≥ 0, captures the momentum of the part of the infinitesimal
mass that remains in the UAS at t2, and the term −δ _m�t2��_rImO�t2� �
uI�t2���t2 − t� captures the momentum of the part of the infinitesimal
mass that is leaving the UAS at the time instant t2 with exhaust
velocity uI�t2�. Thus, it follows from Newton’s law [24] that

δFI�t� � lim
t2→t�

�δm�t2�� δ _m�t2��t2 − t��� _rImO�t2� � �rImO�t2��t− t2��
t2 − t

− lim
t2→t�

δ _m�t2��_rImO�t2�� uI�t2���t2 − t� � δm�t�_rImO�t�
t2 − t

� δm�t��rImO�t�− δ _m�t�uI�t�; rImO�0� � rImO;0;

_rImO�0� � vImO;0; t ≥ 0 (4)

Because rImO�t� � rIA�t� � rIC�t� � rImC�t�, t ≥ 0, Eq. (4) is
equivalent to

δFI�t� � δ _m�t�uI�t� � δm�t�� _vIA�t� � �rIC�t� � �rImC�t��;
rImO�0� � rImO;0; _rImO�0� � vImO;0; t ≥ 0 (5)

It is common practice in aeronautical engineering to express
vectors in the reference frame J attached to the UAS. To express
Eq. (5) in the reference frame J, we recall that, by theorem 1.3 of [23],

_vIA�t� � _vA�t� � ω×�t�vA�t�; t ≥ 0 (6)

and, by example 1.4 of [23],

�rIC�t� � �rC�t� � _ω×�t�rC�t� � 2ω×�t�_rC�t� � ω×�t�ω×�t�rC�t�
(7)

It follows from the definition of the center of mass ([23]
definition 1.30) that ∫ VrmC�t�δm�t� � 0 t ≥ 0; hence, it follows
from Eqs. (5–7) that the translational dynamic equation of a variable-
mass rotary-wing UAS is given by

Fig. 1 Model of a UAS and its payload, which is not rigidly attached.
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F�t� � T�t� � m�t�� _vA�t� � ω×�t�vA�t� � �rC�t� � _ω×�t�rC�t�
� 2ω×�t�_rC�t� � ω×�t�ω×�t�rC�t��;

vA�0� � vA;0; t ≥ 0 (8)

where

F�t� ≜
Z
V
δF�t�

denotes the sumof the external forces acting onV, including the force
produced by the propellers;

m�t� �
Z
V
δm�t�

denotes the UAS and payload’s mass; and

T�t� ≜
Z
V
u�t�δ _m�t�

Equation (8) is expressed in the reference frame J. Note that the right-
hand side of Eq. (8) is not an explicit function of the propellers’
angular velocities. The term T�t�, t ≥ 0, denotes the force generated
according to Newton’s third law for deploying some mass from the
control volumeV. In practice, rC�⋅� is not precisely known; hence, the
terms in Eq. (8) involving rC�⋅� should be considered as uncertain.
Forces acting onUASs are typically the gravity ([23] example 2.3):

Fg�t;ϕ; θ� � m�t�g�− sin θ; cos θ sinϕ; cos θ cosϕ�T;

�t;ϕ; θ� ∈ �0;∞� × �0; 2π� ×
�
−
π

2
;
π

2

�
(9)

where g denotes the gravitational acceleration, the aerodynamic
forces induced by the motion of the UAS with respect to the wind,
and the aerodynamic forces induced by the propellers [19]. In
publications concerning rotary-wing UASs, the component of each
propeller’s force perpendicular to the rotor’s disk is referred to as the
thrust force. It is important to note that T�⋅� in Eq. (8) is not produced
by the UAS propellers, but it is generated by the deployment of some
mass from the UAS.
It follows from Eq. (4) that

Z
V
�rImA�t��×��rImO�t�δm�t� − uI�t�δ _m�t� − δFI�t�� � 0

t ≥ 0. Therefore, because rmA�t� � rC�t� � rmC�t�, t ≥ 0, and
rmO�t� � rA�t� � rmA�t�, it holds that

MI�t� �MI
T�t� �

Z
V
�rIC�t� � rImC�t��× _vIA�t�δm�t�

�
Z
V
�rImA�t��× �rImA�t�δm�t�

where

M�t� ≜
Z
V
r×mA�t�δF�t�

and

MT�t� ≜
Z
V
r×mA�t�u�t�δ _m�t�

denote themoment of the external forces and themoment of the force
T�⋅�with respect toA, respectively; and it follows from the definition
of the center of mass Eq. (6), and example 1.4 of [23] that

M�t� �MT�t� � m�t�r×C�t�� _vA�t� � ω×�t�vA�t��

�
Z
V
r×mA�t�� _ω×�t�rmA�t��δm�t�

�
Z
V
r×mA�t��ω×�t�ω×�t�rmA�t� � �rmA�t� � 2ω×�t�_rmA�t��δm�t�;

t ≥ 0 (10)

It holds that

r×mA�t�ω×�t�ω×�t�rmA�t� � −ω×�t�r×mA�t�r×mA�t�ω�t�

t ≥ 0, and it follows from the Jacobi identity ([23] example 1.7) that

r×mA�t�ω×�t�_rmA�t� � ω×�t�r×mA�t�_rmA�t� � _r×mA�t�ω×�t�rmA�t�

Hence, it follows from Eq. (10) that the rotational dynamic
equation of a variable-mass rotary-wing UAS is given by

M�t� �MT�t� � m�t�r×C�t�� _vA�t� � ω×�t�vA�t�� � I�t� _ω�t�
� ω×�t�I�t�ω�t�� _h�t� � ω×�t�h�t� � J�t�ω�t� � _I�t�ω�t�;

ω�0� � ω0; t ≥ 0 (11)

where

I�t� ≜ −
Z
V
r×mA�t�r×mA�t�δm�t�

J�t� ≜
Z
V
r×mA�t�r×mA�t�δ _m�t�

and

h�t� ≜
Z
V
r×mA�t�_rmA�t�δm�t�

Equation (11) is expressed in the reference frame J. The term I�t�,
t ≥ 0, denotes the inertia matrix of the UAS and its payload with
respect to the reference pointA; the term J�t� captures the variation in
the UAS moment of inertia due to the variation of the vehicle’s mass
over time; h�t� captures the contribution of moving components,
such as the propellers, to the quadrotor’s angular momentum; and
MT�t� denotes the moment of the force generated by deploying some
mass from the control volumeV. If rmA�t�, t ≥ 0, denotes the position
of an infinitesimal volume of mass δm�t� located on one of
the propellers, then it follows from theorem 1.2 of [23] that the
propellers’ angular velocities affect _rmA�t�. Thus, although the
propellers’ angular velocities do not appear explicitly in the right-
hand side of Eq. (11), these directly affect h�t� _h�t�, and _I�t�. Because
_rmA�t�, t ≥ 0, does not appear in the definition of J�t�, the propellers’
angular velocities do not directly affect J�t�.

IV. Dynamic Equations of Rotary-Wing UAS with
Constant Inertial Properties

In this section, we specialize the results proven in Sec. III and
deduce the classical dynamic equations of rotary-wing UAS
assuming that the UASmass is constant, both the UAS frame and the
propellers are rigid bodies, and the position of theUAS center ofmass
is known. Specifically, if the UAS and payload’s mass m�⋅� are
constant, then T�t� � 0, t ≥ 0,MT�t� � 0, and J�t� � 0. Moreover,
if the center of mass C can be identified, then it is convenient to
chooseA ≡ C, which implies that rC�t� � 0, t ≥ 0. Therefore, in this
case, Eq. (8) is equivalent to

F�t� � m� _vA�t� � ω×�t�vA�t��; vA�0� � vA;0; t ≥ 0

(12)

Article in Advance / ENGINEERING NOTES 3

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
O

K
L

A
H

O
M

A
 o

n 
Se

pt
em

be
r 

22
, 2

01
7 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

30
15

 



which is commonly used in the literature to capture the translational
dynamics of rotary-wing UASs [25].
Assuming that the payload is rigidly connected to the UAS and

modeling both the UAS frame and the propellers as rigid bodies, it
holds that Z

V\�∪N
i Pi �

r×mA�t�_rmA�t�δm � 0

t ≥ 0, and it follows from theorem 1.2 of [23] that

h�t� �
XN
i�1

Z
Pi

r×mA�t�ω×
Pi
�t�rmA�t�δm

and

_h�t� �
XN
i�1

Z
Pi

r×mA�t�� _ω×
Pi
�t�rmA�t� � ω×

Pi
�t�ω×

Pi
�t�rmA�t��δm

Thus, Eq. (11) reduces to

M�t� � I�t� _ω�t� � ω×�t�I�t�ω�t�

�
XN
i�1

�IPi
_ωPi

�t� � ω×
Pi
�t�IPi

ωPi
�t��

� ω×�t�
XN
i�1

IPi
ωPi

�t� � _I�t�ω�t�;

ω�0� � ω0; t ≥ 0 (13)

where

IPi
≜ −

Z
Pi

r×mAr
×
mAδm

denotes the matrix of inertia of the ith propeller, i � 1; : : : ; N, with
respect to the reference point A. It is common practice to model
propellers as thin disks, for which the angular velocity is given by
ωPi

�t� � �0; 0;ΩPi
�t��T , t ≥ 0, i � 1; : : : ; N. In this case, the inertia

matrix IPi
, i � 1; : : : ; N, is diagonal andω×

Pi
�t�IPi

ωPi
�t� � 0, t ≥ 0.

Moreover,

_I�t� � −
XN
i�1

Z
Pi

_r×mA�t�r×mA�t�δm −
XN
i�1

Z
Pi

r×mA�t�_r×mA�t�δm

t ≥ 0, and because Z
2π

0

�cos2τ − sin2τ� dτ � 0

and Z
2π

0

sin τ cos τ dτ � 0

it can be proven that, in this case, _I�t� � 0, t ≥ 0. Thus, it follows
from Eq. (13) that the rotational equation of a constant-mass rotary-
wing UAS, for which the position of the center of mass is known, for
which the frame is modeled as a rigid body, for which the payload is
rigidly attached to the frame, and for which the propellers are
modeled as spinning disks, is given by

M�t� � I _ω�t� � ω×�t�Iω�t� �
XN
i�1

IPi

2
64

0

0

_ΩPi
�t�

3
75

� ω×�t�
XN
i�1

IPi

2
64

0

0

ΩPi
�t�

3
75; ω�0� � ω0; t ≥ 0 (14)

The terms

XN
i�1

IPi
�0; 0; _ΩPi

�t��T

t ≥ 0, and

ω×�t�
XN
i�1

IPi
�0; 0;ΩPi

�t��T

are known as the inertial countertorque and gyroscopic effect,
respectively. Equation (14) is commonly used to capture the
rotational dynamics of rotary-wing UASs [13].

V. Illustrative Numerical Example

In this section, we present a numerical example to illustrate the
theoretical results of Sec. III. Specifically, we analyze the dynamics
of a quadrotor helicopter of constant massmq, for which the frame is
modeled as a rigid body and for which the propellers are modeled as
thin disks. The quadrotor carries a reservoir modeled as a ball of unit
radius and variable massmp:�0;∞� → R, which is connected to one
of the vehicle’s arms at a distance l ≥ 0 from the reference point A,
which is located at the intersection of the quadrotor’s arms. The
orthonormal reference frame J � fA; x�⋅�; y�⋅�; z�⋅�g is oriented so
that the z�⋅� axis points downward and the y�⋅� axis is along one of the
propellers’ arms and points toward the reservoir for l > 0; see Fig. 2.
Three mission scenarios are considered. First, we assume that

mp�t� � mq, t ≥ 0, l � 0, and the reservoir is rigidly attached to the
quadrotor. In the second scenario, the reservoir is connected to the
quadrotor by a spring of stiffnesses k > 0 and l > 0; part of the
reservoir’s content is released over time with constant exhaust
velocity u�t� � uexhaust;1, t ∈ �0; t2�, so that mp�0� � 2.5mq,
mp�t2� � mq, and _mp�⋅� is linear on �0; t2�; at t � t2, the spring is
instantaneously removed and the reservoir is dropped. In the third
scenario, k > 0, l > 0, mp�0� � 2.5mq, mp�t2� � mq, _mp�⋅� is
linear on �0; t2�, the reservoir’s content is released with constant
exhaust velocity u�t� � uexhaust;2, t ∈ �0; t2�, but the reservoir is not
dropped; that is, mp�t� � mq and u�t� � 0 for all t ≥ t2.
We model the force F�⋅� as

F�t� � FT�f1�t�� � Fg�t;ϕ�t�; θ�t��; t ≥ 0 (15)

where FT�f1� � �0; 0; f1�T , f1 ∈ R, and Fg�t;ϕ; θ� is given by
Eq. (9) withm�t� � mq �mp�t�. The control input f1�⋅� is designed
using a proportional-derivative feedback control law so that the
quadrotor is able to hover in the first mission scenario. For simplicity,
the aerodynamic forces are neglected andM�t� � 0, t ≥ 0.
Consider a quadrotor ofmassmq � 2 kg, forwhich the propellers’

radius is 0.1 m and for which the inertia matrix with respect to A,
without payload and propellers, is given by

Iq �
2
4 1 0 0

0 1 0

0 0 1.2

3
5 kg∕m2

Fig. 2 Quadrotor helicopter with variable mass payload, which is

connected to the aircraft by a spring.
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Figure 3 shows the quadrotor’s altitude (that is, �0; 0; 1�rIA�t�,
t ≥ 0) for the threemission scenarios considered in this example. The
aircraft position rIA�t�, t ≥ 0, is computed by integrating both the
kinematic equations [Eqs. (1) and (2)] and the dynamic equations
[Eqs. (8) and (11)]. In all mission scenarios, the quadrotor takes off at
t � 0. In the first mission scenario, the proportional-derivative
control law guarantees that the aircraft hovers at its reference altitude
of 0.6m. In the secondmission scenario, the reservoir is connected to
the tip of one of the quadrotor’s arms, l � 0.5 m, k � 1 s−2, the
exhaust velocity of the reservoir’s content is uexhaust;1 � 0.5 m∕s,
and the reservoir is dropped at t2 � 50 s; in this case, the quadrotor’s
altitude varies rapidly at t � t2 and, using the proportional-derivative
control law designed for the first mission scenario, its altitude
oscillates over time. Specifically, in the short period, the quadrotor
experiences high-frequency oscillations of small amplitude, whereas
in the long period, the quadrotor experiences low-frequency
oscillations of large amplitude. In the third mission scenario, the
exhaust velocity of the reservoir’s content is uexhaust;2 � 1 m∕s; in
this case, the plot of the quadrotor’s altitude has a corner at t � t2 and
the proportional-derivative control law designed for the first scenario
is not able to stabilize the vehicle’s altitude.

VI. Conclusions

In this engineering Note is presented, in a tutorial manner, the
equations of motion of rotary-wing UASs, for which the inertial
properties are not constant functions of time. The current framework
allows modeling problems, wherein the UAS mass and moment of
inertia vary because of fuel consumption and payloads that are not
rigidly connected to the UAS frame. Moreover, this model allows
accounting for uncertainties in the location of the vehicle’s center
of mass.
The unforced translational and rotational dynamic equations

involve polynomial nonlinearities only, and hence facilitate the
design of computationally efficient control laws. The proposed
dynamical model allows accounting for uncertainties in the location
of theUAS center ofmass by centering the reference frame fixedwith
the UAS at a conveniently chosen reference point. However, in this
case, the UAS translational and rotational dynamic equations are
coupled. To reduce the computational load for integrating the coupled
set of translational and rotational dynamic equations, disturbance
decoupling techniques based on a differential geometric approach
can be applied.

In the second part of this Note, the framework is specialized to
tackle problems,wherein theUASmass is constant, the propellers are
modeled as thin spinning disks, and the UAS frame is a rigid body. In
this case, the equations of motion of rotary-wing UAS commonly
available in the literature are deduced. The theoretical framework
developed as part of this research is illustrated by a numerical
example.
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