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Tail-sitter unmanned aerial vehicles (UAVs) merge the ability of multi-rotor aircraft, such
as quadcopters, to take off, hover, and land vertically with the long endurance of fixed-wing
aircraft. Therefore, tail-sitter UAVs can be employed in complex missions such as door-to-door
payload delivery over extended regions. However, these vehicles’ dynamics are nonlinear, and
linear approximations poorly capture their behavior during the transition between vertical
and horizontal flight regimes. Furthermore, these UAVs’ aerodynamic coefficients are usually
difficult to measure in all flight regimes. Therefore, designing controllers for tail-sitter UAVs is
still an open problem. Model reference adaptive control (MRAC) for prescribed performance
allows the user to impose a priori both bounds on the trajectory tracking error and the rate
of convergence of the tracking error without modifying the reference model or employing
estimators. In this paper, MRAC for prescribed performance is extended for the first time
to pursue the output signal tracking problem despite matched and parametric uncertainties
in the plant’s dynamics. Successively, this adaptive control technique is applied to design a
controller for the longitudinal dynamics of a class of tail-sitter UAVs, namely quad-biplanes, and
enforce user-defined performance specifications despite modeling uncertainties in the vehicle’s
aerodynamic properties. Numerical simulations validate the applicability of the proposed
control strategy and its advantages over classical MRAC.

Nomenclature
| I = Adaptive rate matrices
a(-) = Angle of attack
0(-) = Pitch angle
Ocma(+) = Command pitch angle
v(+) = Flight path angle
e() = Auxiliary tracking error
Amax(A), Amin(A) = Eigenvalues of A € R™*" with maximum and minimum real parts, respectively
& = Interior of & c R”
Re(z) = RealpartofzeC
I, = Identity matrix in R"*"
F ;I((~), F g () = Components of the thrust force along the horizontal and vertical directions, respectively
e(-) = Trajectory tracking error

UAV position in the inertial reference frame
User-defined reference trajectory

xa(+), ya(), za(’)
xA,user(')s ZA,user(')

xp(+) = Plant trajectory

Xref (+) = Reference trajectory, deduced from x4 yser(+), ZA,user(*), and Oema(+)
u(+) = Control input

0,1, Opscm = Zero vector in R" and zero matrix in R"*™, respectively

) = Estimated variable

) = Augmented variable employed for output tracking

(+)inner> (-)outer = Variable employed in the inner or outer loops design, respectively
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I. Introduction

Tail-sitter unmanned aerial vehicles (UAVs) are equipped with multiple sets of propellers and wings and hence,
are able to take off, hover, and land vertically like multi-rotor UAVs and fly horizontally over extended distances like
fixed-wing UAVs. For these unique features, tail-sitters have the potential to merge the most relevant advantages of
multi-rotor and fixed-wing airplanes without suffering from their major drawbacks. Indeed, multi-rotor UAVs, such as
quadcopters, have proven their usefulness in multiple applications ranging from remote sensing to payload delivery.
Among the key features that determined the success of multi-rotor UAVs, it is worthwhile recalling their ability to take
off, hover, and land vertically and their relatively low fabrication and maintenance costs. However, multi-rotor UAVs
usually suffer from a relatively short endurance, especially when transporting heavy payloads and performing missions
that require large excursions in the vertical direction. To perform missions, in which long endurance is a fundamental
prerequisite, fixed-wing UAVs are still a preferable option. However, fixed-wing UAVs are unable to hover. Moreover,
these vehicles usually require either a runway or a launching mechanism to take off and a sufficiently long runway or a
capture mechanism to land, which may not always be available.

Although tail-sitter aircraft were first patented in the US by Nikola Tesla in 1921 [[1]], this visionary configuration
was developed only in 1951 for manned vehicles by Lockheed Martin with the XFV-1 aircraft and Convair with the
XFY-1. These projects were suspended for the complexity of precisely controlling these aircraft, especially during
the landing phase. More recently, the academic, defense, and industrial communities found new interest in tail-sitter
UAVs [2H8]. However, tail-sitters are still challenging since their dynamics are nonlinear, and linear dynamical models,
which underlie the overwhelming majority of commercial autopilots for multi-rotor and fixed-wing aircraft, poorly
capture their behavior in the transition between the vertical and horizontal flight regimes. Additionally, these vehicles’
aerodynamics is nonlinear and, although popular, acrodynamic models that are linear in the UAV’s angle of attack are
usually inaccurate, especially for maneuvers involving a rapid transition between the vertical and the horizontal regimes.

In this paper, we propose a control architecture to regulate the longitudinal dynamics of an autonomous quad-biplane
UAV, that is, a tail-sitter aircraft equipped with two fixed wings and four propellers, whose spin axes are parallel to
the UAV’s roll axis; Figure |1| shows an image of a quad-biplane. Similarly to the vehicle considered in [8, 9], the
quad-biplane considered in this paper is not equipped with any mobile surfaces, such as ailerons or elevators, and is
controlled only by means of differential thrust, that is, by leveraging the difference in thrust produced by the propellers.
This UAV’s longitudinal dynamics are modeled assuming that the aerodynamic forces and moments are linear in the
vehicle’s angle of attack and, to maximize the applicability of the proposed control system, the UAV’s wing surface area,
its aerodynamic coefficients, and the air density are considered as unknown; remarkably, any aerodynamic model, which
can be expressed as the product of an unknown constant matrix and a known linear or nonlinear vector function of time
and the UAV’s state, such as those employed in [[10], can be employed in the proposed control architecture.

The proposed control architecture employs an inner and an outer loop. The outer loop computes both the norm
of the thrust force and the orientation of the thrust force needed to follow a user-defined reference trajectory. The
inner loop computes the moment of the thrust force needed to track the desired orientation of the thrust force. While
computing the thrust force that each propeller needs to produce, multiple design criteria are considered. For instance,
the propellers never point downward so that the aircraft can gain altitude as soon as required. Furthermore, the smallest
thrust force to be produced by the propellers is user-defined since commercial-off-the-shelf components of small UAVs
do not allow to produce arbitrarily small thrust. Worthy of mention is that in this paper, we account for the aerodynamic
forces and moments acting on the UAV irrespectively of the UAV’s flight path angle; similar modeling assumptions have
been employed in [9,[11]. This modeling decision allows the autopilot to better control the UAV over the course of
maneuvers and exploit both the lift force and the propellers’ thrust force for climbing or descending at high pitch angles.

The controller’s inner and outer loops comprise both a baseline controller, which attempts a feedback linearization of
the UAV’s dynamics, and an adaptive controller, which compensates for modeling uncertainties and errors in linearizing
the aircraft dynamics. This adaptive controller is designed by applying four alternative model reference adaptive control
(MRAC) laws, namely a classical MRAC law for state tracking [[12, Ch. 9], a classical MRAC law for output signal
tracking [12, Ch. 10], a MRAC law for prescribed performance and state tracking [[L3]], and an original MRAC law
for prescribed performance and output signal tracking. The MRAC laws for prescribed performance allow to impose
both a user-defined rate of convergence and user-defined bounds on the tracking error. This result is achieved while
setting the adaptive rates arbitrarily and without introducing estimators or differentiators, and without modifying the
reference model. Alternative techniques attain similar results through a careful tuning of the adaptive rates [14H18]],
involve estimators or differentiators [[19H22], or require modifying the reference model by introducing an error feedback
term [23425]].

To the authors’ knowledge, this is the first paper to present an MRAC control architecture to regulate the longitudinal



Fig.1 Quad-biplane UAV designed and fabricated at the Advanced Control Systems Lab at Virginia Tech.

dynamics of a tail-sitter UAV. Furthermore, MRAC for prescribed performance is still a new control technique. The
problem of controlling tail-sitter UAVs has been addressed by applying the classical proportional-integral-derivative
control law [4] 26129], the linear-quadratic regulator [30] and other optimal control-based techniques [31], gain
scheduling [32]], backstepping [33]], and £ adaptive control [34] to name a few of the most popular linear and nonlinear
control techniques. However, none of these approaches is able to impose a priori user-defined constraints and a
user-defined rate of convergence on the closed-loop tracking error. To our knowledge, the only work involving a tailsitter
UAV and an MRAC law is presented in [35]], where the classical direct MRAC law is applied to control exclusively the
pitch dynamics of a tail-sitter UAV, while the problem of controlling translational dynamics in the longitudinal plane is
not addressed. It is worthwhile to remark that the proposed architecture allows the user to outline the UAV’s reference
trajectory arbitrarily. In several cases, the tail-sitter’s controller is provided with the desired orientation and altitude,
while the UAV’s position in the horizontal plane is deduced applying an open-loop mechanism [36-38].

This paper is structured as follows. In Section [} we recall fundamental elements of MRAC theory. In Section
[ we present the MRAC for prescribed performance architecture and extend it to output signal tracking. In Section
[[V] we present a dynamical model for the longitudinal dynamics of a tail-sitter UAV, verify the under-actuation of
these vehicles, and propose an inner and outer loop control architecture. In Section[V] we present the outcomes of
numerical simulations aimed at showing the efficacy of both MRAC for prescribed performance and the proposed
control architecture for tail-sitters. Finally, in Sectionm we draw conclusions and outline future work directions.

I1. Fundamentals of Model Reference Adaptive Control Theory

A. Classical MRAC for state tracking
In this section, we recall fundamental results from classical MRAC framework. To this goal, consider the nonlinear
plant dynamics

xp(t) = Apxp(t) + By [”(t) +®Tq)(t,xp(t))] > xp(tO) = Xp,0> t 21, (D
y(1) = Cpxp(t) + Dy [u(t) + OT (1, x,(1))] 2)
where x,(f) € D C R", t > to > 0, denotes the plant trajectory, 0 € D, u(t) € R™ denotes the control input,

y(t) € R™ denotes the plant measured output, A, € R™" is unknown, B, € R™ is known, C, € R™*" is known,
D, € R™>™ ig known, the pair (Ap, Bp) is controllable, ® € RN>m is unknown, the user-defined regressor vector



@ : [19,0) x D — R is jointly continuous in its arguments, ®(-, x,) is bounded in ¢ over [z, %), and ®(z, ) is
locally Lipschitz continuous in x, uniformly in # on compact subsets of [fo, ). The matrix A, captures parametric
uncertainties, and ©Td(z, Xp), (t,xp) € [to, 00) X D, captures matched uncertainties; the choice of the regressor vector
@(-, -) to parameterize uncertainties is usually based on some prior knowledge of the plant dynamics [12} Ch. 9]. In
numerous problems of practical interest, the structure of A, is known, and it is possible to verify the controllability of
the pair (Ap, Bp). Consider also the plant’s reference model

xref(t) = Arefxref(t) + Brefr(t)7 xref(tO) = Xref,0» t 2 to, 3)
Veef (1) = CrefXref (2), 4

where x. (1) € R", t > ty, denotes the reference trajectory, the reference command input r(t) € R™ is continuous and
bounded, yr(#) € R™, denotes the reference measured output, Aer € R™" is Hurwitz, Brer € R™™, Cref € R™*", and
assume there exist (Ky, K,) € R™™ x R™*™ guch that the matching conditions

Aret = Ap + BpK 7, ®)
Bret = BpK;«ra (6)

are verified. Since Aret, By, and Byer are known and, in numerous problems of practical interest, the structure of A is
known, it is possible to prove the existence of K and K, that verify the matching conditions (3)) and (6), respectively
(12} p. 282]. Finally, let e(f) = x,(t) — xrr(¢) denote the trajectory tracking error.

The next result illustrates the classical MRAC architecture. For the statement of this result define the feedback
control law

dmrac (7 (t, Xp, 7), K) = IeTn(t,xp, r), (t, xp, r,K) € [tg, ) x D x R™ x RUmmN)xm @)
where the adaptive gain matrix K (-) verifies the adaptive law
K(1) = -Tn(t.xp(0).r(0)e" ()PB,  R(t)=Ro. 1215, (3)

I £ blockdiag (I'y, T, Te), the user-defined adaptive rate matrices T, € R™", T, € R™™ and I'eg € RV*N are
symmetric and positive-definite, P € R"*" denotes the symmetric positive-definite solution of the algebraic Lyapunov
equation

0=ALP+PAws+ 0, ©)

ref
Q € R™" denotes a user-defined symmetric positive-definite matrix, and

n(t,xp, 1) = [xg,rT,—d)T(t,xp)]T (10)

denotes the vector of feedback variables.

Theorem IL1 ([12, Th. 9.2]) Consider the plant’s dynamics (1), the plant’s reference model ), the feedback control law
(@), and the adaptive law @®). If the matching conditions (3) and (6)) are verified and u(t) = pmrac (n(t, xp(1), 7(1)), R (1)),
t > to, then both the trajectory tracking error e(-) and the adaptive gain matrix K (-) are uniformly bounded, and
e(t) > 0 ast — oo uniformly in tg € [0, c0).

B. MRAC for output signal tracking
The next result leverages the classical MRAC architecture and allows the plant measured output y(-) to follow
a user-defined bounded reference signal y.mq : [tg, 0) — R with bounded error. For the statement of this result,

Dy
nxm  Ap By
Pror € RU#mX(m+m) denote the symmetric positive-definite solution of the algebraic Riccati equation

A

Omxm Cp 2

s

assume that A}, is known and D}, # 0;,x,». Additionally, define Az ,C = [Ome, Cp] , and let

0= ATPior + PLorA + QLgr — PLorBR™'B PR, (11)



where R € R™ and Qrqr € R(mtm)x(n+m) gre yser-defined, symmetric, and positive-definite. Furthermore, let
ey1(t) = fzot [y(T) = yema(7)]d7, t > 1o, denote the integral output tracking error, let

x(1) [e§J(t),xg(z)]T (12)

denote the augmented state vector, define Ao £ A—ER‘IETPLQR, Bret 2 [1m, Oan]T, and Cpep 2 C'—DPR_IETPLQR,
let Xef () denote the solution of

. - . T
fref(t) = Arefiref(t) + Brefycmd(t)a iref(IO) = [0;51’ x;l;:f,O] B t 2 to, (13)
and define the augmented trajectory tracking error é(t) = x(t) — Xt (). Finally, define the feedback control law

¢MRAC,tracking(ntracking(tvx)aIZ) = _R_IETPLQRX + KTﬂ'traCking(tax)a (t,x, IZ) € [tg, 00) X R™™ x R(n+m+N)><m,

(14)
where
1 3T T oo !
Tiracking (£, X) = [— (R_ B PLQRX) ,® (l‘,xp)] (15)
denotes the vector of feedback variables,
K(t) = l:‘77'tracking(ltsx(l‘))e:r(t)PyBs IZ(IO) = IZO’ t 21, (16)

[" = blockdiag (T'Lqr, T'e ), the user-defined adaptive rate matrices I' gr € RU*+™*(1#m) and Ty € RN*N are symmetric
and positive-definite, P, € R(mm)x(m+m) denotes the symmetric, positive-definite solution of the algebraic Lyapunov
equation

0=A]

ref

Py + PyAwer + Qy, 17)
and Q, € Rm)x(n+m) 5 symmetric, positive-definite, and user-defined.

Theorem IL.2 ([12}, pp. 303-310]) Consider the plant’s dynamical model (1)) and @)), the bounded reference signal
Yemd(+), the feedback control law (14), and the adaptive law (16). If A, is known, Dy # Omxm, and u(t) =
OMRAC, tracking (Ttracking (£, X (1)), K(1)), t = ty, then both the plant trajectory x,(-) and the adaptive gain matrix K(Q)
are uniformly bounded, and ||y(t) — Cpxp(t)|| — 0 and ||y (1) — Cretfrer (1) || — 0 as t — oo uniformly in ty € [0, c0).
Furthermore, ||y(t) = yemd(?)|l, t = to, is uniformly bounded.

In practical applications, if yemd(+) varies sufficiently slowly, then, by applying the control law (I4) and the
adaptive law (T6), the plant measured output y(-) converges to the reference signal ycma(+). In order to apply
Theorem @ it must hold that Dy # 0,,x,,,; this condition is needed to guarantee that the Hamiltonian matrix
underlying the Riccati equation does not have eigenvalues on the imaginary axis. However, the result whereby
lim; e ||y(2) = Cpxp(#)|| = O uniformly in ¢y € [0, co) compensates for this technical requirement. Lastly, the result
whereby lim;_,co ||¥(£) — CretXrer (¢)]| = O uniformly in ¢y € [0, oo) implies that the plant measured output y(-) tracks

yref(t) = C‘iref(t) - Dpubaseline(t)’ r 21,

where upaseline (1) 2 =R~ BT P qr¥ef () denotes the baseline controller.

II1. Model Reference Adaptive Control for Prescribed Performance

A. Motivation

In this section, we recall the MRAC for prescribed performance architecture, which has been recently devised by the
authors in [[13]]. This architecture allows to overcome two main limitations of the classical MRAC framework presented
by Theorem|[I.T] To discuss the first of these limitations, it is worthwhile recalling the notion of rate of convergence of a
linear, asymptotically stable dynamical system with bounded control input.



Definition IIL.1 Consider the linear, time-invariant, asymptotically stable dynamical system with bounded input (3)).
The rate of convergence of xt(-) is defined as

log|lxrer (1)

Umax (Xref (7)) = sup lim inf (18)
Xref,0 R\ {0} oo fo—t
It follows from (T)), (3), and (B)—(7) that the trajectory tracking error dynamics is given by
; P T
¢(1) = Arere(1) + By [K(1) = K| n(t,25(1),7(1)),  e(t0) =xpo = Xeer0s 2 1o, (19)

where K £ [K, K, ©]. Thus, as proven in [12} Ch. 13] and [13]], both the trajectory tracking error dynamics (T9) and the
reference model’s dynamics (3)) are characterized by the same rate of convergence, that is, ¢max (€(+)) = —Re(Amax (Aref))
and amax (Xref (+)) = ~Re(Amax(Arer)). Therefore, in general, the closed-loop plant trajectory x(-) reaches the reference
trajectory xer(+) as soon as or after the transient dynamics of reference model has decayed. However, this is a limitation
of the classical MRAC architecture since it would be desirable to design an MRAC law so that

Umax (e(4)) 2 a, (20)

where @ > —Re(Amin (Arer)) = —Re(Amax (Arer)) is a user-defined parameter [12, pp. 389-390]. MRAC for prescribed
performance meets this requirement, that is, it allows to impose a priori the rate of convergence of the closed-loop
trajectory tracking error, while setting the adaptive rates arbitrarily large, without involving estimators or differentiators,
and without modifying the reference model by means of an error feedback term.

Classical MRAC is also unable to directly impose user-defined bounds on the norm of the tracking error ||e(-)||; these
bounds can only be either estimated a priori in a conservative manner or verified a posteriori. MRAC for prescribed
performance allows to impose a priori arbitrary bounds on the trajectory tracking error.

B. MRAC for prescribed performance and state tracking
To present MRAC for prescribed performance, consider the plant (I, the plant’s reference model (3)), and the
constraint set

&2 {eeR": h(e"Me) >0}, (21)
where M € R™" denotes a symmetric and positive-definite solution of the linear matrix inequality

AT M + MA, <0, (22)

ref

he : R = R, h.(0) > 0, and A, (-) is continuously differentiable for all e € &. Furthermore, consider the feedback
control law

¢(7T(t’ xp, r)’ e, I%’ I%g) = [%Tﬂ'(t%xpa r) + I%ge’

(t,xp, e,7, K, Kg) € [f,00) X D x R" x R™ x RUHm+N)xm o grxm - (73

where the vector of feedback variables 7 (-, -, -) is given by (I0), and define A/, : R — R such that

i (e Me) = SheB) . eemn 24)
B lp=etme
Additionally, let
V.(e,e) = he_l(eTMe)sTPtransiema, (e,e) € E xR", (25)
Ve(Ry) &t (AKITS'AK,), Ry e RV, (26)

where I', € R™" denotes a user-defined, symmetric, and positive-definite adaptive rate matrix, AKg4(t) £ R (1) — Ko,
K. € R™™ verifies the matching condition

Atransiem = Aref + BK;F’ (27)



MRAC for prescribed performance and state tracking

@ Cref transient ( 31 )
M e
——(29) -
c (
- K
r Lref F\ € Kg U X
(3) & (30) (23) (1) =

ATT

Fig. 2 Graphical representation of the MRAC for prescribed performance architecture presented in Theorem
LIl Applying the control law (23) and the adaptive laws (29) and (30), Theorem [IL.1] guarantees uniform
boundedness of both the closed-loop system’s trajectory error ¢(-) and the adaptive gain matrices K (-) and K MOB
Moreover, Theorem guarantees uniform asymptotic convergence of ¢(-) to zero. Lastly, Theorem [II1.1
guarantees that x,(-) reaches x.(-) before the transient dynamics of the plant’s reference model (3) has decayed.

Attansient € R™™ is user-defined and Hurwitz, Pyansient € R™*" denotes the symmetric, positive-definite solution of the
algebraic Lyapunov equation

_ AT
0= Atransiemptransient + Ptransient Atransient + Q'transients (28)

and Quansient € R™*" is user-defined, symmetric, and positive-definite. Finally, consider the adaptive laws

(1) = —r%gw) [Pmnsm ~V,(e(p), s(t))h'e(eT(t)Me(t))M]B, R(to) =Ro, 210,
(29)
Ke(t) = 2Ve (K (1)) Toe(t)e" (1) [Puansint — Ve (e(1),e(0)h, (e ()Me(t))M| B, Kq(to) = Kg0, (30)

he(eT(t)Me(r))

where K, (7)) # K, and K, (t9) # 0, I € RUm+m+N)x(ntm+N) denotes a user-defined symmetric and positive-definite
adaptive rate matrix, £(t) = e(t) — eref transient () denotes the auxiliary tracking error, and eref transient (-) denotes the
solution of

éref,transient (t) = Atransienteref,transient(t) s €ref, transient (IO) =Xp (IO) - xref(IO) . (3 1)
The next result illustrates the MRAC for prescribed performance architecture, which is graphically illustrated in Figure 2]

Theorem III.1 Consider the plant’s dynamics (1)), the plant’s reference model (B)), the constraint set (Z1)), the feedback
control law 23), and the adaptive laws 29) and (30). If e(t9) € &, h.,(e™Me) < Oforalle € &, the matching conditions
@D, (6, and are verified, and Re(Amax (Agansient)) < Re(Amin(Aret)), then both the trajectory tracking error e(-)
and the adaptive gain matrices K (-) and Ieg(-) are uniformly bounded. Moreover, e(t) € &, t > 1, and e(1) — 0 and
&(t) > 0ast — oo uniformly in ty € [0, o). Lastly, 20) is verified with @ > —Re(Amin(Aret)) = —Re(Amax (Aret))-

Proof: The result follows as a direct consequence of Theorem 6.2 of [[13]]. [

Theorem [[II.T] guarantees uniform asymptotic convergence of the closed-loop system’s trajectory tracking error,
uniform boundedness of the trajectory tracking error e(-) and of the adaptive gains K(-) and K ¢(+), and verification
of the user-defined constraints captured by 2I). Furthermore, Theorem allows the user to impose a rate of
convergence on the trajectory tracking error by choosing Aqansient- This result has been attained by exploiting the barrier
Lyapunov function (23)) to enforce user-defined constraints captured by the set & and by steering the closed-loop plant
trajectory toward an auxiliary reference model, whose state converges to x¢(-) with a rate that is faster than the rate of
convergence of (3). The closed ball of radius « > 0 centered at zero, which is captured by

E={eecR":k*—eTe >0},

provides an example of constraint set such that (22) is verified with M = I,, and the condition 4, (eTMe) < 0 in Theorem
I11.1|is verified for all ¢ € &. For additional details on the MRAC for prescribed performance architecture, detailed
proofs, and comparisons with alternative techniques such as classical prescribed performance control [39,40], see [[13].



C. MRAC for prescribed performance and output signal tracking

Similarly to Theorem [[I.T} Theorem [[TI.T| provides a control law and adaptive laws such that the closed-loop plant
trajectory x,(-) follows the reference trajectory x.ef(-). The next result leverages Theorem and provides a control
law and adaptive laws such that the closed-loop plant measured output y(-) tracks a user-defined bounded reference
signal yemq(-). For the statement of this result, assume that A is known and D}, # Oy,x,,. Additionally, let

Ezx{eeR™  h,(e'Mé) > 0}, (32)

denote a constraint set for the augmented trajectory tracking error vector &(+), where M € R("+™)*(n+m) js a symmetric
and positive-definite solution of the inequality

AL M + MAet < 0; (33)

it is worthwhile to note that & captures constraints both on the trajectory tracking error e(-) and the integral output
tracking error ey, 1(-). Define also

V,(2,8) 2 h;1 (6" ME)E Puansients,  (8,8) € & x R™™, (34)
Vo(Ry) =t (Akgrg-'AKg) . Ry e ROwmxm (35)

where F e Rn+m)x(n+m) denotes a user-defined symmetric and positive-definite adaptive rate matrix, AK (1) =

K () - Ke, K, € RU#m>m yerifies the matching condition

Avansient = Aret + BR,, (36)

Atansient € RUFMX(14m) s yser-defined and Hurwitz, Pyansiens € R X (1) denotes the symmetric, positive-definite
solution of the algebraic Lyapunov equation

T N - -
0= Atramlemptransient + PtransiemAtranSiem + Qtransiem’ (37)
and Qtransicm € Rn+m)x(n+m) j¢ yser-defined, symmetric, and positive-definite. Finally, define the feedback control law

> A -1/T T o1 ~
¢tracking(7rtracking(t»x)v e, K, Kg) =-R'B PLQRx +K ”tracking(t’x) + Kg e,

(t,x, e, k’ Ieg) € [th OO) x R 5 R ¢ R(n+m+N)><m x R(n+m)><m, (38)
where
2 _ f177'tracking(t’x(t))"::T(t) 5 ~ - PP ~ ~1 = - B
K(t) = he(éT(t)Mé(t)) [Plran51ent - Ve(e(t)7 s(t))he(eT(t)Me(t))M]B, K(tO) - K(), t 21, (39)
S (L0 - - o
Kg(t) e r—— (t) (1) [Ptranswnt Ve (é(1),&(t)h, (e (I)Me(t))M] Kg(IO) =Kgo0, (40)

he(ET(1)Me (t))

Ieg (t0) #+ K, and K o(to) # 0, &(t) £ &(t) — Eref yransient (1) denotes the auxiliary tracking error, € ransient(+) denotes
the solution of

éref,transient(t) = Atransientéref,transienl(t)7 éref,transient(IO) = x(tO) - fref(tO)' (41)
and Iy € RU™)X(mm) denotes a user-defined, symmetric, and positive-definite adaptive rate matrix.

Theorem IIL.2 Consider the plant’s dynamics (1) and @), the reference model (13), the constraint set (32)), the

feedback control law (B8), and the adaptive laws B9) and @0). If é(tp) € 8 h,(é"™Mé) < 0 for all é € 8
Ap is known, Dy # Opxm, the matching condition (3Q) is verified, Re(Amax (Awansient) < Re(Amin(Aref)), and
u(t) = acking (Miracking (1, x(1)), e (1), I?(t)) then é(-) and K(-) are uniformly bounded. Moreover, é(t) € & t>1,
[y(t) — Cpxp(t)|| — 0 and ||y(t) = Ces(1)|| = 0 as t — oo uniformly in ty € [0,0), and amax (6(-)) > a with
a > Re(/lmm(Aref)) 2 Re(/lmax(Aref)) LaSﬂy’ ”y(t) ycmd(t)” t >t is ”nlformly bounded.

Proof: The result follows as in the proof of Theorem as is omitted for brevity. [

Similarly to Theorem [[L.2] the control law (38) reduces to an adaptive controller deduced by applying Theorem
[MI.1] Furthermore, the control law (38) and the adaptive laws (39) and (@0) guarantee that the plant measured output
y(+) converges to Cy(-) before the transient dynamics of the reference model (T3) has decayed; F1gurelprov1des a
schematic representation of the architecture provided by Theorem[[II.2} Lastly, if ycma(-) varies sufficiently slowly, then
the plant measured output y(-) converges to the reference signal ycmq(-).
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Fig. 3 Graphical representation of the MRAC for prescribed performance architecture presented in Theorem
[II2l Applying the control law (38) and the adaptive laws (39) and (40), Theorem [[II.2] guarantees uniform
boundedness of both the closed-loop system’s trajectory error ¢(-) and the adaptive gain matrices K (-) and K, (-).
Moreover, Theorem guarantees uniform asymptotic convergence of y(-) to Ci.;(-). Lastly, Theorem
guarantees that y(-) reaches y.q(-) before the transient dynamics of the reference model has decayed.

IV. Modeling and Control of the Longitudinal Dynamics of a Quad-Biplane

A. Longitudinal dynamics of a quad-biplane

A quad-biplane is a biplane aircraft equipped with four propellers aligned with the vehicle’s roll axis. This vehicle
takes off and lands vertically like a conventional quadcopter and can fly horizontally like a conventional fixed-wing
aircraft. To capture this tail-sitter’s dynamics, we introduce an orthonormal inertial reference frame 1 = {0; X,Y,Z}
such that the UAV’s weight is captured by Fg = mgZ, where m > 0 denotes the UAV’s mass and g > 0 denotes the
gravitational acceleration. For simplicity, we assume that the reference frame I is fixed with the Earth; this assumption
is realistic since a tail-sitter UAV flies at a Mach number less than 3 and, for the applications considered in this
paper, its maximum altitude is considerably lower than 10km [41, Ch. 2]. We also introduce an orthonormal body
reference frame J(-) = {A(-); Xpody(*), Ybody (-)> Zbody (-)} fixed with the UAV, where A(-) denotes the UAV’s center
of mass, Xpody : [f0,0) — R3 denotes the UAV’s roll axis and Zbody © [fo, ) — R3 denotes the UAV’s yaw axis.
Finally, we introduce an orthonormal wind reference frame W(-) £ {A(*); Xwind (*)»> Ywind (*)> Zwind (*) } such that xyinq ()
is collinear with the UAV’s velocity vector relative to the freestream wind and, in case of zero freestream wind velocity,
Zwind (1) = Zpody (1), 1 = to. Figure shows a schematic representation of the reference frames I, J(-), and W(-) under
longitudinal flight assumptions.

Assume that the UAV is symmetric, the UAV moves in the plane containing the inertial X and Z axes, that is,
Yoody (f) =Y, t > to, and the UAV’s velocity vector relative to the freestream wind is contained in its vertical plane of
symmetry, that is, xam 1(D)Ybody (1) = 0. In this case, the UAV’s translational dynamic equations are captured by

ga(t) =m™' [Fy(t) = L(t,v(1)) siny(1) = D(t,v(1)) cosy(1)| . xa(to) =xa0.  %a(to) =xp04. 1210
(42)

£a(t) =m™" [=F (1) + mg — L(1,v(1)) cos y (1) + D(1,v(1)) siny ()] , zato) =za0,  za(to) =2a04s
43)

where x4 : [tp,0) — Rand z4 : [fg, ©0) — R denote the UAV’s position along the inertial X and Z axes, respectively,

Fx () 2 (Tupper(1) + Tiower (1)) c0s 6(1), (44)
FIz(t) = (Tupper(t) + Tiower (1)) sin 6(2) (45)

denote the components of the thrust force produced by the propellers along the X and Z axes, respectively, Tupper :
[0, ) — R denotes the sum of the thrust forces produced by the two propellers placed at a distance / > 0 along the
—Zbody () direction, Tiower : [f0, %) — R denotes the sum of the thrust forces produced by the two propellers placed at a
distance / along the zpody () direction, L(t,v) = % plIvII?SC;(a(t)) denotes the [ift force produced by the UAV, p > 0
denotes the air density, S > 0 denotes the wing planform area, v(1) = [%4(t),0,24(1)]T denotes the UAV velocity vector
relative to the freestream wind, C; : R — R denotes the aerodynamic lift coefficient, a(t) £ atan2 (2 (t),x4(t)) denotes
the UAV’s angle of attack, atan? (-, -) denotes the signed inverse tangent function, D(t,v) = % plIvII?SCa(a(t)) denotes
the aerodynamic drag produced by the UAV, Cy : R — R denotes the aerodynamic drag coefficient, y(t) = 0(t) — a(t)
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Fig. 4 Schematic, bi-dimensional representation of the quad-biplane UAV shown in Figure (1, and inertial, body,
and wind reference frames.

denotes the UAV’s flight path angle, and 0 : [ty, o) — R denotes the UAV’s pitch angle. We remark that since the
UAV’s velocity with respect to the freestram wind is contained in the UAV’s plane of symmetry, the UAV’s pitch angle
does not need to be constrained within the interval (—g, %) [41} pp. 18-19], and the UAV’s sideslip angle is identically
equal to zero [41} p. 40].

Assuming that the UAV moves in the plane containing the inertial X and Z axes, that is, xgo dy(t)a)(t) =0,t > 1y,

and zgody(t)w(t) = 0, where w : [y, ) — R3 denotes the angular velocity of the body reference frame J(-) with
respect to the inertial reference frame I [41, Def. 1.9], the rotational dynamic equation is given by

6(t) = I, [My(1) = Ma(t,v(1)] . 6(10) =6y, 6(t0) =600, 1210, (46)
where I, > 0 denotes the principal moment of inertia of the UAV about the ypody (+) axis,
My(t) =1 [Tlower(t) - Tupper(t)] (47)

denotes the moment of the thrust force exerted by the UAV propellers, M, (t,v) = % plIvII>SIC,.(a(t)) denotes the
denotes the aerodynamic moment produced by the UAV, and C,,, : R — R denotes the aerodynamic moment coefficient.
In this paper, we assume that the quad-biplane is not equipped with mobile surfaces such as ailerons or flaps to generate
a pitching moment, but only relies on the propellers’ differential thrust to generate the required control moment. It
is worthwhile to remark that (46) also approximates the quad-biplane’s rotational dynamics in the longitudinal plane
whenever the components of the UAV’s angular velocity vector along the Xpody (-) and zZpoqy (+) axes are arbitrarily small,
that is, x] oy (Nw() ~ 0,1 > fo, and z, gy (Dw(t) ~ 0 [41L p. 44].

B. Control strategy for the longitudinal dynamics of a quad-biplane

The longitudinal dynamics of a quad-biplane, whose control input is exclusively provided by the propellers’ thrust
force, that is, Tupper(~) and Tiower(+), is underactuated. To verify this fact, we recall the definition of actuation and
underactuation of the nonlinear dynamical system

G(t) = f(t,q(1),q4(t)) + G(q(1))u(t), q(to) = qo, q(to) = qo,d> t > to, (48)

where g : [ty, ) — R", u : [tg,0) = R™, f : [ty, o0) Xx R" x R" — R is continuous in ¢ € [ty, o) and Lipschitz
continuous in (g, g) € R” X R", and G : R" — R js Lipschitz continuous in g € R".
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Definition IV.1 [42| Def. 2.9] Consider the dynamical system given by @8). If rankG(q) = n forall g € D C R", then
#8) is actuated on D. Alternatively, if rankG (q) < n for all g € D, then [@8) is underactuated on D.

The second-order nonlinear dynamical system given by @2)), #3)), and (6) is in the same form as @8) with n = 3,
T
m=2,q=[xa,2a, 9]T7 u= [Tupper, T]ower] s

[ —m~' (L(1,v) siny (1) + D(t, v) cos y (1))

f(t,q.4) = |g+m™" (D(t,v)siny() = L(t,v)cosy ()|, (£,4,9) € [to,00) X R* x R?, (49)
-1
=15 My (t,v)
[ m~lcos® m'cos@
G(q)=|-m~'sin -m~'sind|. (50)
-1t ;!

Thus, it follows from Definition and (50) that the longitudinal dynamics of quad-biplanes is underactuated for all
g € R3. In light of this consideration, we propose the following control strategy based on an outer loop and an inner
loop. The user defines a continuously differentiable and bounded reference trajectory along both the inertial X axis and
the inertial Z axis, that is, XA yser : [f0, ) — R and z4 yser : [0, ©0) — (=00, 0], respectively. Thus, the outer loop is
designed to compute the components of the thrust force such that x4 (), ¢ > o, and z4(¢) track x4 yser(f) and z4 user(£),
respectively. Thus, the components of the thrust force needed to follow x 4 user(f) and z 4 user(#) determines the command
pitch angle O.mq(t), t > fo, that is, the desired direction of the thrust force. Finally, the inner loop computes the moment
of the thrust force M, (¢), t > to, such that 6(¢) tracks Ocpma(t).

C. Outer loop design
In this paper, we assume that the aerodynamic lift, drag, and moment coefficients are modeled as
Ca(@)=Capo+Caoa,  a€R, (S
Ci(@) = Cpo+ Craa, (52)
Cn(@) = Cpo+ Ch o, (53)

where Cg0 > 0,C10>0,Cpo 20,Cq0 >0,Crqo €R,and Cy, o € R. This model is usually valid only for small
angles of attack, and the user-defined reference trajectories is not necessarily designed to verify these assumptions.
However, we rely on the ability of the MRAC law for prescribed performance to meet the user-defined constraints
on the trajectory tracking error despite parametric uncertainties. Furthermore, any alternative model, whereby the
aerodynamic forces and moments can be expressed as linear combinations of known functions of the state vector by
means of unknown constant coefficients, can be applied to the proposed framework; examples of such models may be
deduced from piecewise polynomial interpolation of experimental data as done, for instance, in [7]]. In this paper, we
also assume that the wing planform area S, the air density p, and the aerodynamlc coefficients Cy 9, Ci, 05 Cin.0,Ca.as
Cl.a,and Cp, QareunknownandestlmatedbyS> 0,0 >0, Cdo >0, Clo eR,Cn 0ER, Cda >0, Cla € R, and
C’m,(, € R, respectively.
Under these modeling assumptions, (@2)) and {@3) are equivalent to

Fy(1)
—F(1)

~3PIVDIPS [(Cr0 + Craa(1) siny (1) + (Ca,0 + Ca,a (1)) cos y (1) ]
mg + 3oV (D)IIS [(Ca0 + Ca,a(1) siny(1) = (Cr0 + Cpaa(t)) cos y(1)]

T
Xouter (10) = [*4,0. 60, X4,0,0, 00.a] " t 2 to, (54)

xouter(t) = Aouterxouter(t) + Bouter

+ Bouter

O D

0
l, and Boyter = m ™! l 22| Therefore, if

I

where xouter(t) = [)CA(Z‘), ZA(Z), XA, Z'A(t)]Ts Aouter =
02x2  O2x2

1 . , . .
Fi(t):uouter,l(t)+Qﬁllv(t)IIZS[(Cz,o+Cz,aa(t))smy(t)+(Cd,o+Cd,aa(t))cosy(t)], t>ty (55

11



1 oA oA .
~F (1) = tower,2 (1) = §P||V(l)||25(cd,o +Ca (1)) siny(2), (56)
then (54) reduces to

Xouter (t) = AouterXouter (t) + Bouter [uouter (t) + ®Euterq)ouler ( t) ] s

T
Xouter(10) = [XA,0, 24,0, X4,0,d: 24,0,d] s t > to, (57)

where touer(1) £ [touter,1 (1), uouter,z(t)]T € R? denotes the virtual control input, and expressions for @gyer € R7*? and
®oueer (1) € R are provided in the Appendix.

After having computed uoye (+) according to the procedure discussed in Sectionbelow so that x4 (1), t > 19,
and z4(7) track x4 yser (7) and za user(f), respectively, and F ;I(() and F %() are deduced from (53) and (36), respectively.
Furthermore, the command pitch angle, that is, the pitch angle the aircraft should track, is defined as

atan2 (F, (1), Fy (1)) if |[FL(t)| > ex and FL(1) —mg > &z,

( ,
atan2 (|F (t)|, F% (1)), if |[FX(t)| > ex and FL(t) —mg < —&7,
Oema (1) £ atan2 (|FL (1), Fx (1)), if Fi(t) < —ex and |F,(1) — mg| < &7, t > 1, (58)
atan (|FL ()|, FL(1)),  if |[Fi(t)| <ex and |FL(t) —mg| > £,
z if |[F5(1)| <ex and |FL(t) — mg| < ez,

where ex > 0, £z > 0, and atan2(-, -) denotes the signed inverse tangent function. The command pitch angle 6.p,q(?),
t > to, captures the direction of the thrust force so that the UAV follows the user-defined trajectory and the propellers
never point downwards; this is a safety precaution so that if the UAV must gain altitude rapidly, then the propellers are
already pointed in the desired direction for a prompt response. The user-defined constants €x and £z capture the fact that
commercial-off-the-shelf motors for small UAVs do not allow to produce arbitrarily small thrust forces. Furthermore,
ex and gz serve as safety margins. Indeed, if the horizontal component of the thrust force is small, that is |F ;I((t)| < &x,
t > tp, and |F %(z)| > gz, then the command pitch angle may rapidly switch between values in some neighborhood
of 0 and values in some neighborhood of 7, and the inner loop’s controller would be overly stressed. Equation (38))
is designed to prevent this rapid switching from occurring. Similarly, if |F ;I((t)| < é&x,t > tp, and \F ;(t)| < &z, then
the command pitch angle may rapidly switch between values in neighborhoods of 0 and 7 and between values in
neighborhoods of 7r/2 and —x/2. Equation (38) is designed to prevent this rapid switching from occurring. Lastly, if
Fy(t) = F,(1) = 0,1 > 19, then atan2(F (¢), F (1)) is unspecified. Consequently, the quad-biplane may be pointed
downward whenever the propellers are turned on again, which may cause a sudden and undesired loss of altitude.

D. Inner loop design
The UAV’s pitch dynamics (40)) is equivalent to

Xinner (t) = Ainnerxinner (t) + Binner

My(0) = 21V OIFS! (G + a0

Xiner(f0) = [60,004] > 1> 10, (59)

. 0 1 0
where Xipper () = [H(t), H(I)]T, Ainner = [ l, and Bjyper = [11 . Therefore, if

0 0

y
My (1) = timer(0) + 3AIVOIPS1 (Cono 4 ConaD) . 12 10, (60)
then (39) reduces to
Xinner (1) = AinnerXinner (1) + Binner [Uinner () + O Pinner (1) | . Xinner (f0) = [ 6o, Ho,d]T, t>tg, (61)

where expressions for @jyner € R? and ®jyner(f) € R? are provided in the Appendix. The virtual control input uinner (7).
t > tg, is computed according to the procedure discussed in Section below so that 6(¢) tracks Ocma(z) given by (58).
Thus, My (1), t > to, is deduced from (60).
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E. Inner and outer loops integration
The dynamical models that capture inner and outer loops, that is, (6I)) and (57), respectively, can be integrated

and reduced to the same form as (I) and @) with n = 6, m = 3, N = 7, x,(t) = [xgmer(t),xguter(t)]T, t > 1o,

T . B; 04 [1,O] Oix2 Orx2
u(t) = [u;l;mer(t)’uguler(t)] > AP = blOdelag (Ainner» Aouter)9 BP e ’ Cp = - s ’
02x2  Bouter Ox2 I Ox2
G)T 02 ! T
D, € R¥3\ {0343} arbitrary, ® = 8‘%’” . ,and ®(t,x,) = [@F (1), ®] (1] . Thus, Theorems [II.1
6 outer

and [II.1| can be applied to find feedback control laws for u(-) such that [6(),x4(t),za(1)]", t > 1o, tracks the

. . . 0 1
trajectory of the reference model (3) with A = blockdiag (Aref’inner, Aref,omer), Aref inner = s
_KP,irmer _KD,inner

0252 I

A

Aref,outer = , KP,inner and KD,inner > 0 user-defined, KP,outer and KD,ouler € R¥*? SymmetriC,

_KP,outer _KD,outer

0
[1 02x2
positive-definite, and user-defined, Bes = ,and
02 O2x2
0, D
KP inner cmd(t) + KD inner cmd(t) + gcrnd(t)
r(r) = t t t t>t
( ) KP,ouler xA,user( ) +KD,outer ).CA,user( ) xA user (7) 0-
ZA,user(t) ZA,user(t) ZA user(t)

The complexity of this approach, however, lays in employing differentiators to estimate both 6emq(f), ¢ > t, and

Gema(?), since the first and second time derivatives of Ocmd(?) can not be computed analytically from (58). Alternatlvely,
Theorems|IL.2]and[[IL.2|can be applied to find feedback control laws for u(-) such that y; (1) = 6(t), t > 19, tracks Ocma (1)
given by (58)), y2(t) = xa(t) tracks xa user(£), and y3(r) = za(f) tracks za user (7). Remarkably, this approach based on
output signal tracking does not require computing the derivatives of x4 user(?), ZA user(£), and Gema (7).

F. Thrust force realization
The total thrust force needed to realize F;I((t), t>to, Fg(r), and M, (r) given by (33)), (56), and (60), respectively,

can be determined at each time instant as a solution of the optimization problem

min 7(¢),

s.t. T(1)cosb(t) = Fy (1),
T(t)sin6(t) = F (1),
T (1) = Tupper (1) + Tiower (1),
[Tiower (1) = Tupper (1) 11 = My (2),
Tupper (1) = 0,
Tiower (1) = 0.

However, this linear program may not have a solution since the UAV may be oriented in the wrong direction. Moreover,

the resulting control policy may be overly aggressive and produce large oscillations in the transient phase and in the
absence of a framework able to impose a priori user-defined bounds on the tracking error.
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In this paper, the thrust force is computed as

(FL(0))? + (FL(1)*

‘{OS’EQ d(t)_z(t)) . i |Bema(r) = ()] < Omax and  F,(1) >0, t > to,

N A F]I

T(@) = o :‘((t;)_ Tt if Boma (1) = 0(1)] < Omax  and  FL(1) <0, 62)
\/(F;I((t))z + (Fg(t))z, otherwise,

where 6% € [O, %) is a user-defined tolerance on the maximum attitude error. The thrust force f"(t), t > to, and the
moment of the thrust force M, (¢) are realized by the UAV’s propellers by setting

i M,y (1)
0, if T(t) < ] and M, (t) > 0, t > 1,
M, (t . M, (t
- yl() if7(r) < - yl()andMy(t)<0,
T M, (t . M, (t
Tupper(t) = % - ;l( ), if T(¢) > |5’[J and [Oema (1) — 0(1)] < Omax, (63)
o |My (1)
0, if T(¢) > —7 and Gemg (1) — 0(1) > Omax,
M, (t . M, (t
(1, 670 2 P2 4 (1) 000) < O
and
M, (t N M, (¢t
yl(), it 7'(r) < y()andMy(t)>O,
A M, (t
0 if 7(¢) < — y(), and M, (1) <0,
T(t) M, . M, (t
Tlower(t) = % + ;( ), if T(t) > % and |90md(t) - 9(t)| < Omax, (64)
M, (¢t . M, (t
MJ, if T(t) > % and Ocmg (7) — 0(1) > Oppax,
A M, (¢t
0, ifT(t) > % and Oema (1) — 0(1) < —Omax.

Equations (62) and (58) can be interpreted as follows. If the UAV must produce some thrust force upward, that
is, in the —Z direction, and 6(¢), t > tg, is sufficiently close to Ocmq(?), that is, if |Ocma(?) — 6(f)| < Omax, then
T(r) guarantees that the projection of the thrust force along the direction captured by Gema(7) equals the required

thrust force, that is, \/ (F ;&(r))2 + (F ﬂz(t))z. Alternatively, if the UAV must produce some thrust in the Z direction,

and |0ema(f) = 0(f)| < Omax, ¢ > to, then T(z) is designed to realize the projection of F;I((t) along the direction
captured by 0.mq(2), and gravity is exploited to let the quad-biplane descend; this approach prevents the propellers
from pointing downward. Finally, if the difference between 6(7), t > t¢, and 0.4 (?) is sufficiently large, that is, if
|8cma (1) — 0(1)| = Omax, then T(7) is set to realize the desired moment of the thrust force My (1) given by (60) so that

6(1) tracks Ocmq (), while the required thrust force \/ (F;I((t))2 +(F ;(t))2 is realized. Equations (63) and (64) guarantee
that the thrust force produced by the propellers is always non-negative. Furthermore, (63)) and (64) guarantee that the
required moment of the thrust force M, (-) is always realized. Figure [5|provides a schematic representation of the
architecture to control the longitudinal dynamics of quad-biplanes proposed in this paper.

V. Numerical Simulations
In this section, we present the results of two sets of numerical simulations using the control laws presented in
Sections [II| and and the control architecture presented in Section These results highlight the efficacy of the
proposed MRAC laws for prescribed performance over classical MRAC laws for both state and output signal tracking.
Furthermore, these results verify the applicability of the control architecture for quad-biplanes. These simulations are
performed considering the custom-designed quad-biplane shown in Figure
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Fig. 5 Schematic representation of the architecture to control the longitudinal dynamics of quad-biplanes by
means of MRAC laws for state tracking and output signal tracking. The control laws and the adaptive laws
proposed by Theorem [IL.T) or Theorem [[II.1] can be applied to compute control inputs for the state tracking
architecture, and Theorem [[I.2]or Theorem [III.2] can be applied to compute control inputs for the output signal
tracking architecture.

Table 1 Dynamic properties, aerodynamic coefficients, and estimated aerodynamic coefficients of the quad-
biplane shown in Figure i}

Parameter Value Units || Parameter Value Units || Parameter Value Units || Parameter Value Units
m 2.000 kg O max 35.00 deg Cro 0.000 - Cro 0.010 -
I, 0.080 kgm?|| ex 1.962 N Cao 0.100 - C‘d,o 0.080 -
l 0.500 m &z 1.962 N Cm.0 0.000 - Cmo 0.020 -
Je) 1225 kg/m?|| p 1 kg/m?|| Ci.q 0.070 - @l,a 0.037 -
S 0.500 m? S 0.500 m? Ci.a 0.170 - Ci.a 0.106 -
Kinner 0.017 - Kouter 10 - Cm.a 0.010 - C’m, @ 0.000 -
A. State Tracking

In this section, we present the results of numerical simulations that demonstrate the efficacy of the control law
presented in Theorem [[TI.T] and the architecture outlined in Section[[V] These results are compared with simulation
results obtained by applying the classical MRAC control law for state tracking given by Theorem[[I.T] These results
show how user-defined levels of performance can be imposed a priori on the longitudinal dynamics of a quad-biplane
despite uncertainties in aerodynamic coefficients and despite the complexity of realizing the desired thrust force and
moment of the thrust force, while always pointing the propellers either horizontally or upward. To further challenge
the ability of these MRAC laws to produce satisfactory results, in this section we assume that Oema(t) = Oema(t) = 0,
t > 1y, while 6.ma(7) is given by (58)) and hence, is not necessarily constant. Both sets of simulations are performed by
employing the modeling parameters shown in Table [T}

For the results presented in this section, the user-defined reference trajectory is given by

0, if0<r<25, —0.4t, if0<r<2.5,
4.9t, if25<t<5, -0.41, if2.5<r<5,
4.9, if5<t<?25, -2, if 5 <t <25,

Yawser =01100 ip05 < p <qp, A=), if25<r<42,  f2f. (65
110, if42 <1 <45, _2+w’ it42 <1 <45,
110, otherwise, 0, otherwise,

This user-defined reference trajectory was chosen to demonstrate the efficacy of the proposed control architecture in
VTOL, traditional, and transition flight regimes. The speed of the user-defined trajectory in the forward flight phase was

chosen so that the weight of the quad-biplane was not necessarily compensated using the lift generated by its wings. In

. . L . . T T
both sets of simulations, the initial conditions are given by [60, Ho,d] =[Z, 0]T and [x 4,05 ZA,00XA,0,d> Z A,O,d] = 04.

The user-defined constraints on the trajectory tracking error are captured by

he(e"™Me) = K2y + K2 e"Me, e € RS, (66)

inner
where Kinner and Kouter are given in Table E} The parameters underlying the classical MRAC law for state tracking and
the MRAC law for prescribed performance and state tracking are given in the Appendix.
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Fig. 6 Trajectory of a quad-biplane applying the MRAC law for prescribed performance and state tracking
presented in Theorem [IIL.1] and the classical MRAC law presented in Theorem [IL.1} Although both control
laws guarantee satisfactory trajectory tracking performance along the horizontal direction, the MRAC law for
prescribed performance outperforms the classical MRAC law while tracking the user-defined trajectory in the
vertical direction.

Figure [6] shows UAV’s trajectory as a functions of time obtained by applying the control laws outlined by Theorems
[T1] and [IT.T] and the proposed control architecture. Although both classical MRAC and MRAC for prescribed
performance produce good trajectory tracking along the horizontal direction, the MRAC law for prescribed performance
guarantees a smaller trajectory tracking error than the classical MRAC law along the vertical direction. Figure[7]shows
the resulting path; a zoomed-in portion of this figure shows the UAV’s path at the end of the forward flight stage and
upon landing. It is apparent that, by applying the MRAC law for prescribed performance, the UAV’s path oscillates
considerably less than by applying a classical MRAC law. Furthermore, the tight margins on the tracking error imposed
by the MRAC law for prescribed performance guarantee that the UAV’s altitude is never negative. While applying the
classical MRAC law, the UAV’s altitude descends below Z = 0. Figure[§] shows the pitch angle and the command pitch
angle obtained by applying Theorem and Theorem By applying the MRAC law for prescribed performance,
the UAV’s pitch angle follows the command pitch angle very closely, whereas by applying the classical MRAC law, the
UAV’s pitch angle angle follows the command pitch angle less accurately. Figure [0]shows the weighted norm on the
trajectory tracking error for the outer and inner loops, that is, eguter(t)Moute,eouter(t), t > to, and egmer(t)Minnere,-nner(t),

where e(t) = [egmer(t), eguter(t)]T and M = blockdiag (Mipner, Mouter). Despite the classical MRAC law, the MRAC
law for prescribed performance does not violate these user-defined constraints. By applying the control law outlined
in Theorem[[L.1] the £>-norm of the trajectory tracking error is 2.15 and L-norm of the trajectory tracking error is
9.92. Applying the control law outlined in Theorem[[IL.T] the £,-norm of the trajectory tracking error is 1.87 and the
L-norm of the trajectory tracking error is 5.11. Thus, as anticipated by the analysis of Figures applying the
MRAC law for prescribed performance, both the average and the maximum trajectory tracking errors are smaller than
the average and the maximum trajectory tracking errors obtained by applying the classical MRAC law.

Figure [I0]shows the control input computed by the MRAC law for prescribed performance and state tracking and
that of the classical MRAC law. For being able to follow the reference trajectory more closely, the MRAC law for
prescribed performance requires a considerably smaller control effort.

B. Output Tracking

In this section, we present the results of numerical simulations that demonstrate the efficacy of the control law
presented in Theorem [[IT.2] and the architecture outlined in Section[[V]despite uncertainties on aerodynamic coefficients
and despite the complexity of realizing the desired thrust force and moment of the thrust force, while always pointing
the propellers either horizontally or upward. The modeling parameters employed in these simulations are listed in Table
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Fig. 7 User-defined reference path and path of a quad-biplane controlled by employing the MRAC law for
prescribed performance and state tracking presented in Theorem [[IL.1)and the classical MRAC law presented in
Theorem [II.T, The MRAC law for prescribed performance follows the reference trajectory more closely and
clearly outperforms the classical MRAC law. As shown by the subfigure, during the landing stage, The MRAC
law for prescribed performance guarantees considerably smaller oscillations in the UAV’s position than the
classical MRAC law. Furthermore, the quad-biplane’s is always above ground.

Table 2 Parameters characterizing the quad-biplane in the output tracking simulations. The first and fourth
columns list the parameters; the second and fifth columns list the value of each parameter; lastly, the third and
sixth column lists the parameter’s unit of measurement, if any.

Parameter Value Units || Parameter Value Units || Parameter Value Units || Parameter Value Units
m 2.000 kg O max 35.00 deg Cro 0.005 - C‘l,o 0.010 -
I, 0.080 kgm?|| ex 1.962 N Ca0 0.100 - C’d,o 0.080 -
I 0.500 m £z 1.962 N Cmo 0.001 - CA‘m,o 0.020 -
p 1225 kgm?|| p 1 kg/m?|| Cpq 0.100 - Cla 0.037 -
S 0.500 m? S 0.500 m? Ci.a 0.150 - Cia 0.106 -
D, J2 - K V35 - Con.ar 0.010 - Con.r 0.000 -

the control parameters are given in the Appendix, and the user-defined reference trajectory is given by

0, if 0 <t < 10, 0, if 0 <t <10,
0, if 10 < r < 30, —4, if 10 <r < 30,
13, if 30 <t < 32, -4 if 30 < r <32,
Xauser(f) =113+ 10(r =32), if32<t<52, zausel(t)=1-4 if 32 <r <52 t > tyg. (67)
213, if52 <t <72, -4, if52 <t <72,
213, if 72 <t < 82, -4 +0.4(t-72), if72 <t <82,
213, otherwise, 0, otherwise,

. . . T T .
The initial conditions are given by [6o, 60.a] = [7/2,0]", [x4,0. 24,0, X4,0.d:24,0,a] = Os. The user-defined constraints
on the tracking error are captured by

he(é"Mé) = k> - é"Me, éeR’, (68)

where « is given in Table[2] Remarkably, despite best effort, it was not possible to complete any numerical simulation
that allowed to follow the reference trajectory given by (67), while applying the classical control law outlined by
Theorem [[T.2]and employing the same modeling parameters.

Figure [TT]shows UAV’s trajectory as a function of time, and Figure [I2] shows the corresponding path. From these
figures, it is apparent how the UAV rapidly converges to its reference trajectory and closely follows it until landing.
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Fig. 8 Pitch angle of a quad-biplane applying the MRAC law for prescribed performance and state tracking
presented in Theorem[[IL.1)and the classical MRAC law presented in Theorem[II.T} The MRAC law for prescribed
performance clearly outperforms the classical MRAC law. In both cases, the pitch angle varies considerably.
These oscillations are due to the fact that the UAV’s reference trajectory is not designed to generate sufficient lift
and maintain a constant altitude.

Figure [I3] shows both the UAV’s pitch angle and commanded pitch angle. Figure[T4]shows the weighted norm on the
tracking error, that is, €7 (t)Mé(t), t > to. It is apparent how the user-defined constraints on the trajectory tracking
error are always verified. The £,-norm of the augmented trajectory tracking error é(+) is 2.15. The Le-norm of the
augmented trajectory tracking error is 4.50.

Figure|15|shows the control inputs, the thrust force 7(-) computed by applying (58)), and the moment of the thrust
force My () computed by applying (62)). The forces and moments are compatible with the forces and moments that can
be exerted by a UAV produced by commercial-off-the-shelf parts and whose relevant paramaters are listed in Table 2}

Lastly, Figure hows the lift force L(-), the estimated lift force L(-), the drag force D(-), the estimated drag
force D(-), the aerodynamic moment M (-), and the estimated aerodynamic moment M (-). It is apparent how during
the horizontal flight stage, the proposed control architecture exploits the UAV’s aerodynamic forces to follow the
user-defined reference trajectory.

VI. Conclusion

This paper presented a control architecture to regulate the longitudinal dynamics of a quad-biplane, which is actuated
exclusively by its propellers. By applying this control architecture, the performance of the classical MRAC laws for
state tracking are compared by means of numerical simulations with the performance of the MRAC laws for prescribed
performance and state tracking, which were first introduced in [13]]. This paper also presented for the first time MRAC
laws for prescribed performance and output signal tracking, and showcased the ability of these control laws and of the
proposed control architecture for quad-biplanes to track a user-defined reference trajectory. As demonstrated by the
proposed numerical simulations, both MRAC for prescribed performance for state tracking and MRAC for prescribed
performance for output signal tracking allow users to impose a priori constraints on both the trajectory tracking error
and the rate of convergence of the closed-loop plant, while setting the adaptive rates arbitrarily, without modifying the
user-defined reference trajectory, and without introducing estimators or differentiators.

Future work directions involve extending the results presented in this paper to control a quad-biplane without
assuming symmetric flight conditions. Furthermore, the proposed results will be validated by means of flight tests.
Preliminary flight test results can be found at [43].
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Fig. 9 Weighted norm of the trajectory tracking error obtained by applying Theorem and Theorem [IIL.1
By applying the MRAC law for prescribed performance, the user-defined constraints on both the inner loop’s

and the outer loop’s trajectory tracking error is never violated. By applying the classical MRAC law, these
constraints are violated in multiple instances.
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Appendix

Parameters of the matched uncertainties for the inner loop
Let @jyper.i (+), i = 1,2, denote the ith component of ®jpe;(+) € R? in (61)). Then,

l
(Dinner,l (t) £ _EHV(Z‘)HZ’ t 2 1o, (69)
.|
(I)inner,Z(t) = —EHV(I)HZ(I(Z‘), (70)
Let Ooyeer, (i) (), i = 1,2, denote the ith element of Ogyeer € R¥? in (61).

G)inner,l 2 ,OSCm,O - pASAém,O, t =1y, (71)
Oimner2 = pSCrm.a — PSCr s (72)

Parameters of the matched uncertainties for the outer loop
Let @oyer.i (+), i = 1,. .., 5, denote the ith component of ®@gyer(-) € R in (57). Then,

L1
cbouter,l(t)=—§||v(z)||2cosy(r), t> 1, (73)

1
Douter,2 (1) = —EIIV(I)IIQCOSV(I)Q(I), (74)
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Fig. 10 Outer loop and inner loop control inputs computed by applying Theorems and The MRAC
law for prescribed performance and state tracking requires less control effort than the classical MRAC law. The
control input for the inner loop, iy (+), is relatively small for both control laws, since the vehicle’s moment of
inertia is small, and the aerodynamic moments are small as well.

A 1 .
q)outcr,S(t) = _§||V(t)”2 Sln')/(t)’ (75)

1 .
q)outer,4(t) = _EHV(I)Hz SIHY(I)Q(Z), (76)
q)outer,S (t) £ 8- (77)

Let
Then,

Oouter, (1,1) = pSCa,0 — PSCa 0, t > to, (78)
®0uler,(2,l) = pSCd,a - ﬁSAéd,aa (79)
Oouter,(3,1) = pSCr0 — PSCi 0. (80)
Oouter,(4.1) 2 pSCr,a = PSCias 81)
G')ouler,(S,l) = 0» (82)
Oouter,(1,2) = pSCr 0, (83)
®outer,(2,2) = pSCl,a, (84)
Oouter,(3.2) = pSCa0 — PSCa, (85)
®outer,(4,2) = pSCq,0 — pASéda (86)
®outer,(5,2) = m. (87)
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Fig.11 Trajectory and reference trajectory of a quad-biplane applying the MRAC law for prescribed performance
and output feedback tracking presented in Theorem [[IL.2} The UAYV follows the reference trajectory long the
horizontal direction perfectly, whereas the trajectory tracking performance along the vertical direction suffers
from some oscillations shortly after the transitions between horizontal and vertical flight modes. It was not
possible to tune a control law based on Theorem[II.2|and the proposed control architecture that allows the same
quad-biplane to follow the same reference trajectory.

State Tracking Simulation Parameters

» 0 0 1 0
0 1 0 0 0 1 .
Arcf,inncr: 05 _4 »Aref,outerz _3 0 _ 0 ’ArefszOdelag (Aref,inner’ Arcf,outcr),

) 0 -3 0 -2

[70 1. 0 0 0 0]

1 300 00 0 0 1 0

g0 0300 [0 v, o o o 1
= 0 006 0 1]’ transient,inner = —4.10° —20|" transient,outer = ~103 0 —60 0

0 01 010 0 -10° 0 -60
0 001 0 1

Agansient = blOdeiag (Atransient,inner, Atransient,ouler) s Tinner = 102 - Is,Touter =50 - I11,T" = blOdeiag (Finnera 1—‘outer) s

I', = diag (150, 150, 10, 10, 10, 10) .

Output Tracking Simulation Parameters

O1qr = diag(3-10°,6-10°,6-10%,8,1,5-10*,5-10%5,5), Rigr = 0.5 - 3, Q = Io,
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12 User-defined reference path and path of a quad-biplane controlled by employing the MRAC law for

prescribed performance and output signal tracking presented in Theorem [I11.2} Immediately after the initial
ascent and transition to forward flight, the UAYV follows its reference path with increasing precision.

[-10*- I3 0359 03 03 03 03 03
01x3 0 1 0 0 0 0
Oix3  —=5-10* —=5-102 0 0 0 0
Atransicnt = 01x3 0 0 0 0 1 0 ,
01x3 0 0 0 0 0 1
01x3 0 0 -5.10* 0 —-5.10? 0
01x3 0 0 0 -5-10* 0 —-5-107]

Oransient = Io, I’ = diag (10,0.05, 0.05, 40, 40, 60, 60, 70, 70, 100) - 10%,

'y = diag (107%,57,57,5,05,5,8,0.5,0.5) - 10°,

M is omitted for brevity and is computed by using an LMI solver.
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Fig. 15 Outer loop and inner loop control inputs computed by applying Theorem Over the time intervals
[0,30]s and [50,95]s, the quad-biplane is commanded to hover, and hence, the control inputs, the thrust force,
and the moment of the thrust force vary only by a small amount. Over these intervals, both the outer loop control
input uoyeer.2(+) and the thrust force 7(-) are approximately equal to the weight of UAV in absolute value, and the
inner loop control input u;,,,(-) and moment of the thrust force //, (-) are small. Over the time interval (30, 50)s,
the quad-biplane is commanded to fly forward, and hence, the control inputs, the thrust force, and the moment
of the thrust force vary considerably, The thrust force does not exceed 40N, which is feasible for most small
quad-biplanes that have a thrust-to-weight ratio of two.
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