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Tail-sitter unmanned aerial vehicles (UAVs) merge the ability of multi-rotor aircraft, such
as quadcopters, to take off, hover, and land vertically with the long endurance of fixed-wing
aircraft. Therefore, tail-sitter UAVs can be employed in complex missions such as door-to-door
payload delivery over extended regions. However, these vehicles’ dynamics are nonlinear, and
linear approximations poorly capture their behavior during the transition between vertical
and horizontal flight regimes. Furthermore, these UAVs’ aerodynamic coefficients are usually
difficult to measure in all flight regimes. Therefore, designing controllers for tail-sitter UAVs is
still an open problem. Model reference adaptive control (MRAC) for prescribed performance
allows the user to impose a priori both bounds on the trajectory tracking error and the rate
of convergence of the tracking error without modifying the reference model or employing
estimators. In this paper, MRAC for prescribed performance is extended for the first time
to pursue the output signal tracking problem despite matched and parametric uncertainties
in the plant’s dynamics. Successively, this adaptive control technique is applied to design a
controller for the longitudinal dynamics of a class of tail-sitter UAVs, namely quad-biplanes, and
enforce user-defined performance specifications despite modeling uncertainties in the vehicle’s
aerodynamic properties. Numerical simulations validate the applicability of the proposed
control strategy and its advantages over classical MRAC.

Nomenclature

Γ, Γ𝑔 = Adaptive rate matrices
𝛼(·) = Angle of attack
𝜃 (·) = Pitch angle
𝜃cmd (·) = Command pitch angle
𝛾(·) = Flight path angle
𝜀(·) = Auxiliary tracking error
𝜆max (𝐴), 𝜆min (𝐴) = Eigenvalues of 𝐴 ∈ R𝑛×𝑛 with maximum and minimum real parts, respectively
E̊ = Interior of E ⊂ R𝑛
Re(𝑧) = Real part of 𝑧 ∈ C
𝐼𝑛 = Identity matrix in R𝑛×𝑛
𝐹I
𝑋
(·), 𝐹I

𝑍
(·) = Components of the thrust force along the horizontal and vertical directions, respectively

𝑒(·) = Trajectory tracking error
𝑥𝐴(·), 𝑦𝐴(·), 𝑧𝐴(·) = UAV position in the inertial reference frame
𝑥𝐴,user (·), 𝑧𝐴,user (·) = User-defined reference trajectory
𝑥p (·) = Plant trajectory
𝑥ref (·) = Reference trajectory, deduced from 𝑥𝐴,user (·), 𝑧𝐴,user (·), and 𝜃cmd (·)
𝑢(·) = Control input
0𝑛, 0𝑛×𝑚 = Zero vector in R𝑛 and zero matrix in R𝑛×𝑚, respectively
ˆ(·) = Estimated variable
˜(·) = Augmented variable employed for output tracking
(·)inner, (·)outer = Variable employed in the inner or outer loops design, respectively
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I. Introduction
Tail-sitter unmanned aerial vehicles (UAVs) are equipped with multiple sets of propellers and wings and hence,

are able to take off, hover, and land vertically like multi-rotor UAVs and fly horizontally over extended distances like
fixed-wing UAVs. For these unique features, tail-sitters have the potential to merge the most relevant advantages of
multi-rotor and fixed-wing airplanes without suffering from their major drawbacks. Indeed, multi-rotor UAVs, such as
quadcopters, have proven their usefulness in multiple applications ranging from remote sensing to payload delivery.
Among the key features that determined the success of multi-rotor UAVs, it is worthwhile recalling their ability to take
off, hover, and land vertically and their relatively low fabrication and maintenance costs. However, multi-rotor UAVs
usually suffer from a relatively short endurance, especially when transporting heavy payloads and performing missions
that require large excursions in the vertical direction. To perform missions, in which long endurance is a fundamental
prerequisite, fixed-wing UAVs are still a preferable option. However, fixed-wing UAVs are unable to hover. Moreover,
these vehicles usually require either a runway or a launching mechanism to take off and a sufficiently long runway or a
capture mechanism to land, which may not always be available.

Although tail-sitter aircraft were first patented in the US by Nikola Tesla in 1921 [1], this visionary configuration
was developed only in 1951 for manned vehicles by Lockheed Martin with the XFV-1 aircraft and Convair with the
XFY-1. These projects were suspended for the complexity of precisely controlling these aircraft, especially during
the landing phase. More recently, the academic, defense, and industrial communities found new interest in tail-sitter
UAVs [2–8]. However, tail-sitters are still challenging since their dynamics are nonlinear, and linear dynamical models,
which underlie the overwhelming majority of commercial autopilots for multi-rotor and fixed-wing aircraft, poorly
capture their behavior in the transition between the vertical and horizontal flight regimes. Additionally, these vehicles’
aerodynamics is nonlinear and, although popular, aerodynamic models that are linear in the UAV’s angle of attack are
usually inaccurate, especially for maneuvers involving a rapid transition between the vertical and the horizontal regimes.

In this paper, we propose a control architecture to regulate the longitudinal dynamics of an autonomous quad-biplane
UAV, that is, a tail-sitter aircraft equipped with two fixed wings and four propellers, whose spin axes are parallel to
the UAV’s roll axis; Figure 1 shows an image of a quad-biplane. Similarly to the vehicle considered in [8, 9], the
quad-biplane considered in this paper is not equipped with any mobile surfaces, such as ailerons or elevators, and is
controlled only by means of differential thrust, that is, by leveraging the difference in thrust produced by the propellers.
This UAV’s longitudinal dynamics are modeled assuming that the aerodynamic forces and moments are linear in the
vehicle’s angle of attack and, to maximize the applicability of the proposed control system, the UAV’s wing surface area,
its aerodynamic coefficients, and the air density are considered as unknown; remarkably, any aerodynamic model, which
can be expressed as the product of an unknown constant matrix and a known linear or nonlinear vector function of time
and the UAV’s state, such as those employed in [10], can be employed in the proposed control architecture.

The proposed control architecture employs an inner and an outer loop. The outer loop computes both the norm
of the thrust force and the orientation of the thrust force needed to follow a user-defined reference trajectory. The
inner loop computes the moment of the thrust force needed to track the desired orientation of the thrust force. While
computing the thrust force that each propeller needs to produce, multiple design criteria are considered. For instance,
the propellers never point downward so that the aircraft can gain altitude as soon as required. Furthermore, the smallest
thrust force to be produced by the propellers is user-defined since commercial-off-the-shelf components of small UAVs
do not allow to produce arbitrarily small thrust. Worthy of mention is that in this paper, we account for the aerodynamic
forces and moments acting on the UAV irrespectively of the UAV’s flight path angle; similar modeling assumptions have
been employed in [9, 11]. This modeling decision allows the autopilot to better control the UAV over the course of
maneuvers and exploit both the lift force and the propellers’ thrust force for climbing or descending at high pitch angles.

The controller’s inner and outer loops comprise both a baseline controller, which attempts a feedback linearization of
the UAV’s dynamics, and an adaptive controller, which compensates for modeling uncertainties and errors in linearizing
the aircraft dynamics. This adaptive controller is designed by applying four alternative model reference adaptive control
(MRAC) laws, namely a classical MRAC law for state tracking [12, Ch. 9], a classical MRAC law for output signal
tracking [12, Ch. 10], a MRAC law for prescribed performance and state tracking [13], and an original MRAC law
for prescribed performance and output signal tracking. The MRAC laws for prescribed performance allow to impose
both a user-defined rate of convergence and user-defined bounds on the tracking error. This result is achieved while
setting the adaptive rates arbitrarily and without introducing estimators or differentiators, and without modifying the
reference model. Alternative techniques attain similar results through a careful tuning of the adaptive rates [14–18],
involve estimators or differentiators [19–22], or require modifying the reference model by introducing an error feedback
term [23–25].

To the authors’ knowledge, this is the first paper to present an MRAC control architecture to regulate the longitudinal
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Fig. 1 Quad-biplane UAV designed and fabricated at the Advanced Control Systems Lab at Virginia Tech.

dynamics of a tail-sitter UAV. Furthermore, MRAC for prescribed performance is still a new control technique. The
problem of controlling tail-sitter UAVs has been addressed by applying the classical proportional-integral-derivative
control law [4, 26–29], the linear-quadratic regulator [30] and other optimal control-based techniques [31], gain
scheduling [32], backstepping [33], and L1 adaptive control [34] to name a few of the most popular linear and nonlinear
control techniques. However, none of these approaches is able to impose a priori user-defined constraints and a
user-defined rate of convergence on the closed-loop tracking error. To our knowledge, the only work involving a tailsitter
UAV and an MRAC law is presented in [35], where the classical direct MRAC law is applied to control exclusively the
pitch dynamics of a tail-sitter UAV, while the problem of controlling translational dynamics in the longitudinal plane is
not addressed. It is worthwhile to remark that the proposed architecture allows the user to outline the UAV’s reference
trajectory arbitrarily. In several cases, the tail-sitter’s controller is provided with the desired orientation and altitude,
while the UAV’s position in the horizontal plane is deduced applying an open-loop mechanism [11, 36–38].

This paper is structured as follows. In Section II, we recall fundamental elements of MRAC theory. In Section
III, we present the MRAC for prescribed performance architecture and extend it to output signal tracking. In Section
IV, we present a dynamical model for the longitudinal dynamics of a tail-sitter UAV, verify the under-actuation of
these vehicles, and propose an inner and outer loop control architecture. In Section V, we present the outcomes of
numerical simulations aimed at showing the efficacy of both MRAC for prescribed performance and the proposed
control architecture for tail-sitters. Finally, in Section VI, we draw conclusions and outline future work directions.

II. Fundamentals of Model Reference Adaptive Control Theory

A. Classical MRAC for state tracking
In this section, we recall fundamental results from classical MRAC framework. To this goal, consider the nonlinear

plant dynamics

¤𝑥p (𝑡) = 𝐴p𝑥p (𝑡) + 𝐵p
[
𝑢(𝑡) + ΘTΦ(𝑡, 𝑥p (𝑡))

]
, 𝑥p (𝑡0) = 𝑥p,0, 𝑡 ≥ 𝑡0, (1)

𝑦(𝑡) = 𝐶p𝑥p (𝑡) + 𝐷p
[
𝑢(𝑡) + ΘTΦ(𝑡, 𝑥p (𝑡))

]
, (2)

where 𝑥p (𝑡) ∈ D ⊆ R𝑛, 𝑡 ≥ 𝑡0 ≥ 0, denotes the plant trajectory, 0 ∈ D, 𝑢(𝑡) ∈ R𝑚 denotes the control input,
𝑦(𝑡) ∈ R𝑚 denotes the plant measured output, 𝐴p ∈ R𝑛×𝑛 is unknown, 𝐵p ∈ R𝑛×𝑚 is known, 𝐶p ∈ R𝑚×𝑛 is known,
𝐷p ∈ R𝑚×𝑚 is known, the pair (𝐴p, 𝐵p) is controllable, Θ ∈ R𝑁×𝑚 is unknown, the user-defined regressor vector
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Φ : [𝑡0,∞) × D → R𝑁 is jointly continuous in its arguments, Φ(·, 𝑥p) is bounded in 𝑡 over [𝑡0,∞), and Φ(𝑡, ·) is
locally Lipschitz continuous in 𝑥p uniformly in 𝑡 on compact subsets of [𝑡0,∞). The matrix 𝐴p captures parametric
uncertainties, and ΘTΦ(𝑡, 𝑥p), (𝑡, 𝑥p) ∈ [𝑡0,∞) × D, captures matched uncertainties; the choice of the regressor vector
Φ(·, ·) to parameterize uncertainties is usually based on some prior knowledge of the plant dynamics [12, Ch. 9]. In
numerous problems of practical interest, the structure of 𝐴p is known, and it is possible to verify the controllability of
the pair (𝐴p, 𝐵p). Consider also the plant’s reference model

¤𝑥ref (𝑡) = 𝐴ref𝑥ref (𝑡) + 𝐵ref𝑟 (𝑡), 𝑥ref (𝑡0) = 𝑥ref,0, 𝑡 ≥ 𝑡0, (3)
𝑦ref (𝑡) = 𝐶ref𝑥ref (𝑡), (4)

where 𝑥ref (𝑡) ∈ R𝑛, 𝑡 ≥ 𝑡0, denotes the reference trajectory, the reference command input 𝑟 (𝑡) ∈ R𝑚 is continuous and
bounded, 𝑦ref (𝑡) ∈ R𝑚, denotes the reference measured output, 𝐴ref ∈ R𝑛×𝑛 is Hurwitz, 𝐵ref ∈ R𝑛×𝑚, 𝐶ref ∈ R𝑚×𝑛, and
assume there exist (𝐾𝑥 , 𝐾𝑟 ) ∈ R𝑛×𝑚 × R𝑚×𝑚 such that the matching conditions

𝐴ref = 𝐴p + 𝐵p𝐾
T
𝑥 , (5)

𝐵ref = 𝐵p𝐾
T
𝑟 , (6)

are verified. Since 𝐴ref , 𝐵p, and 𝐵ref are known and, in numerous problems of practical interest, the structure of 𝐴p is
known, it is possible to prove the existence of 𝐾𝑥 and 𝐾𝑟 that verify the matching conditions (5) and (6), respectively
[12, p. 282]. Finally, let 𝑒(𝑡) ≜ 𝑥p (𝑡) − 𝑥ref (𝑡) denote the trajectory tracking error.

The next result illustrates the classical MRAC architecture. For the statement of this result define the feedback
control law

𝜙MRAC (𝜋(𝑡, 𝑥p, 𝑟), 𝐾̂) ≜ 𝐾̂T𝜋(𝑡, 𝑥p, 𝑟), (𝑡, 𝑥p, 𝑟, 𝐾̂) ∈ [𝑡0,∞) × D × R𝑚 × R(𝑛+𝑚+𝑁 )×𝑚, (7)

where the adaptive gain matrix 𝐾̂ (·) verifies the adaptive law

¤̂𝐾 (𝑡) = −Γ𝜋(𝑡, 𝑥p (𝑡), 𝑟 (𝑡))𝑒T (𝑡)𝑃𝐵, 𝐾̂ (𝑡0) = 𝐾̂0, 𝑡 ≥ 𝑡0, (8)

Γ ≜ blockdiag (Γ𝑥 , Γ𝑟 , ΓΘ), the user-defined adaptive rate matrices Γ𝑥 ∈ R𝑛×𝑛, Γ𝑟 ∈ R𝑚×𝑚, and ΓΘ ∈ R𝑁×𝑁 are
symmetric and positive-definite, 𝑃 ∈ R𝑛×𝑛 denotes the symmetric positive-definite solution of the algebraic Lyapunov
equation

0 = 𝐴T
ref𝑃 + 𝑃𝐴ref +𝑄, (9)

𝑄 ∈ R𝑛×𝑛 denotes a user-defined symmetric positive-definite matrix, and

𝜋(𝑡, 𝑥p, 𝑟) ≜
[
𝑥T

p , 𝑟
T,−ΦT (𝑡, 𝑥p)

]T (10)

denotes the vector of feedback variables.

Theorem II.1 ([12, Th. 9.2]) Consider the plant’s dynamics (1), the plant’s reference model (3), the feedback control law
(7), and the adaptive law (8). If the matching conditions (5) and (6) are verified and 𝑢(𝑡) = 𝜙MRAC (𝜋(𝑡, 𝑥p (𝑡), 𝑟 (𝑡)), 𝐾̂ (𝑡)),
𝑡 ≥ 𝑡0, then both the trajectory tracking error 𝑒(·) and the adaptive gain matrix 𝐾̂ (·) are uniformly bounded, and
𝑒(𝑡) → 0 as 𝑡 → ∞ uniformly in 𝑡0 ∈ [0,∞).

B. MRAC for output signal tracking
The next result leverages the classical MRAC architecture and allows the plant measured output 𝑦(·) to follow

a user-defined bounded reference signal 𝑦cmd : [𝑡0,∞) → R𝑚 with bounded error. For the statement of this result,

assume that 𝐴p is known and 𝐷p ≠ 0𝑚×𝑚. Additionally, define 𝐴̃ ≜

[
0𝑚×𝑚 𝐶p

0𝑛×𝑚 𝐴p

]
, 𝐵̃ ≜

[
𝐷p

𝐵p

]
, 𝐶̃ ≜

[
0𝑚×𝑚, 𝐶p

]
, and let

𝑃LQR ∈ R(𝑛+𝑚)×(𝑛+𝑚) denote the symmetric positive-definite solution of the algebraic Riccati equation

0 = 𝐴̃T𝑃LQR + 𝑃LQR 𝐴̃ +𝑄LQR − 𝑃LQR𝐵̃𝑅
−1𝐵̃T𝑃LQR, (11)
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where 𝑅 ∈ R𝑚×𝑚 and 𝑄LQR ∈ R(𝑛+𝑚)×(𝑛+𝑚) are user-defined, symmetric, and positive-definite. Furthermore, let
𝑒𝑦,I (𝑡) ≜

∫ 𝑡

𝑡0
[𝑦(𝜏) − 𝑦cmd (𝜏)]d𝜏, 𝑡 ≥ 𝑡0, denote the integral output tracking error, let

𝑥(𝑡) ≜
[
𝑒T
𝑦,I (𝑡), 𝑥

T
p (𝑡)

]T
(12)

denote the augmented state vector, define 𝐴̃ref ≜ 𝐴̃−𝐵̃𝑅−1𝐵̃T𝑃LQR, 𝐵̃ref ≜ [−𝐼𝑚, 0𝑚×𝑛]T, and 𝐶̃ref ≜ 𝐶̃−𝐷p𝑅
−1𝐵̃T𝑃LQR,

let 𝑥ref (·) denote the solution of

¤̃𝑥ref (𝑡) = 𝐴̃ref𝑥ref (𝑡) + 𝐵̃ref𝑦cmd (𝑡), 𝑥ref (𝑡0) =
[
0T
𝑚, 𝑥

T
ref,0

]T
, 𝑡 ≥ 𝑡0, (13)

and define the augmented trajectory tracking error 𝑒(𝑡) ≜ 𝑥(𝑡) − 𝑥ref (𝑡). Finally, define the feedback control law

𝜙MRAC,tracking (𝜋tracking (𝑡, 𝑥), 𝐾̃) ≜ −𝑅−1𝐵̃T𝑃LQR𝑥 + 𝐾̃T𝜋tracking (𝑡, 𝑥), (𝑡, 𝑥, 𝐾̃) ∈ [𝑡0,∞) × R𝑛+𝑚 × R(𝑛+𝑚+𝑁 )×𝑚,
(14)

where

𝜋tracking (𝑡, 𝑥) ≜
[
−
(
𝑅−1𝐵̃T𝑃LQR𝑥

)T
,ΦT (𝑡, 𝑥p)

]T
(15)

denotes the vector of feedback variables,

¤̃𝐾 (𝑡) = Γ̃𝜋tracking (𝑡, 𝑥(𝑡))𝑒T (𝑡)𝑃𝑦 𝐵̃, 𝐾̃ (𝑡0) = 𝐾̃0, 𝑡 ≥ 𝑡0, (16)

Γ̃ ≜ blockdiag
(
ΓLQR, ΓΘ

)
, the user-defined adaptive rate matrices ΓLQR ∈ R(𝑛+𝑚)×(𝑛+𝑚) and ΓΘ ∈ R𝑁×𝑁 are symmetric

and positive-definite, 𝑃𝑦 ∈ R(𝑛+𝑚)×(𝑛+𝑚) denotes the symmetric, positive-definite solution of the algebraic Lyapunov
equation

0 = 𝐴̃T
ref𝑃𝑦 + 𝑃𝑦 𝐴̃ref +𝑄𝑦 , (17)

and 𝑄𝑦 ∈ R(𝑛+𝑚)×(𝑛+𝑚) is symmetric, positive-definite, and user-defined.

Theorem II.2 ([12, pp. 303-310]) Consider the plant’s dynamical model (1) and (2), the bounded reference signal
𝑦cmd (·), the feedback control law (14), and the adaptive law (16). If 𝐴p is known, 𝐷p ≠ 0𝑚×𝑚, and 𝑢(𝑡) =

𝜙MRAC,tracking (𝜋tracking (𝑡, 𝑥(𝑡)), 𝐾̃ (𝑡)), 𝑡 ≥ 𝑡0, then both the plant trajectory 𝑥p (·) and the adaptive gain matrix 𝐾̃ (·)
are uniformly bounded, and ∥𝑦(𝑡) − 𝐶p𝑥p (𝑡)∥ → 0 and ∥𝑦(𝑡) − 𝐶̃ref𝑥ref (𝑡)∥ → 0 as 𝑡 → ∞ uniformly in 𝑡0 ∈ [0,∞).
Furthermore, ∥𝑦(𝑡) − 𝑦cmd (𝑡)∥, 𝑡 ≥ 𝑡0, is uniformly bounded.

In practical applications, if 𝑦cmd (·) varies sufficiently slowly, then, by applying the control law (14) and the
adaptive law (16), the plant measured output 𝑦(·) converges to the reference signal 𝑦cmd (·). In order to apply
Theorem II.2, it must hold that 𝐷p ≠ 0𝑚×𝑚; this condition is needed to guarantee that the Hamiltonian matrix
underlying the Riccati equation (11) does not have eigenvalues on the imaginary axis. However, the result whereby
lim𝑡→∞ ∥𝑦(𝑡) − 𝐶p𝑥p (𝑡)∥ = 0 uniformly in 𝑡0 ∈ [0,∞) compensates for this technical requirement. Lastly, the result
whereby lim𝑡→∞ ∥𝑦(𝑡) − 𝐶̃ref𝑥ref (𝑡)∥ = 0 uniformly in 𝑡0 ∈ [0,∞) implies that the plant measured output 𝑦(·) tracks

𝑦̃ref (𝑡) ≜ 𝐶̃𝑥ref (𝑡) − 𝐷p𝑢baseline (𝑡), 𝑡 ≥ 𝑡0,

where 𝑢baseline (𝑡) ≜ −𝑅−1𝐵̃T𝑃LQR𝑥ref (𝑡) denotes the baseline controller.

III. Model Reference Adaptive Control for Prescribed Performance

A. Motivation
In this section, we recall the MRAC for prescribed performance architecture, which has been recently devised by the

authors in [13]. This architecture allows to overcome two main limitations of the classical MRAC framework presented
by Theorem II.1. To discuss the first of these limitations, it is worthwhile recalling the notion of rate of convergence of a
linear, asymptotically stable dynamical system with bounded control input.
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Definition III.1 Consider the linear, time-invariant, asymptotically stable dynamical system with bounded input (3).
The rate of convergence of 𝑥ref (·) is defined as

𝛼max (𝑥ref (·)) ≜ sup
𝑥ref,0∈R𝑛\{0}

lim inf
𝑡→∞

log∥𝑥ref (𝑡)∥
𝑡0 − 𝑡

. (18)

It follows from (1), (3), and (5)–(7) that the trajectory tracking error dynamics is given by

¤𝑒(𝑡) = 𝐴ref𝑒(𝑡) + 𝐵p
[
𝐾̂ (𝑡) − 𝐾

]T
𝜋(𝑡, 𝑥p (𝑡), 𝑟 (𝑡)), 𝑒(𝑡0) = 𝑥p,0 − 𝑥ref,0, 𝑡 ≥ 𝑡0, (19)

where𝐾 ≜ [𝐾𝑥 , 𝐾𝑟 ,Θ]. Thus, as proven in [12, Ch. 13] and [13], both the trajectory tracking error dynamics (19) and the
reference model’s dynamics (3) are characterized by the same rate of convergence, that is, 𝛼max (𝑒(·)) = −Re(𝜆max (𝐴ref))
and 𝛼max (𝑥ref (·)) = −Re(𝜆max (𝐴ref)). Therefore, in general, the closed-loop plant trajectory 𝑥p (·) reaches the reference
trajectory 𝑥ref (·) as soon as or after the transient dynamics of reference model has decayed. However, this is a limitation
of the classical MRAC architecture since it would be desirable to design an MRAC law so that

𝛼max (𝑒(·)) ≥ 𝛼, (20)

where 𝛼 > −Re(𝜆min (𝐴ref)) ≥ −Re(𝜆max (𝐴ref)) is a user-defined parameter [12, pp. 389-390]. MRAC for prescribed
performance meets this requirement, that is, it allows to impose a priori the rate of convergence of the closed-loop
trajectory tracking error, while setting the adaptive rates arbitrarily large, without involving estimators or differentiators,
and without modifying the reference model by means of an error feedback term.

Classical MRAC is also unable to directly impose user-defined bounds on the norm of the tracking error ∥𝑒(·)∥; these
bounds can only be either estimated a priori in a conservative manner or verified a posteriori. MRAC for prescribed
performance allows to impose a priori arbitrary bounds on the trajectory tracking error.

B. MRAC for prescribed performance and state tracking
To present MRAC for prescribed performance, consider the plant (1), the plant’s reference model (3), and the

constraint set

E ≜
{
𝑒 ∈ R𝑛 : ℎ𝑒 (𝑒T𝑀𝑒) ≥ 0

}
, (21)

where 𝑀 ∈ R𝑛×𝑛 denotes a symmetric and positive-definite solution of the linear matrix inequality

𝐴T
ref𝑀 + 𝑀𝐴ref ≤ 0, (22)

ℎ𝑒 : R → R, ℎ𝑒 (0) > 0, and ℎ𝑒 (·) is continuously differentiable for all 𝑒 ∈ E. Furthermore, consider the feedback
control law

𝜙(𝜋(𝑡, 𝑥p, 𝑟), 𝑒, 𝐾̂, 𝐾̂𝑔) = 𝐾̂T𝜋(𝑡, 𝑥p, 𝑟) + 𝐾̂T
𝑔 𝑒,

(𝑡, 𝑥p, 𝑒, 𝑟, 𝐾̂, 𝐾̂𝑔) ∈ [𝑡0,∞) × D × R𝑛 × R𝑚 × R(𝑛+𝑚+𝑁 )×𝑚 × R𝑛×𝑚, (23)

where the vector of feedback variables 𝜋(·, ·, ·) is given by (10), and define ℎ′𝑒 : R→ R such that

ℎ′𝑒 (𝑒T𝑀𝑒) ≜ 𝜕ℎ𝑒 (𝛽)
𝜕𝛽

����
𝛽=𝑒T𝑀𝑒

, 𝑒 ∈ R𝑛. (24)

Additionally, let

𝑉𝑒 (𝑒, 𝜀) ≜ ℎ−1
𝑒 (𝑒T𝑀𝑒)𝜀T𝑃transient𝜀, (𝑒, 𝜀) ∈ E̊ × R𝑛, (25)

𝑉𝑔 (𝐾̂𝑔) ≜ tr
1
2

(
Δ𝐾T

𝑔Γ
−1
𝑔 Δ𝐾𝑔

)
, 𝐾̂𝑔 ∈ R𝑛×𝑚, (26)

where Γ𝑔 ∈ R𝑛×𝑛 denotes a user-defined, symmetric, and positive-definite adaptive rate matrix, Δ𝐾𝑔 (𝑡) ≜ 𝐾̂𝑔 (𝑡) − 𝐾𝑒,
𝐾𝑒 ∈ R𝑛×𝑚 verifies the matching condition

𝐴transient = 𝐴ref + 𝐵𝐾T
𝑒 , (27)
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Fig. 2 Graphical representation of the MRAC for prescribed performance architecture presented in Theorem
III.1. Applying the control law (23) and the adaptive laws (29) and (30), Theorem III.1 guarantees uniform
boundedness of both the closed-loop system’s trajectory error 𝑒(·) and the adaptive gain matrices 𝐾̂ (·) and 𝐾̂𝑔 (·).
Moreover, Theorem III.1 guarantees uniform asymptotic convergence of 𝑒(·) to zero. Lastly, Theorem III.1
guarantees that 𝑥p (·) reaches 𝑥ref (·) before the transient dynamics of the plant’s reference model (3) has decayed.

𝐴transient ∈ R𝑛×𝑛 is user-defined and Hurwitz, 𝑃transient ∈ R𝑛×𝑛 denotes the symmetric, positive-definite solution of the
algebraic Lyapunov equation

0 = 𝐴T
transient𝑃transient + 𝑃transient𝐴transient +𝑄transient, (28)

and 𝑄transient ∈ R𝑛×𝑛 is user-defined, symmetric, and positive-definite. Finally, consider the adaptive laws

¤̂𝐾 (𝑡) = −Γ
𝜋(𝑡, 𝑥p (𝑡), 𝑟 (𝑡))
ℎ𝑒 (𝑒T (𝑡)𝑀𝑒(𝑡))

𝜀T (𝑡)
[
𝑃transient −𝑉𝑒 (𝑒(𝑡), 𝜀(𝑡))ℎ′𝑒 (𝑒T (𝑡)𝑀𝑒(𝑡))𝑀

]
𝐵, 𝐾̂ (𝑡0) = 𝐾̂0, 𝑡 ≥ 𝑡0,

(29)

¤̂𝐾𝑔 (𝑡) = −
2𝑉𝑔 (𝐾̂𝑔 (𝑡))

ℎ𝑒 (𝑒T (𝑡)𝑀𝑒(𝑡))
Γ𝑔𝑒(𝑡)𝜀T (𝑡)

[
𝑃transient −𝑉𝑒 (𝑒(𝑡), 𝜀(𝑡))ℎ′𝑒 (𝑒T (𝑡)𝑀𝑒(𝑡))𝑀

]
𝐵, 𝐾̂𝑔 (𝑡0) = 𝐾̂𝑔,0, (30)

where 𝐾̂𝑔 (𝑡0) ≠ 𝐾𝑒 and 𝐾̂𝑔 (𝑡0) ≠ 0, Γ ∈ R(𝑛+𝑚+𝑁 )×(𝑛+𝑚+𝑁 ) denotes a user-defined symmetric and positive-definite
adaptive rate matrix, 𝜀(𝑡) ≜ 𝑒(𝑡) − 𝑒ref,transient (𝑡) denotes the auxiliary tracking error, and 𝑒ref,transient (·) denotes the
solution of

¤𝑒ref,transient (𝑡) = 𝐴transient𝑒ref,transient (𝑡), 𝑒ref,transient (𝑡0) = 𝑥p (𝑡0) − 𝑥ref (𝑡0). (31)

The next result illustrates the MRAC for prescribed performance architecture, which is graphically illustrated in Figure 2.

Theorem III.1 Consider the plant’s dynamics (1), the plant’s reference model (3), the constraint set (21), the feedback
control law (23), and the adaptive laws (29) and (30). If 𝑒(𝑡0) ∈ E̊, ℎ′𝑒 (𝑒T𝑀𝑒) ≤ 0 for all 𝑒 ∈ E̊, the matching conditions
(5), (6), and (27) are verified, and Re(𝜆max (𝐴transient)) < Re(𝜆min (𝐴ref)), then both the trajectory tracking error 𝑒(·)
and the adaptive gain matrices 𝐾̂ (·) and 𝐾̂𝑔 (·) are uniformly bounded. Moreover, 𝑒(𝑡) ∈ E̊, 𝑡 ≥ 𝑡0, and 𝑒(𝑡) → 0 and
𝜀(𝑡) → 0 as 𝑡 → ∞ uniformly in 𝑡0 ∈ [0,∞). Lastly, (20) is verified with 𝛼 > −Re(𝜆min (𝐴ref)) ≥ −Re(𝜆max (𝐴ref)).

Proof: The result follows as a direct consequence of Theorem 6.2 of [13]. ■
Theorem III.1 guarantees uniform asymptotic convergence of the closed-loop system’s trajectory tracking error,

uniform boundedness of the trajectory tracking error 𝑒(·) and of the adaptive gains 𝐾̂ (·) and 𝐾̂𝑔 (·), and verification
of the user-defined constraints captured by (21). Furthermore, Theorem III.1 allows the user to impose a rate of
convergence on the trajectory tracking error by choosing 𝐴transient. This result has been attained by exploiting the barrier
Lyapunov function (25) to enforce user-defined constraints captured by the set E and by steering the closed-loop plant
trajectory toward an auxiliary reference model, whose state converges to 𝑥ref (·) with a rate that is faster than the rate of
convergence of (3). The closed ball of radius 𝜅 > 0 centered at zero, which is captured by

E = {𝑒 ∈ R𝑛 : 𝜅2 − 𝑒T𝑒 ≥ 0},

provides an example of constraint set such that (22) is verified with 𝑀 = 𝐼𝑛 and the condition ℎ′𝑒 (𝑒T𝑀𝑒) < 0 in Theorem
III.1 is verified for all 𝑒 ∈ E̊. For additional details on the MRAC for prescribed performance architecture, detailed
proofs, and comparisons with alternative techniques such as classical prescribed performance control [39, 40], see [13].
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C. MRAC for prescribed performance and output signal tracking
Similarly to Theorem II.1, Theorem III.1 provides a control law and adaptive laws such that the closed-loop plant

trajectory 𝑥p (·) follows the reference trajectory 𝑥ref (·). The next result leverages Theorem III.1 and provides a control
law and adaptive laws such that the closed-loop plant measured output 𝑦(·) tracks a user-defined bounded reference
signal 𝑦cmd (·). For the statement of this result, assume that 𝐴p is known and 𝐷p ≠ 0𝑚×𝑚. Additionally, let

Ẽ ≜
{
𝑒 ∈ R𝑛+𝑚 : ℎ𝑒 (𝑒T𝑀̃𝑒) ≥ 0

}
, (32)

denote a constraint set for the augmented trajectory tracking error vector 𝑒(·), where 𝑀̃ ∈ R(𝑛+𝑚)×(𝑛+𝑚) is a symmetric
and positive-definite solution of the inequality

𝐴̃T
ref 𝑀̃ + 𝑀̃ 𝐴̃ref ≤ 0; (33)

it is worthwhile to note that Ẽ captures constraints both on the trajectory tracking error 𝑒(·) and the integral output
tracking error 𝑒𝑦,I (·). Define also

𝑉̃𝑒 (𝑒, 𝜀) ≜ ℎ−1
𝑒 (𝑒T𝑀̃𝑒)𝜀T𝑃̃transient𝜀, (𝑒, 𝜀) ∈ ˚̃E × R𝑛+𝑚, (34)

𝑉̃𝑔 (𝐾̂𝑔) ≜ tr
1
2

(
Δ𝐾̃T

𝑔 Γ̃
−1
𝑔 Δ𝐾̃𝑔

)
, 𝐾̃𝑔 ∈ R(𝑛+𝑚)×𝑚, (35)

where Γ̃𝑔 ∈ R(𝑛+𝑚)×(𝑛+𝑚) denotes a user-defined symmetric and positive-definite adaptive rate matrix, Δ𝐾̃𝑔 (𝑡) ≜
𝐾̃𝑔 (𝑡) − 𝐾̃𝑒, 𝐾̃𝑒 ∈ R(𝑛+𝑚)×𝑚 verifies the matching condition

𝐴̃transient = 𝐴̃ref + 𝐵̃𝐾̃T
𝑒 , (36)

𝐴̃transient ∈ R(𝑛+𝑚)×(𝑛+𝑚) is user-defined and Hurwitz, 𝑃̃transient ∈ R(𝑛+𝑚)×(𝑛+𝑚) denotes the symmetric, positive-definite
solution of the algebraic Lyapunov equation

0 = 𝐴̃T
transient𝑃̃transient + 𝑃̃transient 𝐴̃transient + 𝑄̃transient, (37)

and 𝑄̃transient ∈ R(𝑛+𝑚)×(𝑛+𝑚) is user-defined, symmetric, and positive-definite. Finally, define the feedback control law

𝜙tracking (𝜋tracking (𝑡, 𝑥), 𝑒, 𝐾̃, 𝐾̂𝑔) ≜ −𝑅−1𝐵̃T𝑃LQR𝑥 + 𝐾̃T𝜋tracking (𝑡, 𝑥) + 𝐾̂T
𝑔 𝑒,

(𝑡, 𝑥, 𝑒, 𝐾̃, 𝐾̂𝑔) ∈ [𝑡0,∞) × R𝑛+𝑚 × R𝑛+𝑚 × R(𝑛+𝑚+𝑁 )×𝑚 × R(𝑛+𝑚)×𝑚, (38)

where

¤̃𝐾 (𝑡) =
Γ̃𝜋tracking (𝑡, 𝑥(𝑡))𝜀T (𝑡)
ℎ𝑒 (𝑒T (𝑡)𝑀̃𝑒(𝑡))

[
𝑃̃transient − 𝑉̃𝑒 (𝑒(𝑡), 𝜀(𝑡))ℎ′𝑒 (𝑒T (𝑡)𝑀̃𝑒(𝑡))𝑀̃

]
𝐵̃, 𝐾̃ (𝑡0) = 𝐾̃0, 𝑡 ≥ 𝑡0, (39)

¤̃𝐾𝑔 (𝑡) = −
2𝑉̃𝑔 (𝐾̃𝑔 (𝑡))

ℎ𝑒 (𝑒T (𝑡)𝑀̃𝑒(𝑡))
Γ̃𝑔𝑒(𝑡)𝜀T (𝑡)

[
𝑃̃transient − 𝑉̃𝑒 (𝑒(𝑡), 𝜀(𝑡))ℎ′𝑒 (𝑒T (𝑡)𝑀̃𝑒(𝑡))𝑀̃

]
𝐵̃, 𝐾̃𝑔 (𝑡0) = 𝐾̃𝑔,0, (40)

𝐾̂𝑔 (𝑡0) ≠ 𝐾̃𝑒 and 𝐾̂𝑔 (𝑡0) ≠ 0, 𝜀(𝑡) ≜ 𝑒(𝑡) − 𝑒ref,transient (𝑡) denotes the auxiliary tracking error, 𝑒ref,transient (·) denotes
the solution of

¤̃𝑒ref,transient (𝑡) = 𝐴̃transient𝑒ref,transient (𝑡), 𝑒ref,transient (𝑡0) = 𝑥(𝑡0) − 𝑥ref (𝑡0). (41)

and Γ̃𝑔 ∈ R(𝑛+𝑚)×(𝑛+𝑚) denotes a user-defined, symmetric, and positive-definite adaptive rate matrix.

Theorem III.2 Consider the plant’s dynamics (1) and (2), the reference model (13), the constraint set (32), the
feedback control law (38), and the adaptive laws (39) and (40). If 𝑒(𝑡0) ∈ ˚̃E, ℎ′𝑒 (𝑒T𝑀̃𝑒) ≤ 0 for all 𝑒 ∈ ˚̃E,
𝐴p is known, 𝐷p ≠ 0𝑚×𝑚, the matching condition (36) is verified, Re(𝜆max ( 𝐴̃transient)) < Re(𝜆min ( 𝐴̃ref)), and
𝑢(𝑡) = 𝜙tracking (𝜋tracking (𝑡, 𝑥(𝑡)), 𝑒(𝑡), 𝐾̃ (𝑡)), then 𝑒(·) and 𝐾̃ (·) are uniformly bounded. Moreover, 𝑒(𝑡) ∈ E̊, 𝑡 ≥ 𝑡0,
∥𝑦(𝑡) − 𝐶p𝑥p (𝑡)∥ → 0 and ∥𝑦(𝑡) − 𝐶̃𝑥ref (𝑡)∥ → 0 as 𝑡 → ∞ uniformly in 𝑡0 ∈ [0,∞), and 𝛼max (𝑒(·)) ≥ 𝛼 with
𝛼 > −Re(𝜆min ( 𝐴̃ref)) ≥ −Re(𝜆max ( 𝐴̃ref)). Lastly, ∥𝑦(𝑡) − 𝑦cmd (𝑡)∥, 𝑡 ≥ 𝑡0, is uniformly bounded.

Proof: The result follows as in the proof of Theorem II.2 as is omitted for brevity. ■
Similarly to Theorem II.2, the control law (38) reduces to an adaptive controller deduced by applying Theorem

III.1. Furthermore, the control law (38) and the adaptive laws (39) and (40) guarantee that the plant measured output
𝑦(·) converges to 𝐶̃𝑥ref (·) before the transient dynamics of the reference model (13) has decayed; Figure 3 provides a
schematic representation of the architecture provided by Theorem III.2. Lastly, if 𝑦cmd (·) varies sufficiently slowly, then
the plant measured output 𝑦(·) converges to the reference signal 𝑦cmd (·).
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Fig. 3 Graphical representation of the MRAC for prescribed performance architecture presented in Theorem
III.2. Applying the control law (38) and the adaptive laws (39) and (40), Theorem III.2 guarantees uniform
boundedness of both the closed-loop system’s trajectory error 𝑒(·) and the adaptive gain matrices 𝐾̃ (·) and 𝐾̂𝑔 (·).
Moreover, Theorem III.2 guarantees uniform asymptotic convergence of 𝑦(·) to 𝐶̃𝑥ref (·). Lastly, Theorem III.2
guarantees that 𝑦(·) reaches 𝑦cmd (·) before the transient dynamics of the reference model (13) has decayed.

IV. Modeling and Control of the Longitudinal Dynamics of a Quad-Biplane

A. Longitudinal dynamics of a quad-biplane
A quad-biplane is a biplane aircraft equipped with four propellers aligned with the vehicle’s roll axis. This vehicle

takes off and lands vertically like a conventional quadcopter and can fly horizontally like a conventional fixed-wing
aircraft. To capture this tail-sitter’s dynamics, we introduce an orthonormal inertial reference frame I ≜ {𝑂; 𝑋,𝑌, 𝑍}
such that the UAV’s weight is captured by 𝐹I𝑔 = 𝑚𝑔𝑍 , where 𝑚 > 0 denotes the UAV’s mass and 𝑔 > 0 denotes the
gravitational acceleration. For simplicity, we assume that the reference frame I is fixed with the Earth; this assumption
is realistic since a tail-sitter UAV flies at a Mach number less than 3 and, for the applications considered in this
paper, its maximum altitude is considerably lower than 10km [41, Ch. 2]. We also introduce an orthonormal body
reference frame J(·) ≜ {𝐴(·); 𝑥body (·), 𝑦body (·), 𝑧body (·)} fixed with the UAV, where 𝐴(·) denotes the UAV’s center
of mass, 𝑥body : [𝑡0,∞) → R3 denotes the UAV’s roll axis and 𝑧body : [𝑡0,∞) → R3 denotes the UAV’s yaw axis.
Finally, we introduce an orthonormal wind reference frameW(·) ≜ {𝐴(·); 𝑥wind (·), 𝑦wind (·), 𝑧wind (·)} such that 𝑥wind (·)
is collinear with the UAV’s velocity vector relative to the freestream wind and, in case of zero freestream wind velocity,
𝑧wind (𝑡) = 𝑧body (𝑡), 𝑡 ≥ 𝑡0. Figure 4 shows a schematic representation of the reference frames I, J(·), andW(·) under
longitudinal flight assumptions.

Assume that the UAV is symmetric, the UAV moves in the plane containing the inertial 𝑋 and 𝑍 axes, that is,
𝑦body (𝑡) ≡ 𝑌 , 𝑡 ≥ 𝑡0, and the UAV’s velocity vector relative to the freestream wind is contained in its vertical plane of
symmetry, that is, 𝑥T

wind (𝑡)𝑦body (𝑡) = 0. In this case, the UAV’s translational dynamic equations are captured by

¥𝑥𝐴(𝑡) = 𝑚−1 [
𝐹I𝑋 (𝑡) − 𝐿 (𝑡, 𝑣(𝑡)) sin 𝛾(𝑡) − 𝐷 (𝑡, 𝑣(𝑡)) cos 𝛾(𝑡)

]
, 𝑥𝐴(𝑡0) = 𝑥𝐴,0, ¤𝑥𝐴(𝑡0) = 𝑥𝐴,0,d, 𝑡 ≥ 𝑡0,

(42)

¥𝑧𝐴(𝑡) = 𝑚−1 [
−𝐹I𝑍 (𝑡) + 𝑚𝑔 − 𝐿 (𝑡, 𝑣(𝑡)) cos 𝛾(𝑡) + 𝐷 (𝑡, 𝑣(𝑡)) sin 𝛾(𝑡)

]
, 𝑧𝐴(𝑡0) = 𝑧𝐴,0, ¤𝑧𝐴(𝑡0) = 𝑧𝐴,0,d,

(43)

where 𝑥𝐴 : [𝑡0,∞) → R and 𝑧𝐴 : [𝑡0,∞) → R denote the UAV’s position along the inertial 𝑋 and 𝑍 axes, respectively,

𝐹I𝑋 (𝑡) ≜ (𝑇upper (𝑡) + 𝑇lower (𝑡)) cos 𝜃 (𝑡), (44)
𝐹I𝑍 (𝑡) ≜ (𝑇upper (𝑡) + 𝑇lower (𝑡)) sin 𝜃 (𝑡) (45)

denote the components of the thrust force produced by the propellers along the 𝑋 and 𝑍 axes, respectively, 𝑇upper :
[𝑡0,∞) → R denotes the sum of the thrust forces produced by the two propellers placed at a distance 𝑙 > 0 along the
−𝑧body (·) direction, 𝑇lower : [𝑡0,∞) → R denotes the sum of the thrust forces produced by the two propellers placed at a
distance 𝑙 along the 𝑧body (·) direction, 𝐿 (𝑡, 𝑣) ≜ 1

2 𝜌∥𝑣∥
2𝑆𝐶𝑙 (𝛼(𝑡)) denotes the lift force produced by the UAV, 𝜌 > 0

denotes the air density, 𝑆 > 0 denotes the wing planform area, 𝑣(𝑡) ≜ [ ¤𝑥𝐴(𝑡), 0, ¤𝑧𝐴(𝑡)]T denotes the UAV velocity vector
relative to the freestream wind,𝐶𝑙 : R→ R denotes the aerodynamic lift coefficient, 𝛼(𝑡) ≜ atan2 ( ¤𝑧𝐴(𝑡), ¤𝑥𝐴(𝑡)) denotes
the UAV’s angle of attack, atan2 (·, ·) denotes the signed inverse tangent function, 𝐷 (𝑡, 𝑣) ≜ 1

2 𝜌∥𝑣∥
2𝑆𝐶𝑑 (𝛼(𝑡)) denotes

the aerodynamic drag produced by the UAV, 𝐶𝑑 : R→ R denotes the aerodynamic drag coefficient, 𝛾(𝑡) ≜ 𝜃 (𝑡) − 𝛼(𝑡)
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Fig. 4 Schematic, bi-dimensional representation of the quad-biplane UAV shown in Figure 1, and inertial, body,
and wind reference frames.

denotes the UAV’s flight path angle, and 𝜃 : [𝑡0,∞) → R denotes the UAV’s pitch angle. We remark that since the
UAV’s velocity with respect to the freestram wind is contained in the UAV’s plane of symmetry, the UAV’s pitch angle
does not need to be constrained within the interval

(
− 𝜋

2 ,
𝜋
2
)

[41, pp. 18-19], and the UAV’s sideslip angle is identically
equal to zero [41, p. 40].

Assuming that the UAV moves in the plane containing the inertial 𝑋 and 𝑍 axes, that is, 𝑥T
body (𝑡)𝜔(𝑡) ≡ 0, 𝑡 ≥ 𝑡0,

and 𝑧T
body (𝑡)𝜔(𝑡) ≡ 0, where 𝜔 : [𝑡0,∞) → R3 denotes the angular velocity of the body reference frame J(·) with

respect to the inertial reference frame I [41, Def. 1.9], the rotational dynamic equation is given by
¥𝜃 (𝑡) = 𝐼−1

𝑦

[
𝑀𝑦 (𝑡) − 𝑀𝑎 (𝑡, 𝑣(𝑡))

]
, 𝜃 (𝑡0) = 𝜃0, ¤𝜃 (𝑡0) = 𝜃0,d, 𝑡 ≥ 𝑡0, (46)

where 𝐼𝑦 > 0 denotes the principal moment of inertia of the UAV about the 𝑦body (·) axis,

𝑀𝑦 (𝑡) ≜ 𝑙
[
𝑇lower (𝑡) − 𝑇upper (𝑡)

]
(47)

denotes the moment of the thrust force exerted by the UAV propellers, 𝑀𝑎 (𝑡, 𝑣) ≜ 1
2 𝜌∥𝑣∥

2𝑆𝑙𝐶𝑚 (𝛼(𝑡)) denotes the
denotes the aerodynamic moment produced by the UAV, and 𝐶𝑚 : R→ R denotes the aerodynamic moment coefficient.
In this paper, we assume that the quad-biplane is not equipped with mobile surfaces such as ailerons or flaps to generate
a pitching moment, but only relies on the propellers’ differential thrust to generate the required control moment. It
is worthwhile to remark that (46) also approximates the quad-biplane’s rotational dynamics in the longitudinal plane
whenever the components of the UAV’s angular velocity vector along the 𝑥body (·) and 𝑧body (·) axes are arbitrarily small,
that is, 𝑥T

body (𝑡)𝜔(𝑡) ≈ 0, 𝑡 ≥ 𝑡0, and 𝑧T
body (𝑡)𝜔(𝑡) ≈ 0 [41, p. 44].

B. Control strategy for the longitudinal dynamics of a quad-biplane
The longitudinal dynamics of a quad-biplane, whose control input is exclusively provided by the propellers’ thrust

force, that is, 𝑇upper (·) and 𝑇lower (·), is underactuated. To verify this fact, we recall the definition of actuation and
underactuation of the nonlinear dynamical system

¥𝑞(𝑡) = 𝑓 (𝑡, 𝑞(𝑡), ¤𝑞(𝑡)) + 𝐺 (𝑞(𝑡))𝑢(𝑡), 𝑞(𝑡0) = 𝑞0, ¤𝑞(𝑡0) = 𝑞0,d, 𝑡 ≥ 𝑡0, (48)

where 𝑞 : [𝑡0,∞) → R𝑛, 𝑢 : [𝑡0,∞) → R𝑚, 𝑓 : [𝑡0,∞) × R𝑛 × R𝑛 → R𝑛 is continuous in 𝑡 ∈ [𝑡0,∞) and Lipschitz
continuous in (𝑞, ¤𝑞) ∈ R𝑛 × R𝑛, and 𝐺 : R𝑛 → R𝑛×𝑚 is Lipschitz continuous in 𝑞 ∈ R𝑛.
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Definition IV.1 [42, Def. 2.9] Consider the dynamical system given by (48). If rank𝐺 (𝑞) = 𝑛 for all 𝑞 ∈ D ⊆ R𝑛, then
(48) is actuated on D. Alternatively, if rank𝐺 (𝑞) < 𝑛 for all 𝑞 ∈ D, then (48) is underactuated on D.

The second-order nonlinear dynamical system given by (42), (43), and (46) is in the same form as (48) with 𝑛 = 3,
𝑚 = 2, 𝑞 = [𝑥𝐴, 𝑧𝐴, 𝜃]T, 𝑢 =

[
𝑇upper, 𝑇lower

]T,

𝑓 (𝑡, 𝑞, ¤𝑞) =

−𝑚−1 (𝐿 (𝑡, 𝑣) sin 𝛾(𝑡) + 𝐷 (𝑡, 𝑣) cos 𝛾(𝑡))
𝑔 + 𝑚−1 (𝐷 (𝑡, 𝑣) sin 𝛾(𝑡) − 𝐿 (𝑡, 𝑣) cos 𝛾(𝑡))

−𝐼−1
𝑦 𝑀𝑎 (𝑡, 𝑣)

 , (𝑡, 𝑞, ¤𝑞) ∈ [𝑡0,∞) × R3 × R3, (49)

𝐺 (𝑞) =

𝑚−1 cos 𝜃 𝑚−1 cos 𝜃
−𝑚−1 sin 𝜃 −𝑚−1 sin 𝜃
−𝑙 𝐼−1

𝑦 𝑙 𝐼−1
𝑦

 . (50)

Thus, it follows from Definition IV.1 and (50) that the longitudinal dynamics of quad-biplanes is underactuated for all
𝑞 ∈ R3. In light of this consideration, we propose the following control strategy based on an outer loop and an inner
loop. The user defines a continuously differentiable and bounded reference trajectory along both the inertial 𝑋 axis and
the inertial 𝑍 axis, that is, 𝑥𝐴,user : [𝑡0,∞) → R and 𝑧𝐴,user : [𝑡0,∞) → (−∞, 0], respectively. Thus, the outer loop is
designed to compute the components of the thrust force such that 𝑥𝐴(𝑡), 𝑡 ≥ 𝑡0, and 𝑧𝐴(𝑡) track 𝑥𝐴,user (𝑡) and 𝑧𝐴,user (𝑡),
respectively. Thus, the components of the thrust force needed to follow 𝑥𝐴,user (𝑡) and 𝑧𝐴,user (𝑡) determines the command
pitch angle 𝜃cmd (𝑡), 𝑡 ≥ 𝑡0, that is, the desired direction of the thrust force. Finally, the inner loop computes the moment
of the thrust force 𝑀𝑦 (𝑡), 𝑡 ≥ 𝑡0, such that 𝜃 (𝑡) tracks 𝜃cmd (𝑡).

C. Outer loop design
In this paper, we assume that the aerodynamic lift, drag, and moment coefficients are modeled as

𝐶𝑑 (𝛼) = 𝐶𝑑,0 + 𝐶𝑑,𝛼𝛼, 𝛼 ∈ R, (51)
𝐶𝑙 (𝛼) = 𝐶𝑙,0 + 𝐶𝑙,𝛼𝛼, (52)
𝐶𝑚 (𝛼) = 𝐶𝑚,0 + 𝐶𝑚,𝛼𝛼, (53)

where 𝐶𝑑,0 > 0, 𝐶𝑙,0 ≥ 0, 𝐶𝑚,0 ≥ 0, 𝐶𝑑,𝛼 > 0, 𝐶𝑙,𝛼 ∈ R, and 𝐶𝑚,𝛼 ∈ R. This model is usually valid only for small
angles of attack, and the user-defined reference trajectories is not necessarily designed to verify these assumptions.
However, we rely on the ability of the MRAC law for prescribed performance to meet the user-defined constraints
on the trajectory tracking error despite parametric uncertainties. Furthermore, any alternative model, whereby the
aerodynamic forces and moments can be expressed as linear combinations of known functions of the state vector by
means of unknown constant coefficients, can be applied to the proposed framework; examples of such models may be
deduced from piecewise polynomial interpolation of experimental data as done, for instance, in [7]. In this paper, we
also assume that the wing planform area 𝑆, the air density 𝜌, and the aerodynamic coefficients 𝐶𝑑,0, 𝐶𝑙,0, 𝐶𝑚,0, 𝐶𝑑,𝛼,
𝐶𝑙,𝛼, and 𝐶𝑚,𝛼 are unknown and estimated by 𝑆 > 0, 𝜌̂ > 0, 𝐶̂𝑑,0 > 0, 𝐶̂𝑙,0 ∈ R, 𝐶̂𝑚,0 ∈ R, 𝐶̂𝑑,𝛼 > 0, 𝐶̂𝑙,𝛼 ∈ R, and
𝐶̂𝑚,𝛼 ∈ R, respectively.

Under these modeling assumptions, (42) and (43) are equivalent to

¤𝑥outer (𝑡) = 𝐴outer𝑥outer (𝑡) + 𝐵outer

[
𝐹I
𝑋
(𝑡)

−𝐹I
𝑍
(𝑡)

]
+ 𝐵outer

[
− 1

2 𝜌∥𝑣(𝑡)∥
2𝑆

[
(𝐶𝑙,0 + 𝐶𝑙,𝛼𝛼(𝑡)) sin 𝛾(𝑡) + (𝐶𝑑,0 + 𝐶𝑑,𝛼𝛼(𝑡)) cos 𝛾(𝑡)

]
𝑚𝑔 + 1

2 𝜌∥𝑣(𝑡)∥
2𝑆

[
(𝐶𝑑,0 + 𝐶𝑑,𝛼𝛼(𝑡)) sin 𝛾(𝑡) − (𝐶𝑙,0 + 𝐶𝑙,𝛼𝛼(𝑡)) cos 𝛾(𝑡)

] ] ,
𝑥outer (𝑡0) =

[
𝑥𝐴,0, 𝜃0, 𝑥𝐴,0,d, 𝜃0,d

]T
, 𝑡 ≥ 𝑡0, (54)

where 𝑥outer (𝑡) ≜ [𝑥𝐴(𝑡), 𝑧𝐴(𝑡), ¤𝑥𝐴, ¤𝑧𝐴(𝑡)]T, 𝐴outer =

[
02×2 𝐼2

02×2 02×2

]
, and 𝐵outer = 𝑚

−1

[
02×2

𝐼2

]
. Therefore, if

𝐹I𝑋 (𝑡) = 𝑢outer,1 (𝑡) +
1
2
𝜌̂∥𝑣(𝑡)∥2𝑆

[
(𝐶̂𝑙,0 + 𝐶̂𝑙,𝛼𝛼(𝑡)) sin 𝛾(𝑡) + (𝐶̂𝑑,0 + 𝐶̂𝑑,𝛼𝛼(𝑡)) cos 𝛾(𝑡)

]
, 𝑡 ≥ 𝑡0 (55)
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−𝐹I𝑍 (𝑡) = 𝑢outer,2 (𝑡) −
1
2
𝜌̂∥𝑣(𝑡)∥2𝑆(𝐶̂𝑑,0 + 𝐶̂𝑑,𝛼𝛼(𝑡)) sin 𝛾(𝑡), (56)

then (54) reduces to

¤𝑥outer (𝑡) = 𝐴outer𝑥outer (𝑡) + 𝐵outer
[
𝑢outer (𝑡) + ΘT

outerΦouter (𝑡)
]
,

𝑥outer (𝑡0) =
[
𝑥𝐴,0, 𝑧𝐴,0, 𝑥𝐴,0,d, 𝑧𝐴,0,d

]T
, 𝑡 ≥ 𝑡0, (57)

where 𝑢outer (𝑡) ≜
[
𝑢outer,1 (𝑡), 𝑢outer,2 (𝑡)

]T ∈ R2 denotes the virtual control input, and expressions for Θouter ∈ R5×2 and
Φouter (𝑡) ∈ R5 are provided in the Appendix.

After having computed 𝑢outer (·) according to the procedure discussed in Section IV.E below so that 𝑥𝐴(𝑡), 𝑡 ≥ 𝑡0,
and 𝑧𝐴(𝑡) track 𝑥𝐴,user (𝑡) and 𝑧𝐴,user (𝑡), respectively, and 𝐹I

𝑋
(·) and 𝐹I

𝑍
(·) are deduced from (55) and (56), respectively.

Furthermore, the command pitch angle, that is, the pitch angle the aircraft should track, is defined as

𝜃cmd (𝑡) ≜



atan2
(
𝐹I
𝑍
(𝑡), 𝐹I

𝑋
(𝑡)

)
, if

��𝐹I
𝑋
(𝑡)

�� > 𝜀𝑋 and 𝐹I
𝑍
(𝑡) − 𝑚𝑔 > 𝜀𝑍 ,

atan2
(��𝐹I

𝑍
(𝑡)

�� , 𝐹I
𝑋
(𝑡)

)
, if

��𝐹I
𝑋
(𝑡)

�� > 𝜀𝑋 and 𝐹I
𝑍
(𝑡) − 𝑚𝑔 ≤ −𝜀𝑍 ,

atan2
(
|𝐹I

𝑍
(𝑡) |, 𝐹I

𝑋
(𝑡)

)
, if 𝐹I

𝑋
(𝑡) ≤ −𝜀𝑋 and |𝐹I

𝑍
(𝑡) − 𝑚𝑔 | ≤ 𝜀𝑍 ,

atan2
(��𝐹I

𝑍
(𝑡)

�� , 𝐹I
𝑋
(𝑡)

)
, if

��𝐹I
𝑋
(𝑡)

�� ≤ 𝜀𝑋 and |𝐹I
𝑍
(𝑡) − 𝑚𝑔 | > 𝜀𝑍 ,

𝜋
2 , if |𝐹I

𝑋
(𝑡) | ≤ 𝜀𝑋 and

��𝐹I
𝑍
(𝑡) − 𝑚𝑔

�� ≤ 𝜀𝑍 ,
𝑡 ≥ 𝑡0, (58)

where 𝜀𝑋 > 0, 𝜀𝑍 > 0, and atan2(·, ·) denotes the signed inverse tangent function. The command pitch angle 𝜃cmd (𝑡),
𝑡 ≥ 𝑡0, captures the direction of the thrust force so that the UAV follows the user-defined trajectory and the propellers
never point downwards; this is a safety precaution so that if the UAV must gain altitude rapidly, then the propellers are
already pointed in the desired direction for a prompt response. The user-defined constants 𝜀𝑋 and 𝜀𝑍 capture the fact that
commercial-off-the-shelf motors for small UAVs do not allow to produce arbitrarily small thrust forces. Furthermore,
𝜀𝑋 and 𝜀𝑍 serve as safety margins. Indeed, if the horizontal component of the thrust force is small, that is

��𝐹I
𝑋
(𝑡)

�� ≤ 𝜀𝑋,
𝑡 ≥ 𝑡0, and

��𝐹I
𝑍
(𝑡)

�� > 𝜀𝑍 , then the command pitch angle may rapidly switch between values in some neighborhood
of 0 and values in some neighborhood of 𝜋, and the inner loop’s controller would be overly stressed. Equation (58)
is designed to prevent this rapid switching from occurring. Similarly, if

��𝐹I
𝑋
(𝑡)

�� ≤ 𝜀𝑋, 𝑡 ≥ 𝑡0, and
��𝐹I

𝑍
(𝑡)

�� ≤ 𝜀𝑍 , then
the command pitch angle may rapidly switch between values in neighborhoods of 0 and 𝜋 and between values in
neighborhoods of 𝜋/2 and −𝜋/2. Equation (58) is designed to prevent this rapid switching from occurring. Lastly, if
𝐹I
𝑋
(𝑡) = 𝐹I

𝑍
(𝑡) = 0, 𝑡 ≥ 𝑡0, then atan2(𝐹I

𝑍
(𝑡), 𝐹I

𝑋
(𝑡)) is unspecified. Consequently, the quad-biplane may be pointed

downward whenever the propellers are turned on again, which may cause a sudden and undesired loss of altitude.

D. Inner loop design
The UAV’s pitch dynamics (46) is equivalent to

¤𝑥inner (𝑡) = 𝐴inner𝑥inner (𝑡) + 𝐵inner

[
𝑀𝑦 (𝑡) −

1
2
𝜌∥𝑣(𝑡)∥2𝑆𝑙

(
𝐶𝑚,0 + 𝐶𝑚,𝛼𝛼(𝑡)

) ]
,

𝑥inner (𝑡0) =
[
𝜃0, 𝜃0,d

]T
, 𝑡 ≥ 𝑡0, (59)

where 𝑥inner (𝑡) ≜
[
𝜃 (𝑡), ¤𝜃 (𝑡)

]T, 𝐴inner ≜

[
0 1
0 0

]
, and 𝐵inner ≜

[
0
𝐼−1
𝑦

]
. Therefore, if

𝑀𝑦 (𝑡) = 𝑢inner (𝑡) +
1
2
𝜌̂∥𝑣(𝑡)∥2𝑆𝑙

(
𝐶̂𝑚,0 + 𝐶̂𝑚,𝛼𝛼(𝑡)

)
, 𝑡 ≥ 𝑡0, (60)

then (59) reduces to

¤𝑥inner (𝑡) = 𝐴inner𝑥inner (𝑡) + 𝐵inner
[
𝑢inner (𝑡) + ΘT

innerΦinner (𝑡)
]
, 𝑥inner (𝑡0) =

[
𝜃0, 𝜃0,d

]T
, 𝑡 ≥ 𝑡0, (61)

where expressions for Θinner ∈ R2 and Φinner (𝑡) ∈ R2 are provided in the Appendix. The virtual control input 𝑢inner (𝑡),
𝑡 ≥ 𝑡0, is computed according to the procedure discussed in Section IV.E below so that 𝜃 (𝑡) tracks 𝜃cmd (𝑡) given by (58).
Thus, 𝑀𝑦 (𝑡), 𝑡 ≥ 𝑡0, is deduced from (60).
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E. Inner and outer loops integration
The dynamical models that capture inner and outer loops, that is, (61) and (57), respectively, can be integrated

and reduced to the same form as (1) and (2) with 𝑛 = 6, 𝑚 = 3, 𝑁 = 7, 𝑥p (𝑡) =
[
𝑥T

inner (𝑡), 𝑥
T
outer (𝑡)

]T, 𝑡 ≥ 𝑡0,

𝑢(𝑡) =
[
𝑢T

inner (𝑡), 𝑢
T
outer (𝑡)

]T, 𝐴p = blockdiag (𝐴inner, 𝐴outer), 𝐵p =

[
𝐵inner 04

02×2 𝐵outer

]
, 𝐶p =

[
[1, 0] 01×2 01×2

02×2 𝐼2 02×2

]
,

𝐷p ∈ R3×3\{03×3} arbitrary, Θ =

[
ΘT

inner 02

0T
6 ΘT

outer

]T

, and Φ(𝑡, 𝑥𝑝) =
[
ΦT

inner (𝑡),Φ
T
outer (𝑡)

]T. Thus, Theorems II.1

and III.1 can be applied to find feedback control laws for 𝑢(·) such that [𝜃 (𝑡), 𝑥𝐴(𝑡), 𝑧𝐴(𝑡)]T, 𝑡 ≥ 𝑡0, tracks the

trajectory of the reference model (3) with 𝐴ref = blockdiag
(
𝐴ref,inner, 𝐴ref,outer

)
, 𝐴ref,inner ≜

[
0 1

−𝐾𝑃,inner −𝐾𝐷,inner

]
,

𝐴ref,outer ≜

[
02×2 𝐼2

−𝐾𝑃,outer −𝐾𝐷,outer

]
, 𝐾𝑃,inner and 𝐾𝐷,inner > 0 user-defined, 𝐾𝑃,outer and 𝐾𝐷,outer ∈ R2×2 symmetric,

positive-definite, and user-defined, 𝐵ref =



[
0
1

]
02×2

02 02×2

02 𝐼2


, and

𝑟 (𝑡) =


𝐾𝑃,inner𝜃cmd (𝑡) + 𝐾𝐷,inner ¤𝜃cmd (𝑡) + ¥𝜃cmd (𝑡)

𝐾𝑃,outer

[
𝑥𝐴,user (𝑡)
𝑧𝐴,user (𝑡)

]
+ 𝐾𝐷,outer

[
¤𝑥𝐴,user (𝑡)
¤𝑧𝐴,user (𝑡)

]
+
[
¥𝑥𝐴,user (𝑡)
¥𝑧𝐴,user (𝑡)

] , 𝑡 ≥ 𝑡0.

The complexity of this approach, however, lays in employing differentiators to estimate both ¤𝜃cmd (𝑡), 𝑡 ≥ 𝑡0, and
¥𝜃cmd (𝑡), since the first and second time derivatives of 𝜃cmd (𝑡) can not be computed analytically from (58). Alternatively,
Theorems II.2 and III.2 can be applied to find feedback control laws for 𝑢(·) such that 𝑦1 (𝑡) = 𝜃 (𝑡), 𝑡 ≥ 𝑡0, tracks 𝜃cmd (𝑡)
given by (58), 𝑦2 (𝑡) = 𝑥𝐴(𝑡) tracks 𝑥𝐴,user (𝑡), and 𝑦3 (𝑡) = 𝑧𝐴(𝑡) tracks 𝑧𝐴,user (𝑡). Remarkably, this approach based on
output signal tracking does not require computing the derivatives of 𝑥𝐴,user (𝑡), 𝑧𝐴,user (𝑡), and 𝜃cmd (𝑡).

F. Thrust force realization
The total thrust force needed to realize 𝐹I

𝑋
(𝑡), 𝑡 ≥ 𝑡0, 𝐹I

𝑍
(𝑡), and 𝑀𝑦 (𝑡) given by (55), (56), and (60), respectively,

can be determined at each time instant as a solution of the optimization problem

min 𝑇 (𝑡),
s.t. 𝑇 (𝑡) cos 𝜃 (𝑡) = 𝐹I𝑋 (𝑡),

𝑇 (𝑡) sin 𝜃 (𝑡) = 𝐹I𝑍 (𝑡),
𝑇 (𝑡) = 𝑇upper (𝑡) + 𝑇lower (𝑡),
[𝑇lower (𝑡) − 𝑇upper (𝑡)]𝑙 = 𝑀𝑦 (𝑡),
𝑇upper (𝑡) ≥ 0,
𝑇lower (𝑡) ≥ 0.

However, this linear program may not have a solution since the UAV may be oriented in the wrong direction. Moreover,
the resulting control policy may be overly aggressive and produce large oscillations in the transient phase and in the
absence of a framework able to impose a priori user-defined bounds on the tracking error.
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In this paper, the thrust force is computed as

𝑇 (𝑡) ≜



√︃(
𝐹I
𝑋
(𝑡)

)2 +
(
𝐹I
𝑍
(𝑡)

)2

cos (𝜃cmd (𝑡) − 𝜃 (𝑡))
, if |𝜃cmd (𝑡) − 𝜃 (𝑡) | < 𝜃max and 𝐹I

𝑍
(𝑡) ≥ 0, 𝑡 ≥ 𝑡0,��𝐹I

𝑋
(𝑡)

��
cos (𝜃cmd (𝑡) − 𝜃 (𝑡))

, if |𝜃cmd (𝑡) − 𝜃 (𝑡) | < 𝜃max and 𝐹I
𝑍
(𝑡) < 0,√︃(

𝐹I
𝑋
(𝑡)

)2 +
(
𝐹I
𝑍
(𝑡)

)2
, otherwise,

(62)

where 𝜃max ∈
[
0, 𝜋

2
)

is a user-defined tolerance on the maximum attitude error. The thrust force 𝑇 (𝑡), 𝑡 ≥ 𝑡0, and the
moment of the thrust force 𝑀𝑦 (𝑡) are realized by the UAV’s propellers by setting

𝑇upper (𝑡) =



0, if 𝑇 (𝑡) <
𝑀𝑦 (𝑡)
𝑙

and 𝑀𝑦 (𝑡) > 0, 𝑡 ≥ 𝑡0,

−
𝑀𝑦 (𝑡)
𝑙

if 𝑇 (𝑡) < −
𝑀𝑦 (𝑡)
𝑙

and 𝑀𝑦 (𝑡) < 0,
𝑇 (𝑡)

2
−
𝑀𝑦 (𝑡)

2𝑙
, if 𝑇 (𝑡) ≥

|𝑀𝑦 (𝑡) |
𝑙

and |𝜃cmd (𝑡) − 𝜃 (𝑡) | ≤ 𝜃max,

0, if 𝑇 (𝑡) ≥
|𝑀𝑦 (𝑡) |
𝑙

and 𝜃cmd (𝑡) − 𝜃 (𝑡) > 𝜃max,

|𝑀𝑦 (𝑡) |
𝑙

, if 𝑇 (𝑡) ≥
|𝑀𝑦 (𝑡) |
𝑙

and 𝜃cmd (𝑡) − 𝜃 (𝑡) < −𝜃max,

(63)

and

𝑇lower (𝑡) =



𝑀𝑦 (𝑡)
𝑙

, if 𝑇 (𝑡) <
𝑀𝑦 (𝑡)
𝑙

and 𝑀𝑦 (𝑡) > 0,

0 if 𝑇 (𝑡) < −
𝑀𝑦 (𝑡)
𝑙

, and 𝑀𝑦 (𝑡) < 0,
𝑇 (𝑡)

2
+
𝑀𝑦 (𝑡)

2𝑙
, if 𝑇 (𝑡) ≥

|𝑀𝑦 (𝑡) |
𝑙

and |𝜃cmd (𝑡) − 𝜃 (𝑡) | ≤ 𝜃max,

|𝑀𝑦 (𝑡) |
𝑙

, if 𝑇 (𝑡) ≥
|𝑀𝑦 (𝑡) |
𝑙

and 𝜃cmd (𝑡) − 𝜃 (𝑡) > 𝜃max,

0, if 𝑇 (𝑡) ≥
|𝑀𝑦 (𝑡) |
𝑙

and 𝜃cmd (𝑡) − 𝜃 (𝑡) < −𝜃max.

(64)

Equations (62) and (58) can be interpreted as follows. If the UAV must produce some thrust force upward, that
is, in the −𝑍 direction, and 𝜃 (𝑡), 𝑡 ≥ 𝑡0, is sufficiently close to 𝜃cmd (𝑡), that is, if |𝜃cmd (𝑡) − 𝜃 (𝑡) | < 𝜃max, then
𝑇 (𝑡) guarantees that the projection of the thrust force along the direction captured by 𝜃cmd (𝑡) equals the required

thrust force, that is,
√︃(
𝐹I
𝑋
(𝑡)

)2 +
(
𝐹I
𝑍
(𝑡)

)2. Alternatively, if the UAV must produce some thrust in the 𝑍 direction,
and |𝜃cmd (𝑡) − 𝜃 (𝑡) | < 𝜃max, 𝑡 ≥ 𝑡0, then 𝑇 (𝑡) is designed to realize the projection of 𝐹I

𝑋
(𝑡) along the direction

captured by 𝜃cmd (𝑡), and gravity is exploited to let the quad-biplane descend; this approach prevents the propellers
from pointing downward. Finally, if the difference between 𝜃 (𝑡), 𝑡 ≥ 𝑡0, and 𝜃cmd (𝑡) is sufficiently large, that is, if
|𝜃cmd (𝑡) − 𝜃 (𝑡) | ≥ 𝜃max, then 𝑇 (𝑡) is set to realize the desired moment of the thrust force 𝑀𝑦 (𝑡) given by (60) so that

𝜃 (𝑡) tracks 𝜃cmd (𝑡), while the required thrust force
√︃(
𝐹I
𝑋
(𝑡)

)2 +
(
𝐹I
𝑍
(𝑡)

)2 is realized. Equations (63) and (64) guarantee
that the thrust force produced by the propellers is always non-negative. Furthermore, (63) and (64) guarantee that the
required moment of the thrust force 𝑀𝑦 (·) is always realized. Figure 5 provides a schematic representation of the
architecture to control the longitudinal dynamics of quad-biplanes proposed in this paper.

V. Numerical Simulations
In this section, we present the results of two sets of numerical simulations using the control laws presented in

Sections II and III, and the control architecture presented in Section IV. These results highlight the efficacy of the
proposed MRAC laws for prescribed performance over classical MRAC laws for both state and output signal tracking.
Furthermore, these results verify the applicability of the control architecture for quad-biplanes. These simulations are
performed considering the custom-designed quad-biplane shown in Figure 1.
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Fig. 5 Schematic representation of the architecture to control the longitudinal dynamics of quad-biplanes by
means of MRAC laws for state tracking and output signal tracking. The control laws and the adaptive laws
proposed by Theorem II.1 or Theorem III.1 can be applied to compute control inputs for the state tracking
architecture, and Theorem II.2 or Theorem III.2 can be applied to compute control inputs for the output signal
tracking architecture.

Table 1 Dynamic properties, aerodynamic coefficients, and estimated aerodynamic coefficients of the quad-
biplane shown in Figure 1.

Parameter Value Units Parameter Value Units Parameter Value Units Parameter Value Units
𝑚 2.000 kg 𝜃max 35.00 deg 𝐶𝑙,0 0.000 - 𝐶̂𝑙,0 0.010 -
𝐼𝑦 0.080 kg·m2 𝜀𝑋 1.962 N 𝐶𝑑,0 0.100 - 𝐶̂𝑑,0 0.080 -
𝑙 0.500 m 𝜀𝑍 1.962 N 𝐶𝑚,0 0.000 - 𝐶̂𝑚,0 0.020 -
𝜌 1.225 kg/m3 𝜌̂ 1 kg/m3 𝐶𝑙,𝛼 0.070 - 𝐶̂𝑙,𝛼 0.037 -
𝑆 0.500 m2 𝑆 0.500 m2 𝐶𝑑,𝛼 0.170 - 𝐶̂𝑑,𝛼 0.106 -
𝜅inner 0.017 - 𝜅outer 10 - 𝐶𝑚,𝛼 0.010 - 𝐶̂𝑚,𝛼 0.000 -

A. State Tracking
In this section, we present the results of numerical simulations that demonstrate the efficacy of the control law

presented in Theorem III.1 and the architecture outlined in Section IV. These results are compared with simulation
results obtained by applying the classical MRAC control law for state tracking given by Theorem II.1. These results
show how user-defined levels of performance can be imposed a priori on the longitudinal dynamics of a quad-biplane
despite uncertainties in aerodynamic coefficients and despite the complexity of realizing the desired thrust force and
moment of the thrust force, while always pointing the propellers either horizontally or upward. To further challenge
the ability of these MRAC laws to produce satisfactory results, in this section we assume that ¤𝜃cmd (𝑡) = ¥𝜃cmd (𝑡) ≡ 0,
𝑡 ≥ 𝑡0, while 𝜃cmd (𝑡) is given by (58) and hence, is not necessarily constant. Both sets of simulations are performed by
employing the modeling parameters shown in Table 1.

For the results presented in this section, the user-defined reference trajectory is given by

𝑥𝐴,user (𝑡) =



0, if 0 ≤ 𝑡 < 2.5,
4.9𝑡, if 2.5 ≤ 𝑡 < 5,
4.9𝑡, if 5 ≤ 𝑡 < 25,
110, if 25 ≤ 𝑡 < 42,
110, if 42 ≤ 𝑡 < 45,
110, otherwise,

𝑧𝐴,user (𝑡) =



−0.4𝑡, if 0 ≤ 𝑡 < 2.5,
−0.4𝑡, if 2.5 ≤ 𝑡 < 5,
−2, if 5 ≤ 𝑡 < 25,
−2, if 25 ≤ 𝑡 < 42,

−2 + 2(𝑡 − 42)
3

, if 42 ≤ 𝑡 < 45,

0, otherwise,

𝑡 ≥ 𝑡0. (65)

This user-defined reference trajectory was chosen to demonstrate the efficacy of the proposed control architecture in
VTOL, traditional, and transition flight regimes. The speed of the user-defined trajectory in the forward flight phase was
chosen so that the weight of the quad-biplane was not necessarily compensated using the lift generated by its wings. In
both sets of simulations, the initial conditions are given by

[
𝜃0, 𝜃0,d

]T
= [ 𝜋2 , 0]

T and
[
𝑥𝐴,0, 𝑧𝐴,0, 𝑥𝐴,0,d, 𝑧𝐴,0,d

]T
= 04.

The user-defined constraints on the trajectory tracking error are captured by

ℎ𝑒 (𝑒T𝑀𝑒) = 𝜅2
outer + 𝜅2

inner − 𝑒
T𝑀𝑒, 𝑒 ∈ R6, (66)

where 𝜅inner and 𝜅outer are given in Table 1. The parameters underlying the classical MRAC law for state tracking and
the MRAC law for prescribed performance and state tracking are given in the Appendix.
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Fig. 6 Trajectory of a quad-biplane applying the MRAC law for prescribed performance and state tracking
presented in Theorem III.1 and the classical MRAC law presented in Theorem II.1. Although both control
laws guarantee satisfactory trajectory tracking performance along the horizontal direction, the MRAC law for
prescribed performance outperforms the classical MRAC law while tracking the user-defined trajectory in the
vertical direction.

Figure 6 shows UAV’s trajectory as a functions of time obtained by applying the control laws outlined by Theorems
II.1 and III.1 and the proposed control architecture. Although both classical MRAC and MRAC for prescribed
performance produce good trajectory tracking along the horizontal direction, the MRAC law for prescribed performance
guarantees a smaller trajectory tracking error than the classical MRAC law along the vertical direction. Figure 7 shows
the resulting path; a zoomed-in portion of this figure shows the UAV’s path at the end of the forward flight stage and
upon landing. It is apparent that, by applying the MRAC law for prescribed performance, the UAV’s path oscillates
considerably less than by applying a classical MRAC law. Furthermore, the tight margins on the tracking error imposed
by the MRAC law for prescribed performance guarantee that the UAV’s altitude is never negative. While applying the
classical MRAC law, the UAV’s altitude descends below 𝑍 = 0. Figure 8 shows the pitch angle and the command pitch
angle obtained by applying Theorem III.1 and Theorem II.1. By applying the MRAC law for prescribed performance,
the UAV’s pitch angle follows the command pitch angle very closely, whereas by applying the classical MRAC law, the
UAV’s pitch angle angle follows the command pitch angle less accurately. Figure 9 shows the weighted norm on the
trajectory tracking error for the outer and inner loops, that is, 𝑒T

outer (𝑡)𝑀outer𝑒outer (𝑡), 𝑡 ≥ 𝑡0, and 𝑒T
inner (𝑡)𝑀inner𝑒inner (𝑡),

where 𝑒(𝑡) =
[
𝑒T

inner (𝑡), 𝑒
T
outer (𝑡)

]T and 𝑀 = blockdiag (𝑀inner, 𝑀outer). Despite the classical MRAC law, the MRAC
law for prescribed performance does not violate these user-defined constraints. By applying the control law outlined
in Theorem II.1, the L2-norm of the trajectory tracking error is 2.15 and L∞-norm of the trajectory tracking error is
9.92. Applying the control law outlined in Theorem III.1, the L2-norm of the trajectory tracking error is 1.87 and the
L∞-norm of the trajectory tracking error is 5.11. Thus, as anticipated by the analysis of Figures 6–9, applying the
MRAC law for prescribed performance, both the average and the maximum trajectory tracking errors are smaller than
the average and the maximum trajectory tracking errors obtained by applying the classical MRAC law.

Figure 10 shows the control input computed by the MRAC law for prescribed performance and state tracking and
that of the classical MRAC law. For being able to follow the reference trajectory more closely, the MRAC law for
prescribed performance requires a considerably smaller control effort.

B. Output Tracking
In this section, we present the results of numerical simulations that demonstrate the efficacy of the control law

presented in Theorem III.2 and the architecture outlined in Section IV despite uncertainties on aerodynamic coefficients
and despite the complexity of realizing the desired thrust force and moment of the thrust force, while always pointing
the propellers either horizontally or upward. The modeling parameters employed in these simulations are listed in Table
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Fig. 7 User-defined reference path and path of a quad-biplane controlled by employing the MRAC law for
prescribed performance and state tracking presented in Theorem III.1 and the classical MRAC law presented in
Theorem II.1. The MRAC law for prescribed performance follows the reference trajectory more closely and
clearly outperforms the classical MRAC law. As shown by the subfigure, during the landing stage, The MRAC
law for prescribed performance guarantees considerably smaller oscillations in the UAV’s position than the
classical MRAC law. Furthermore, the quad-biplane’s is always above ground.

Table 2 Parameters characterizing the quad-biplane in the output tracking simulations. The first and fourth
columns list the parameters; the second and fifth columns list the value of each parameter; lastly, the third and
sixth column lists the parameter’s unit of measurement, if any.

Parameter Value Units Parameter Value Units Parameter Value Units Parameter Value Units
𝑚 2.000 kg 𝜃max 35.00 deg 𝐶𝑙,0 0.005 - 𝐶̂𝑙,0 0.010 -
𝐼𝑦 0.080 kg·m2 𝜀𝑋 1.962 N 𝐶𝑑,0 0.100 - 𝐶̂𝑑,0 0.080 -
𝑙 0.500 m 𝜀𝑍 1.962 N 𝐶𝑚,0 0.001 - 𝐶̂𝑚,0 0.020 -
𝜌 1.225 kg/m3 𝜌̂ 1 kg/m3 𝐶𝑙,𝛼 0.100 - 𝐶̂𝑙,𝛼 0.037 -
𝑆 0.500 𝑚2 𝑆 0.500 𝑚2 𝐶𝑑,𝛼 0.150 - 𝐶̂𝑑,𝛼 0.106 -
𝐷 𝑝 𝐼3 - 𝜅

√
35 - 𝐶𝑚,𝛼 0.010 - 𝐶̂𝑚,𝛼 0.000 -

2, the control parameters are given in the Appendix, and the user-defined reference trajectory is given by

𝑥𝐴,user (𝑡) =



0, if 0 ≤ 𝑡 < 10,
0, if 10 ≤ 𝑡 < 30,
13, if 30 ≤ 𝑡 < 32,
13 + 10(𝑡 − 32), if 32 ≤ 𝑡 < 52,
213, if 52 ≤ 𝑡 < 72,
213, if 72 ≤ 𝑡 < 82,
213, otherwise,

𝑧𝐴,user (𝑡) =



0, if 0 ≤ 𝑡 < 10,
−4, if 10 ≤ 𝑡 < 30,
−4 if 30 ≤ 𝑡 < 32,
−4 if 32 ≤ 𝑡 < 52,
−4, if 52 ≤ 𝑡 < 72,
−4 + 0.4(𝑡 − 72), if 72 ≤ 𝑡 < 82,
0, otherwise,

𝑡 ≥ 𝑡0. (67)

The initial conditions are given by
[
𝜃0, 𝜃0,d

]T
= [𝜋/2, 0]T,

[
𝑥𝐴,0, 𝑧𝐴,0, 𝑥𝐴,0,d, 𝑧𝐴,0,d

]T
= 04. The user-defined constraints

on the tracking error are captured by

ℎ𝑒 (𝑒T𝑀̃𝑒) = 𝜅2 − 𝑒T𝑀̃𝑒, 𝑒 ∈ R9, (68)

where 𝜅 is given in Table 2. Remarkably, despite best effort, it was not possible to complete any numerical simulation
that allowed to follow the reference trajectory given by (67), while applying the classical control law outlined by
Theorem II.2 and employing the same modeling parameters.

Figure 11 shows UAV’s trajectory as a function of time, and Figure 12 shows the corresponding path. From these
figures, it is apparent how the UAV rapidly converges to its reference trajectory and closely follows it until landing.
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Fig. 8 Pitch angle of a quad-biplane applying the MRAC law for prescribed performance and state tracking
presented in Theorem III.1 and the classical MRAC law presented in Theorem II.1. The MRAC law for prescribed
performance clearly outperforms the classical MRAC law. In both cases, the pitch angle varies considerably.
These oscillations are due to the fact that the UAV’s reference trajectory is not designed to generate sufficient lift
and maintain a constant altitude.

Figure 13 shows both the UAV’s pitch angle and commanded pitch angle. Figure 14 shows the weighted norm on the
tracking error, that is, 𝑒T (𝑡)𝑀̃𝑒(𝑡), 𝑡 ≥ 𝑡0. It is apparent how the user-defined constraints on the trajectory tracking
error are always verified. The L2-norm of the augmented trajectory tracking error 𝑒(·) is 2.15. The L∞-norm of the
augmented trajectory tracking error is 4.50.

Figure 15 shows the control inputs, the thrust force 𝑇 (·) computed by applying (58), and the moment of the thrust
force 𝑀𝑦 (·) computed by applying (62). The forces and moments are compatible with the forces and moments that can
be exerted by a UAV produced by commercial-off-the-shelf parts and whose relevant paramaters are listed in Table 2.

Lastly, Figure 16 shows the lift force 𝐿 (·), the estimated lift force 𝐿̂ (·), the drag force 𝐷 (·), the estimated drag
force 𝐷̂ (·), the aerodynamic moment 𝑀 (·), and the estimated aerodynamic moment 𝑀̂ (·). It is apparent how during
the horizontal flight stage, the proposed control architecture exploits the UAV’s aerodynamic forces to follow the
user-defined reference trajectory.

VI. Conclusion
This paper presented a control architecture to regulate the longitudinal dynamics of a quad-biplane, which is actuated

exclusively by its propellers. By applying this control architecture, the performance of the classical MRAC laws for
state tracking are compared by means of numerical simulations with the performance of the MRAC laws for prescribed
performance and state tracking, which were first introduced in [13]. This paper also presented for the first time MRAC
laws for prescribed performance and output signal tracking, and showcased the ability of these control laws and of the
proposed control architecture for quad-biplanes to track a user-defined reference trajectory. As demonstrated by the
proposed numerical simulations, both MRAC for prescribed performance for state tracking and MRAC for prescribed
performance for output signal tracking allow users to impose a priori constraints on both the trajectory tracking error
and the rate of convergence of the closed-loop plant, while setting the adaptive rates arbitrarily, without modifying the
user-defined reference trajectory, and without introducing estimators or differentiators.

Future work directions involve extending the results presented in this paper to control a quad-biplane without
assuming symmetric flight conditions. Furthermore, the proposed results will be validated by means of flight tests.
Preliminary flight test results can be found at [43].
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Fig. 9 Weighted norm of the trajectory tracking error obtained by applying Theorem II.1 and Theorem III.1.
By applying the MRAC law for prescribed performance, the user-defined constraints on both the inner loop’s
and the outer loop’s trajectory tracking error is never violated. By applying the classical MRAC law, these
constraints are violated in multiple instances.
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Appendix

Parameters of the matched uncertainties for the inner loop
Let Φinner,𝑖 (·), 𝑖 = 1, 2, denote the 𝑖th component of Φinner (·) ∈ R2 in (61). Then,

Φinner,1 (𝑡) ≜ − 𝑙
2
∥𝑣(𝑡)∥2, 𝑡 ≥ 𝑡0, (69)

Φinner,2 (𝑡) ≜ − 𝑙
2
∥𝑣(𝑡)∥2𝛼(𝑡), (70)

Let Θouter, (𝑖) (·), 𝑖 = 1, 2, denote the 𝑖th element of Θouter ∈ R5×2 in (61).

Θinner,1 ≜ 𝜌𝑆𝐶𝑚,0 − 𝜌̂𝑆𝐶̂𝑚,0, 𝑡 ≥ 𝑡0, (71)
Θinner,2 ≜ 𝜌𝑆𝐶𝑚,𝛼 − 𝜌̂𝑆𝐶̂𝑚,𝛼, (72)

Parameters of the matched uncertainties for the outer loop
Let Φouter,𝑖 (·), 𝑖 = 1, . . . , 5, denote the 𝑖th component of Φouter (·) ∈ R5 in (57). Then,

Φouter,1 (𝑡) ≜ −1
2
∥𝑣(𝑡)∥2 cos 𝛾(𝑡), 𝑡 ≥ 𝑡0, (73)

Φouter,2 (𝑡) ≜ −1
2
∥𝑣(𝑡)∥2 cos 𝛾(𝑡)𝛼(𝑡), (74)
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Fig. 10 Outer loop and inner loop control inputs computed by applying Theorems III.1 and II.1. The MRAC
law for prescribed performance and state tracking requires less control effort than the classical MRAC law. The
control input for the inner loop, 𝑢inner (·), is relatively small for both control laws, since the vehicle’s moment of
inertia is small, and the aerodynamic moments are small as well.

Φouter,3 (𝑡) ≜ −1
2
∥𝑣(𝑡)∥2 sin 𝛾(𝑡), (75)

Φouter,4 (𝑡) ≜ −1
2
∥𝑣(𝑡)∥2 sin 𝛾(𝑡)𝛼(𝑡), (76)

Φouter,5 (𝑡) ≜ 𝑔. (77)

Let Θouter, (𝑖, 𝑗 ) (·), 𝑖 = 1, . . . , 5, 𝑗 = 1, 2, denote the element of on the 𝑖th row and 𝑗 th column Θouter ∈ R5×2 in (57).
Then,

Θouter, (1,1) ≜ 𝜌𝑆𝐶𝑑,0 − 𝜌̂𝑆𝐶̂𝑑,0, 𝑡 ≥ 𝑡0, (78)
Θouter, (2,1) ≜ 𝜌𝑆𝐶𝑑,𝛼 − 𝜌̂𝑆𝐶̂𝑑,𝛼, (79)
Θouter, (3,1) ≜ 𝜌𝑆𝐶𝑙,0 − 𝜌̂𝑆𝐶̂𝑙,0, (80)
Θouter, (4,1) ≜ 𝜌𝑆𝐶𝑙,𝛼 − 𝜌̂𝑆𝐶̂𝑙,𝛼, (81)
Θouter, (5,1) ≜ 0, (82)
Θouter, (1,2) ≜ 𝜌𝑆𝐶𝑙,0, (83)
Θouter, (2,2) ≜ 𝜌𝑆𝐶𝑙,𝛼, (84)
Θouter, (3,2) ≜ 𝜌𝑆𝐶𝑑,0 − 𝜌̂𝑆𝐶̂𝑑,0, (85)
Θouter, (4,2) ≜ 𝜌𝑆𝐶𝑑,𝛼 − 𝜌̂𝑆𝐶̂𝑑,𝛼 . (86)
Θouter, (5,2) ≜ 𝑚. (87)
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Fig. 11 Trajectory and reference trajectory of a quad-biplane applying the MRAC law for prescribed performance
and output feedback tracking presented in Theorem III.2. The UAV follows the reference trajectory long the
horizontal direction perfectly, whereas the trajectory tracking performance along the vertical direction suffers
from some oscillations shortly after the transitions between horizontal and vertical flight modes. It was not
possible to tune a control law based on Theorem II.2 and the proposed control architecture that allows the same
quad-biplane to follow the same reference trajectory.

State Tracking Simulation Parameters

𝐴ref,inner =

[
0 1

−25 −4

]
, 𝐴ref,outer =


0 0 1 0
0 0 0 1
−3 0 −2 0
0 −3 0 −2


, 𝐴ref = blockdiag

(
𝐴ref,inner, 𝐴ref,outer

)
,

𝑀 =



70 1 0 0 0 0
1 3 0 0 0 0
0 0 3 0 1 0
0 0 0 6 0 1
0 0 1 0 1 0
0 0 0 1 0 1


, 𝐴transient,inner =

[
0 1

−4 · 103 −20

]
, 𝐴transient,outer =


0 0 1 0
0 0 0 1

−103 0 −60 0
0 −103 0 −60


,

𝐴transient = blockdiag
(
𝐴transient,inner, 𝐴transient,outer

)
, Γinner = 102 · 𝐼5, Γouter = 50 · 𝐼11, Γ = blockdiag (Γinner, Γouter) ,

Γ𝑔 = diag (150, 150, 10, 10, 10, 10) .

Output Tracking Simulation Parameters

𝑄LQR = diag(3 · 103, 6 · 103, 6 · 103, 8, 1, 5 · 104, 5 · 104, 5, 5), 𝑅LQR = 0.5 · 𝐼3, 𝑄𝑦 = 𝐼9,
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Fig. 12 User-defined reference path and path of a quad-biplane controlled by employing the MRAC law for
prescribed performance and output signal tracking presented in Theorem III.2. Immediately after the initial
ascent and transition to forward flight, the UAV follows its reference path with increasing precision.

𝐴̃transient =



−104 · 𝐼3 03×1 03 03 03 03 03

01×3 0 1 0 0 0 0
01×3 −5 · 104 −5 · 102 0 0 0 0
01×3 0 0 0 0 1 0
01×3 0 0 0 0 0 1
01×3 0 0 −5 · 104 0 −5 · 102 0
01×3 0 0 0 −5 · 104 0 −5 · 102


,

𝑄̃transient = 𝐼9, Γ̃ = diag (10, 0.05, 0.05, 40, 40, 60, 60, 70, 70, 100) · 103,

Γ̃𝑔 = diag
(
10−5, 5−4, 5−4, 5, 0.5, 5, 8, 0.5, 0.5

)
· 105,

𝑀̃ is omitted for brevity and is computed by using an LMI solver.
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Fig. 15 Outer loop and inner loop control inputs computed by applying Theorem III.2. Over the time intervals
[0, 30]s and [50, 95]s, the quad-biplane is commanded to hover, and hence, the control inputs, the thrust force,
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inner loop control input 𝑢inner (·) and moment of the thrust force 𝑀𝑦 (·) are small. Over the time interval (30, 50)s,
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Fig. 16 Aerodynamic lift, drag, moment of the aerodynamic forces acting on the quad-biplane following the
trajectory shown in Figure 12 , and their estimates. Over the time intervals [0, 30]s and [50, 95]s, the quad-biplane
is commanded to hover, and hence, the aerodynamic forces and moment are small. Over the time interval
(30, 50)s, the quad-biplane is commanded to fly forward, and hence, the aerodynamic forces and moment are
large. Remarkably, the aerodynamic lift contributes to following the desired reference altitude.
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