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Abstract

In this paper, we develop a unified framework to find state-feedback control laws that solve two-player
zero-sum differential games over the infinite time horizon and guarantee partial-state asymptotic stability of
the closed-loop system. Partial-state asymptotic stability is guaranteed by means of a Lyapunov function
that is positive definite and decrescent with respect to part of the system state. The existence of a saddle
point for the system's performance measure is guaranteed by the fact that this Lyapunov function satisfies a
partial differential equation that corresponds to a steady-state form of the Hamilton—-Jacobi—Isaacs equation.
In the second part of this paper, we show how our differential game framework can be applied not only to
solve pursuit-evasion and robust optimal control problems, but also to assess the effectiveness of a model
reference adaptive control law. Specifically, the model reference adaptive control architecture is designed to
guarantee satisfactory trajectory tracking for uncertain nonlinear dynamical systems, whose matched
nonlinearities are captured by the regressor vector. By modeling matched and unmatched nonlinearities,
which are not captured by the regressor vector, as the pursuer's and evader's control inputs in a differential
game, we provide an explicit characterization of the system's uncertainties that do not disrupt the trajectory
tracking capabilities of the adaptive controller. Two numerical examples illustrate the applicability of our
results.
© 2016 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Differential game theory [21] deals with dynamical systems endowed with multiple control
inputs, some of which, usually named evaders, strive to maximize a given performance measure,
whereas some others, usually named pursuers, concurrently try to minimize this performance
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measure. Classic applications of differential games range from aerospace engineering [21,33] to
marine engineering [37], electrical engineering [14], communication networks [2], and
economics [12]. The study of zero-sum differential games over the infinite time interval has
received considerably less attention, since it has been mostly explored for linear dynamical
systems with quadratic performance measures [41] and to establish connections with the classic
‘Heo control theory [7,13,22,29,31]. Differential games on the infinite horizon for nonlinear
systems have been explored in [1,34], and in [4-7,23,32] within the context of the disturbance
rejection problem; however, connections between the feedback stabilization problem and
differential games involving nonlinear dynamical systems with nonlinear—nonquadratic
performance measures have not been explored before.

Partial-state stabilization, that is, the problem of stabilizing a dynamical system with respect to
a subset of the system state variables, arises in many engineering applications [30,36]. For
example, in the control of rotating machinery with mass imbalance, spin stabilization about a
nonprincipal axis of inertia requires motion stabilization with respect to a subspace instead of the
origin [30]. In general, the need to consider partial stability arises in control problems involving
equilibrium coordinates as well as a manifold of coordinates that is closed but not compact.

In this paper, we address a form of the differential game problem, which has not been
considered before. Specifically, consider a two-player zero-sum differential game problem
involving nonlinear dynamical systems with nonlinear—-nonquadratic performance measures over
the infinite time horizon. We provide sufficient conditions for the pursuer's and evader's state-
feedback control laws to guarantee both partial-state asymptotic stability of the closed-loop
dynamical system and the existence of a saddle point for the system's performance measure.
Remarkably, if the end-of-game condition is given by the convergence to an equilibrium point of
the trajectory of a subset of the system state variables, then closed-loop partial-state asymptotic
stability is a key feature to guarantee that this condition is permanently enforced.

The framework presented in this paper is also suitable to address problems, in which the
differential game ends when part of the system state trajectory enters a given neighborhood of an
equilibrium point within some time interval that is finite and not assigned a priori. Possible
applications for this framework concern, but are not limited to, games of degree [21, p. 12] such
as the game of two cars [21, pp. 237-244], whereby the pursuer's goal is to reach some
neighborhood of the evader irrespectively of the angle between the agents' velocity vectors.

The underlying idea of this paper is that if there exists a Lyapunov function that is positive
definite and decrescent with respect to part of the system state, and satisfies a partial differential
equation corresponding to a steady-state form of the Hamilton—Jacobi—Isaacs equation for the
controlled system, then there exist pursuer's and evader's state feedback control policies that
guarantee both partial-state asymptotic stability of the closed-loop dynamical system and the
existence of a saddle point for the system's performance measure. In this case, we provide an
explicit closed-form expression for the performance measure evaluated at the saddle point and
characterize the optimal evader's and pursuer's control policies. No collaboration between the
pursuer and the evader is assumed in this paper to achieve closed-loop partial-state asymptotic
stability. Indeed, the pursuer's control policy is designed to guarantee closed-loop stability with
respect to a class of evader's admissible controls, some of which may lead to system instability if
applied in conjunction with other pursuer's admissible controls.

The optimal control problem for several forms of closed-loop stability has been addressed
in [8,17,26,27]. In these works, the main idea is that a solution of the Hamilton—Jacobi—
Bellman equation can serve as a Lyapunov function to prove close-loop asymptotic stability
[8], partial-state stability [26], partial-state finite-time stability [17], and semistability [27].
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The Hamilton—Jacobi—Isaacs equation involves the minimization with respect to the pursuer
and maximization with respect to the evader of the Hamiltonian function, whereas the
Hamilton—Jacobi—Bellman equation involves the minimization of the Hamiltonian function
with respect to a control input. Consequently, results in [8,17,26] can be derived from those
presented herein. Since limit sets of partial-state stable dynamical systems are not invariant
[15, Chapter 4], the notion of partial-state semistability does not exist, and our differential
game framework cannot be specialized to resume results in [27].

The results proven in [8,17,26,27] are not suitable to design optimal feedback controls, which are
robust to external disturbances, parameter uncertainties, and unmodeled dynamics. Conversely, one of the
key contributions of this paper is the following. Regarding the evader's control policy as an exogenous
disturbance, we extend our game-theoretic framework to provide sufficient conditions to solve the robust
optimal control problem for nonlinear dynamical systems with nonlinear-nonquadratic performance
measures. Similar results were achieved in [16] using a dissipativity-based approach and considering
classic, but not partial-state, asymptotic stability.

In the second part of this paper, we present an application of differential game theory that has
not been considered before. Specifically, we apply our differential game framework to assess the
effectiveness of a model reference adaptive control law in the presence of unmodeled
nonlinearities. The model reference adaptive control technique requires parametrizing matched
nonlinearities in the system state by means of a vector function, known as regressor. Since a
judicious choice of the regressor vector sensibly improves the controller's performance, the
problem of designing regressor vectors has drawn considerable attention, and has been examined
for several dynamical systems, such as robotic manipulators [9,39], infinite-impulse response
(IIR) systems [3,24], and unmanned vehicles [11,35], to mention a few. Finding adequate
regressor vectors is so critical, that several regressor-free adaptive control schemes have been
developed as well [18,40].

The regressor vector is a finite-dimensional basis for the infinite-dimensional space of
nonlinearities and hence it follows from Baire's category theorem [25, Th. 4-7.2] that it can only
approximate the system nonlinearities [11]. In this paper, we consider a nonlinear dynamical
system controlled by a model reference adaptive control law, and model matched and unmatched
nonlinearities, which are not captured by the regressor vector, as the pursuer's and the evader's
control inputs in a differential game. Then, we apply our differential game approach to explicitly
parametrize matched and unmatched nonlinearities that do not disrupt the adaptive controller's
ability to guarantee satisfactory trajectory tracking.

A relevant application of partial stability and partial stabilization theory is the unification it
provides between time-invariant stability theory and stability theory for time-varying systems
[10,15]. Results presented in this paper can be easily extended to differential games over the
infinite time horizon, which involve time-varying dynamical systems with nonlinear—
nonquadratic, time-varying performance measures. Moreover, our partial-state stabilization
framework provides clear connections with the H, control theory for time-varying dynamical
systems [19]. Since the differential game problem over the infinite time horizon for time-varying
systems is a straightforward specialization of the problem discussed in this paper, these results
are omitted.

2. Notation, definitions, and mathematical preliminaries

In this section, we establish notation, definitions, and review some basic results. Let R denote
the set of real numbers, R” denote the set of n x 1 real column vectors, and R"*™ denote the set
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of n x m real matrices. We write ||l - Il for the Euclidean vector norm, V'(x) £ %ff) for the
Fréchet derivative of V at x, I,, or I for the n x n identity matrix, 0,,x,, or O for the zero n x m
matrix, and AT for the transpose of the matrix A.

Given f : X x Y >R, where XSR™ and Y <R, we define

arg minmax f (x,y) £ {(x*,y*) eX,Y): f(x*,y") <f(x,y"),Vxe X, and

(o) € (X,1)
FO*,y) > f(x*,y), VyeY}
and
minmax f(x,y) £ f(x*,y*), (x*,y") € arg minmax f(x, y). (1)
() € (X,Y) () € (X,1)

If (x*,y*) € arg minmax) e (x,v) f(x, ), then we say that (x*,y*) is a saddle point for f(-,-) on
X x Y. The next result states a key property of saddle points.

Lemma 2.1 (/5]). Consider f:X xY—>R, where XSR™ and Y<R™, and Ilet
(x*, y*) € arg minmax ) e (x,r)f (x, y). Then,

min I}}g;f(x, y) = max min f(x,y), (x,y)eX x Y. (2)

In this paper, we consider nonlinear autonomous dynamical systems of the form

x1(0) =f1(x1(0), x2(2)),  x1(0) =x10, 120, (3)

To(t) =for(x1(2), x2(1)),  x2(0) = x2, 4)

where, for every >0, x;(f) e DESR™ and x,(r) e R™, D is an open set with 0D, f, :
D x R™—>R™ is such that, for every x, e R™, f,(0,x;) =0 and f,(-,x,) is locally Lipschitz
continuous in xj, and f, : D x R —>R"™ is such that, for every x; € D, f,(x1,-) is locally
Lipschitz continuous in x,.

Definition 2.1 (//5, Def. 4.1]). (i) The nonlinear dynamical system G given by Egs. (3) and (4)
is Lyapunov stable with respect to x| uniformly in x, if, for every £ >0, there exists § = 6(e) >0
such that llxjoll <& implies that llx ()l <e for all ¢+ >0 and for all x,y € R".

(i) G is asymptotically stable with respect to x| uniformly in x,q if G is Lyapunov stable with
respect to x; uniformly in x,, and there exists 6>0 such that llxjoll <& implies that
lim;_, 5o X1 (#) = 0 uniformly in x;¢ and x,q for all x;y € R™.

(iii) G is globally asymptotically stable with respect to x1 uniformly in x, if G is Lyapunov
stable with respect to x; uniformly in x,o and lim,_, ,x;(¢) = O uniformly in x;y and x,, for all
X10 €R™ and xp € R™.

Next, we provide sufficient conditions for partial stability of the nonlinear dynamical system
given by Eqgs. (3) and (4). For the statement of the following result, let f(x;,x;)2
FHETESNAETES) [
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Theorem 2.1 (/15, Th. 4.1]). Consider the nonlinear dynamical system (3) and (4). Then the
following statements hold:

(i) If there exist a continuously differentiable function V : D x R™ —R and class K functions
a(+), p(-), and 0(-) such that

a(lx 1) < Vi, x) <p(x ), (,x0)eD x R™, )

V' (x1, x)f (x1,%) < —0(llx 1),  (x1,x) e D x R™, (6)

then the nonlinear dynamical system given by Egs. (3) and (4) is asymptotically stable with
respect to x| uniformly in x,.

(ii) If there exist a continuously differentiable function V : R™ x R™ —>R, a class K function
0(-), and class Ky functions a(-) and p(-) satisfying Egs. (5) and (6), then the nonlinear
dynamical system given by Egs. (3) and (4) is globally asymptotically stable with respect to x;
uniformly in x».

In the following, we recall a result that provides connections between Lyapunov functions and
nonquadratic cost evaluation. Specifically, we consider the problem of evaluating a nonlinear—
nonquadratic performance measure that depends on the solution of the nonlinear dynamical
system given by Egs. (3) and (4). In particular, consider the nonlinear—-nonquadratic performance
measure

JGro,320) 2 /0 " Ll (0, xa(0)d, ™)

where L : D x R™ —R is jointly continuous in x; and x,, and x;(¢) and x,(¢), > 0, satisfy Egs.
(3) and (4). If there exists a Lyapunov function that is positive definite and decrescent with
respect to x; and proves asymptotic stability of Egs. (3) and (4) with respect to x; uniformly in
X20, then the next theorem shows that (7) can be evaluated so long as Egs. (3) and (4) are related
to this Lyapunov function.

Theorem 2.2 (/26]). Consider the nonlinear dynamical system G given by Egs. (3) and (4) with
performance measure (7). Assume that there exists a continuously differentiable function V :
D x R™ —>R and class K functions af-), p(-), and 0(-) such that

a(llxy 1) < V(x,x) <plx ),  (x1,x)eD x R™, 8)
V'(x,0)f(x,x) < —0(lx 1),  (x1,x)eD xR™, 9)
L(x1,x) + V'(x1, x2)f (x1, %) =0,  (x1,x) € D x R™. (10)

Then the nonlinear dynamical system G is asymptotically stable with respect to x| uniformly in
Xoo and there exists a neighborhood Dy <D of x; =0 such that, for all (x19,x20) € Dy x R™,

J(x10,%20) = V(x10, X20). (11)

Finally, if D=TR" and the functions a(-) and p(-) satisfying Eq. (8) are class Ko, then G is
globally asymptotically stable with respect to x| uniformly in x».

In this paper, we consider controlled nonlinear dynamical systems of the form
x1() = F1(x1 (@), x2(0), u(r), w(@)),  x1(0) =x19, 1=0, (12)
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X2(t) = Fa(x1(8), x2(2), u(t), w(t)),  x2(0) = x20, (13)

where, for every 1 > 0, x;(f) e DSR™, D is an open set with 0 € D, x,(t) € R™, u(t) € U SR™ with
0eU, wt)e WER™ with 0eW, F{:DxR2xUx W-R" and F,:D xR"™ x U X
W —R" are locally Lipschitz continuous in x;, x,, u, and w, and F(0,x,,0,0) =0 for every
x; € R™. The controls u(-) and w(-) in Egs. (12) and (13) are restricted to the class of admissible
controls consisting of continuous functions u(-) and w(-) such that u(t) € U, t >0, and w(t) e W,
respectively.

Continuous functions ¢ : D x R - U and y : D x R"™ — W satisfying ¢(0,x;) =0, x, € R,
and w(0, x;) = 0 are called control laws. If u(t) = ¢(x1(z), x2(2)), t = 0, and w(z) = w(x,(2), x2(7)),
where ¢(-,-) and w(-,-) are control laws and x;(¢) and x,(¢) satisfy Eqs. (12) and (13),
respectively, then we call u(-) and w(-) feedback control laws. Given control laws ¢(-,-) and
w(-,-), and feedback control laws u(r) = ¢(x;(z),x2(¢)), t >0, and w(r) = w(x(2),x2(¢)), the
closed-loop system (12) and (13) is given by

x1(1) = F1(x1(2), x2(2), §(x1 (1), x2(0)), w(x1 (1), x2(1))),  x1(0) = x10, 120, (14)
X2(1) = Fo(x1 (1), x2(1), p(x1 (1), x2(1)), y(x1 (1), x2(1))),  x2(0) = x0. 15)

Next, we introduce the notion of partial-state asymptotically stabilizing feedback control laws.
To this goal, consider the controlled nonlinear dynamical system (12) and (13) and define the set
of regulation controllers

S(x10,%20) 2 {(u(-), w(-)) : u(-) and w(-) are admissible and x,(-) given by Eq. (12)
satisfies x;(¢) >0 as t — oo}.

In addition, given the control law w(-,-), let
Sy (x10,X20) 2 {u(-) = (), w(x1(), x2())) € S(x10,%20)}
and given the control law ¢(-, -), let

Sp(x10,x20) = (W) 1 (h(x1 (), x2(-)), () € S(x10, X20)}-

Definition 2.2. Consider the controlled dynamical system given by Eqgs. (12) and (13). The
feedback control law u(-) = ¢(x(+), x2(+)) is asymptotically stabilizing with respect to x;
uniformly in xq if the closed-loop system (14) and (15) is asymptotically stable with
respect to x; uniformly in x5, for all admissible controls w(-) € Sy(x10,X20). Furthermore,
the feedback control law u(-) = ¢(x1(-), x2(-)) is globally asymptotically stabilizing with
respect to x; uniformly in x,o if the closed-loop system (14) and (15) is globally
asymptotically stable with respect to x; uniformly in x,o for all admissible controls
w(-) € Sp(x10,%20)-

3. Lyapunov functions and differential games

In this section, we characterize partial-state asymptotically stabilizing feedback control laws
that solve differential games involving nonlinear dynamical systems over the infinite time
horizon. Specifically, we characterize the pursuer's and evader's feedback control laws, which
guarantee both partial-state asymptotic stability of Eqs. (12) and (13) and the existence of a
saddle point for a nonlinear-nonquadratic performance measure. For the statement of the next
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theorem, which is one of the main results of this paper, define F(x;,x;,u,w)
e [F]T(xl,xz, u, w),Fg(xl,xz, u, w)]T and let L: D x R™ x U x W—R be jointly continuous in
X1, Xo, U, and w.

Theorem 3.1. Consider the controlled nonlinear dynamical system (12) and (13) with
oo
J(x10, X20, u(-), w(-)) £ / L(x1 (1), x2(1), u(7), w(t))dt, (16)
0

where u(-) and w(-) are admissible controls. Assume that there exist a continuously differentiable
function 'V : D x R™ >R, class K functions a(-), p(-), and 6(-), and control laws ¢ :
DxR"2-Uandy : D xR"™—>W, such that

a(lx 1) < V(x,x) <B(lx ), (x1,x)eD x R™, (17)
V' (x1,x2)F(x1, %0, p(x1, 12), w1, x0)) < —0(Ixi 1), (x1,x) € D x R™, (18)
$0,5,)=0, x€R™, (19)
w(0,x) =0, x,€R™, (20)

L(x1, X2, p(x1,%2), w(x1,x2)) + V' (x1, x2)F(x1, X2, px1, x2), w(xy, x2)) =0,
(x1,%2) € D x R™, (21

L(xy, X, u, w(x1,%2)) + V' (x1, %) F(xy, X2, 1, w(x1,%2)) > 0, (x1,x0,u) €D xR™ x U,  (22)

L(x1, X2, p(x1,x2), w) + V'(x1, x2)F(x1, X2, p(x1, %2),w) <0,  (x1,x0,w) e D xR™ x W. (23)

Then with the feedback controls u = ¢(x1,x2) and w = w(x1,x2), the closed-loop system given by
Egs. (14) and (15) is asymptotically stable with respect to x| uniformly in x>y and there exists a
neighborhood Dy =D of x; =0 such that

J(x10, %20, PCx1 (), %2(-)), w(x1 (), x2(+))) = V(x10,%20),  (x10,%20) € Do X R™. (24)
In addition, if (x10,X2) € Dy X R"2, then

J(xlo,Xzo,¢(X1() x2()), wx1 (), x2(+)))
minmax J(x10, X20, u(+), w 25
M()W( ) € Sy (x10,%20) X Sp(x10,X20) ( 10-220 () ()) ( )
and

J(x10, X20, P(x1(-), x2(-)), w(+)) < V(x10,%20),  W(-) € Sp(x10, X20) (26)

Finally, if D=R™, U=R"™, W =R", and the functions a(-) and p(-) satisfying Eq. (17) are
class Koo, then the closed-loop system (14) and (15) is globally asymptotically stable with
respect to x| uniformly in x,.

Theorem 3.1, whose proof is presented in the Appendix, provides sufficient conditions to
solve differential games that involve nonlinear controlled dynamical systems of the form (12)
and (13) with performance measure (16), and are concluded if x;(f) >0 as t— oco. Specifically,
Eq. (21) is the steady-state, Hamilton—Jacobi—Isaacs equation and Eqs. (21)—(23) guarantee that
the saddle point condition (25) is verified. Given the control laws ¢(-, -) and w(-, -), it holds that
Sy (x10, X20) X Sy(x10,%20) ES(x10,X20), and restricting our minimization problem to
(u(), w(+)) € S(x10, x20), that is, inputs corresponding to partial-state null convergent solutions,
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can be interpreted as incorporating a system detectability condition through the cost. However, it
is important to note that an explicit characterization of S(x19, X20), Sy (X10,X20), and Sy(x10, x20) is
not required.

The feedback control laws u = ¢(x;,x;) and w=w(x;,x;) are independent of the initial
conditions x;o and x, and, using Eqgs. (21)—(23), are such that

T .
(9" (1, x2), 9" (x1,30)] " € arg minmax [LCx1, x2, u, w)
(u(-),w(-)) € Sy (x10.%20) X Spp(X10,X20)

+V'(x1, x2)F (x1, %2, u, w)]. (27)

It follows from Theorem 3.1 that the pair of control laws (¢(:, ), w(-,-)) guarantees asymptotic
stability with respect to x; uniformly in x,, of the closed-loop system. However, the state
feedback control law w(-,-) may be destabilizing in the sense that, given an admissible control
u(-)¢ Sy (x10,x20), the solution x;(t) =0, r >0, of

x1(8) = Fi(xi(8), x2(8), u(), w(x1 (1), 2(8))),  x1(0) =x10, 120,
Xo(1) = Fa(x1(8), x2(2), u(t), w(x1(2), x2(1))),  x2(0) = x20, (28)

is not asymptotically stable with respect to x; uniformly in x,, or may even be unstable.

If we consider the input w(-) in Eqs. (12) and (13) as a disturbance, then the framework
developed in Theorem 3.1 provides an analytical expression for the least upper bound attained
with respect to u(-) of the performance measure (16) over the class of disturbances Sy (x10, X20).
Specifically, it follows from Eqgs. (24)—(26) that

J(x10, %20, p(x1(-), %2(-)), w(-)) < J(x10, X20, P(x1 (), X2(-)), wx1 (), x2(-)))
= V(x10,%20), (x10,X20) €Dy x R"™, (29)

for all admissible inputs w(-) such that lim,_, ,,x;(f) = 0, where x;(-) is the solution of Eq. (12)
with u = ¢(x1,x7).

Possible applications of Theorem 3.1 involve pursuer—evader differential games, such as the
game of two cars [21, pp. 237-244]. Specifically, if the game of two cars evolves on a plane,
then the system dynamics is characterized by a state vector comprised of three components. Two
components of the state vector identify the position of the pursuer with respect to the evader,
whereas the third component corresponds to the angle between the pursuer velocity vector and
the evader velocity vector. If we impose that the game terminates when the pursuer reaches the
evader, then this end-of-game condition involves only two of the three state vector components
and is irrespective of the angle between the pursuer's velocity vector and the evader's velocity
vector. Therefore, Theorem 3.1 is adequate to solve this game of degree [21, p. 12]. The
following remark introduces additional applications of Theorem 3.1.

Remark 3.1. If the conditions of Theorem 3.1 are satisfied, then the closed-loop dynamical
system (14) and (15) is asymptotically stable with respect to x; uniformly in x,,. Hence, for every
>0, there exists 7; > 0 such that if > 7y, then Ilx;(f)l <I, where x;(-) denotes the solution of
Eq. (14). Now, consider a game involving the nonlinear dynamical system (12) and (13) and the
performance measure (16), whose terminal condition is given by llx;(#) Il =1 for some ¢ >0
that is finite and not specified a priori. Then Theorem 3.1 provides sufficient conditions to find
state-feedback control laws that solve this differential game.

The implications of this remark on the range of possible applications of Theorem 3.1 can be
better appreciated considering again the game of two cars. If we impose that this game terminates
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when the pursuer is at a distance />0 from the evader at some finite time # > 0 that is not
predetermined, then also this end-of-game condition involves only two of the three components
of the state vector. Hence, it follows from Remark 3.1 that Theorem 3.1 is adequate to solve this
version of the game of two cars.

Remark 3.2. Setting m; =m and m, =0, Eqgs. (12) and (13) reduce to

x1(0) = F10a(8), x2(0), u(?)),  x1(0)=x19, 12>0,

T (t) = Fa(x1(2), x2(1), u(t)),  x2(0) = xp0, (30)
and the conditions of Theorem 3.1 reduce to the conditions of Theorem 3.2 of [26] characterizing

the optimal control problem for partial-state stabilization. Furthermore, setting n, =0, m; =m,
and m; = 0, the nonlinear controlled dynamical system given by Eqgs. (12) and (13) reduces to

(1) = F(x(t), u()), x(0)=xo, t>0. 31)

In this case, the conditions of Theorem 3.1 reduce to the conditions of Theorem 3.1 of [§]
characterizing the classical optimal control problem for time-invariant systems on the infinite
time interval.

4. Spin stabilization of a spacecraft with input disturbance

In this section, we provide a numerical example to highlight the theoretical framework
developed in Section 3. Consider the equations of motion of a spacecraft given by [38]

@1(t) = Inw(Hos(t) + u(t), ©1(0)=wy, t=0, (32)
@2(t) = Iw3(Dwi () + w(t),  @2(0) = wno, (33)
@3(1) = I (Hoa(t),  ©3(0) = w3, (34)

where 123 ES (12—13)/11, 131 ES (13—11)/12, 112 ES (11 —12)/13, Il, 12, and 13 are the principal
moments of inertia of the spacecraft such that 0<I| <1, <I3, [@}, @2, 0)3]T : [0, 00) = R3 denote
the angular velocity vector with respect to a given inertial reference frame expressed in a central
body reference frame, and u : [0,00) >R and w : [0, 00) - R are the spacecraft control moments.
For this example, we seek state feedback controllers u = ¢h(x1,x;) and w =y(xy,x;), where
x1 = [wy, wz]T and x, = w3, such that the performance measure

J(x10, X20, u(-), w(-)) = /) (13107 (1) = I3303(1) + 4a3a () (1) + (1) —w?(1)]dz,  (35)
(

where x19 = [@10, wzo]T and xp9 = w3y, satisfies Eq. (25) and the affine dynamical system given
by Egs. (32)—(34) is globally asymptotically stable with respect to x; uniformly in x,q. Since
thrusters are usually aligned to the spacecraft principal axes of inertia, fgc u?(t)dt and fooo w?(t)dt
capture the control effort, and hence the fuel consumption, for the thrusters aligned with the first
and the second principal axis of inertia, respectively. Thus, minimizing with respect to u and
maximizing with respect to w the term fooo [uz(t)—wz(t)] dr in Eq. (35) implies minimizing the
difference in the fuel consumption between the thrusters aligned with the first and the second
inertia axes. The term [~ (13,0} (r) — I3;03(1)|dr in Eq. (35) captures the difference in kinetic
energy due to the angular velocities w;(-) and w;(-).
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Note that Egs. (32)—(34) with performance measure (35) is in the form of Eqgs. (12) and (13)
with performance measure (16). In this case, Theorem 3.1 can be applied with n; =2, n, =1,
m=1, my=1, F(x;,x,u,w)=fx1,%)+ Gux1,2)u + Gy(x1,x2), [f(x1,%)=[Inw302,
w301, 112w3w1]T, Gy(x1,x) =1, 0O, O]T, and G,(x;,x)=][0, 1, 0]T to characterize the
partial-state asymptotically stabilizing controllers.

It follows from Eq. (27) and Lemma 2.1 that

(", x0), T (e,x)] € argmin argmax  H(xi,x, V/(x1,%2), 1, W)
u(-) € S, (x10,%20)W(-) € Sp(x10,%20)
= arg max arg min  H(xp,x2, V/'(x1,x0), u, w), (36)
w(-) € Sp(x10.x20)u(-) € Sy (x10.%20)
where
H(x19x29 j'T’ l/l, W) é L(-xlsx2’ I/l, W) + )'T[f(xls-x2) + Gu(xl,XZ)u + GW(-xls-x2)W]s
and L(x1,x2, u, w) = I3, 0% — 13,03 + 4130w + u> —w?. Thus, the feedback control laws

¢(X],XQ) = —%I:G;E(XI,XQ)V/T()C],XZ)], (37)

w(xi,x) = 1[G (1, x2) VT (x1, x2) + 4l35], (38)
follow from Eq. (36) by setting
T [L(x1, x2, u, w) + V' (x1, x2)f (x1, X2)
+V'(x1, 22)Gulx1, 02)u + V' (x1, %2) Gy (x1, x2)w] = 0. (39)
Next, we verify that the conditions of Theorem 3.1 are satisfied. Specifically, Eq. (21) with
¢(x1,x7) and w(x;,x;) given by Egs. (37) and (38), respectively, reduces to

[%1 1
0=x| 2 |4 VL x)f(x,x) — ~ [V (30, %) G, )
0 -1y 4
1
+Z[V’(X1,x2)Gw(X1,x2) + 4l (x1,x) ER™ X R™, (40)

which is verified by

I3

V(xp,x0) = x| [ 0

‘|X1, (xl,xz)eIR”‘ x R™, (41)
—1Ixn

Hence, Eq. (17) holds with a(llx; ) = allx; I and (llx; 1) = fllx; I, where @ = min{l3;, —I»3}
and f =max{l3;, —I»3}. In addition, Eqgs. (19) and (20) are trivially satisfied, and since
V' (1, x)f (1, x0) — 1V (1, 20) Gy (1, X2)R5, (x1, X2)L (X1, X2)
=1V (x1,22) [Gu(x1,02) G (x1, X2) — Gy (x1, X2) G (31, 2) | VI (31, x2)
= —21_%10)% —2I§3w§, (x1,x) eR™ x R™, 42)
condition (18) is satisfied with @(llx; Il) = 2a?lIx; Il Lastly, it holds that
L(xy, x2, 1, w(x1,X2)) + V' (x1, x2)[f (x1,%2) + Gu(x1, x2)u + Gyo(x1, x2)p(x1, Xx2)]
= L(x1, X2, u, p(x1,%2)) + V' (x1, 2)[f (x1,%2) + Gu(x1, x2)u
+Gw(xl 5 xz)l//(xl 5 x2)] _L(X] 5 X2, ¢(-xl 5-x2)9 l//()C] 5 XZ))
—V'(x1, 2)[f (x1,X2) + Gu(x1, X2)(x1, X2) + Gy (x1, X2 (x1, x2)]
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= [t — (1, %2)] Ry (x1, 2) [t — p(x1, x2)]
>0, (x,x,u)eR" xR™ xR™, (43)

and similarly

L(x1, x2, p(x1,x2), w) + V'(x1, x2)[f (x1, %2) + G (x1, %) (x1, %2) + G317, x2)w]

= [w—y(x1,x2)] Ra(x1, x2)[w—w(x1,22)]
<0, (x1,x,w)eR™ xR™ x R™. (44)

Hence Eqs. (22) and (23) are verified.
Since all of the conditions of Theorem 3.1 hold, the feedback control laws

Px1,x0) = —I31w1, WX, x) =Inwy, (x1,x2) ER™ xR™,

guarantee that the dynamical system (32)—(34) is globally asymptotically stable with respect to x;
uniformly in x,q, and

J(x10, %20, (-5 ) (-, ) = minmax J(x10, X20, u(-), w(:
(10,220, 80 BVOD = ) e BlomnaSesy oy 107200400
211360%0—123(0%0 (45)

for all (x1g,x0) € R™ x R™.
Now, suppose the thruster delivering the control moment w is defective and

1
w= |:8_ I_S(t):| l//(-xla-xz)a (I,X],.XQ) € [07 OO) x R™ x ]an’ (46)
23

where >0 and 6 : [0, 00) — [0, 00) is continuous on the set of nonnegative real numbers. Then
the closed-loop dynamical system is given by

@1(1) = I3oa(Nw3(1) + p(x1,x2),  @1(0) =wi0, 120, (47)
() = I3103(D)1 (1) + [ey(xi (1), x2()) — 2()6(D)],  @2(0) = wno, (43)
@3(t) = I (Nwa (1),  w3(0) = w3, (49)
which is equivalent to the time-invariant nonlinear dynamical system
@1(1) = I3wa(Nw3(1) + Px1,%2),  01(0)=wyo, >0, (50)
@2 (1) = I w3(Nw1 (1) + [ey(x1(2), 22(1) — 02(1)5(32(2))],  @2(0) = w2, (51
@3(t) = I (Nwa(t),  w3(0) = w3, (52)
w4 =1, w4(0)=0, (53)

where %, £ [x], w4]".

In this case, the Lyapunov function (41) is such that
V(x1,%2) = Ve, 22)[f (1, £2) + Gulxr, 22)(x1, ) + €Gu(x1, 22y (x1, £2)]
— V' (x1,%2) Gy (x1, %2)3(%2)
= - 2[%30)% — 26‘[%30)% + 212360%5(5(2)
< —25,0] —2el503,  (x1,%) e R™ x R (54)
Since O(llx; 1) = 213,0% + 2el3;03, x; € R™ is a class K function, it follows from Theorem 2.1

that the closed-loop dynamical system (47)—(49) is globally asymptotically stable with respect to
x1 uniformly in x,(0), which implies that lim,_, ,.x; () = 0. Hence, the input function (46) is such
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that w(-) € Sy(x10,x20) and it follows from Theorem 3.1 and Eq. (45) that
J(x10, %20, P, ), w()) = I107y — 5303,  (X10,%20) € R™ X R™. (55)

Letl; =4 kg m2, I, =10 kg 1’Il2, I3 =20 kg mz, w10 = — 10 Hz, w0 = 5 Hz, and w39 = 2 Hz.
Fig. 1 shows the state trajectories of Eqs. (32) and (33) with u = ¢(x;,x;) and w=w(x1,x2)
versus time, and Fig. 2 shows the corresponding control signal versus time. Next, let £ = 102
and 6(-) be a triangle wave, that is,

8 =200[(— DI (1= |1+ 1)) +1], 1=, (56)

where |-] denotes the floor function. Fig. 3 shows the state trajectories of Egs. (32) and (33) with
u=¢p(x,x;) and w= [8— ﬁé(t)] w(x1,x;) versus time, and Fig. 4 shows the corresponding

control signal versus time. Note that x;(f)—>0 as r— oo both in Fig. 1 and in Fig. 3. Finally,
J(XIO,XZO: ¢(5 ')7 ll’(» )) = J(.XI(),)CZ(), 4)(5 ')5 W()) =2225 HZZ’ for all W() € S¢(X10,.X2()).
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5. Adaptive control, differential games, and disturbance modeling

In this section, we show how our differential game framework can be applied to assess the
ability of robust feedback control laws to satisfactorily regulate uncertain nonlinear dynamical
systems. Model reference adaptive control is a technique aimed at stabilizing poorly modeled
dynamical systems in spite of unknown plant nonlinearities [20]. This result is achieved
parametrizing the matched nonlinearities in the plant state by means of a given vector function,
known as regressor vector. However, the regressor vector can only approximate the plant
nonlinearities. By modeling matched and unmatched nonlinearities, which are not captured by
the regressor vector, as pursuer's and evader's control inputs in a differential game, we apply the
framework developed in Section 3 to explicitly parametrize those matched and unmatched
nonlinearities that do not disrupt the ability of an adaptive control law to guarantee satisfactory
trajectory tracking.

Consider the nonlinear plant

x(t) =Ax(t) + B [a)(t) + pn(®) + @Tfp(x(t))] + G,,(x(t))ﬂu(t), x(0)=x9, t=0, (57)
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where x(f) e R™, t > 0, o(t) € R™, p, (1) eR™, pu,(f) eR™, A€ R"*™M, Be R"*™ @ eRI™M,
G# :R™—>R"™ is Lipschitz continuous on R™, and @ :R™—>R’ is continuously
differentiable on R™. Although A is unknown, the structure of A is known. The terms
O'd(x), u,,, and G,,(x),uu capture the system nonlinearities. Specifically, the matrix @ is
unknown, the regressor vector ®(-) is assigned a priori, and @Td(x) captures the system
nonlinearities parametrized by the regressor vector. The vector function @(-) is a finite-
dimensional basis for the infinite-dimensional space of nonlinearities, and it follows from Baire's
category theorem [25, Th. 4-7.2] that @' ®(x) can only approximate the system nonlinearities
[11]. Hence, the unknown terms u,, and G,,(x)yu in (57) are key to capture unmodeled matched
and unmatched nonlinearities, respectively.
Consider the reference model

)'Cref(t) = Arefxref(t) + Brefr(t): xref(o) =Xref 0, 2= 07 (58)

where x.(f) eR™, >0, r:[0,00)—>R™ denotes a bounded reference input signal,
Apr € R is Hurwitz, and B €R™*™, and assume there exist K,eR™ ™ and
K, e R™>™  gsuch that

At =A+ BK', (59)

Bt =BK". (60)

The objective of the model reference adaptive control is to design @ = #(xy,x;), for some
X, € R™, so that the plant state x(¢), t > 0, of Eq. (57) with g, =0 and g, = 0 eventually mimics
the state of the reference model x.(f), that is, lim,_, ,x(f) = 0, where x1(¢) = x(¢) — X (¢). To
this goal, the plant control input is set as

) =K ox+ K r(2)— 0 &(x), (61)

. . . T
where 7> 0, x; = [vecT (KI(T)) ,vect (K ?(1)) ,vect (@T(T)) , T:| , vec(+) denotes the column-
stacking operator,

X2(t) =fr(x1(8), x2(2)),  x2(0) =x20, =0, (62)

f2:R™ x R™—>R™ is to be determined, f,(-,x;) is locally Lipschitz continuous in x;, and
Sfalxr, ) is locally Lipschitz continuous in x,. Note that in practical applications, the adaptation
gains K.(-), K,(-), and 218 represent variables in a computer and do not have a physical
meaning. Therefore, since the adaptation gains do not need to asymptotically converge to zero,
the partial-state stability framework presented in this paper is ideal to analyze the adaptive
control architecture.

Assuming that the system nonlinearities are exclusively captured by ©@T@(x), the next result
provides a choice of the adaptation gains K ,(-), K (), and O(-), and hence of the control system
(62), so that lim,_, ,,x;(f) = 0. For the statement of this result, note that Egs. (57), (61), and (58)
yield

£1(0) = Ay (1) + B[R 00x0) + K (0 0)

B4 (1)~ 8" (VO] + Gt (0. 1(0) =310, 120, (63)
where K.(f) 2 K () — K., K.(1) 2 K(1)—K,, and O(r) 2 O(r)— 6.



470 A. L'Afflitto / Journal of the Franklin Institute 354 (2017) 456—478

Theorem 5.1 (/28, Th. 9.2]). Consider the nonlinear dynamical system G given by Eq. (63)
with p, =0, u, =0, and K,(-), K,(-), and O(-) such that

Ki() = — [T (PB,  K,(0) =K., 120, (64)
K.(1)= ~Tr(oxT()PB,  K.(0)=K,q, (65)
O(1) = Fe®(x(1)xT()PB, ©(0) = O, (66)

where I'y e R"*" [, e R™¥! and I'g € RP*P are positive-definite, x(t), t > 0, satisfies Eq. (57)
with p,(t) = pu,(t) = 0 and o = n(x;,x;) given by Eq. (61), and P € R"*™ is the positive-definite
solution of

0= AZ‘;fP + PAref + Q5 (67)

for some positive-definite Q € R™*™. Then G is uniformly Lyapunov stable, and x,(t)—0 as
t— 00 uniformly in x»q for all x10 € R™ and xpp € R™.

Let x;(¢), t = 0, verify Eq. (63) with u,(f) = u, () =0, and let x,(¢) verify Eq. (62). Theorem
5.1 consists in proving uniform Lyapunov stability of closed-loop system by means of a
Lyapunov function V : R™ x R™ —R such that

Vi (0),x(1) = —x](00x, (1), 10, (68)

along the trajectories of Eqgs. (63) and (62) with p,(f) = p,(#) =0, and then applying Barbalat's
lemma [15, Lemma 4.1] to prove global uniform convergence of x;(-).

Considering the matched nonlinearities y,,(-) and the unmatched nonlinearities yu,(-) in Eq.
(57) as pursuer and evader control inputs in a differential game, respectively, the next theorem
provides an explicit parametrization for those nonlinearities, which are not captured by the
regressor vector and do not disrupt the ability of the adaptive control law (61) to regulate the
nonlinear plant (57). For the statement of this theorem, which is the main original result of this
section, let Ry, :R™ x R™—R™*™ and Ry, :R™ x R™—R"*™ be continuous on R" x
R™ and sign-definite, that is, either Ry, (x1,x2)>Nn(x1), (x1,x)€eR™ xR™, or
Ry, (x1,%2) < —Np(x1), for some positive-definite matrix function Ny, : R" -»R™>*™  and
either Ry, (x1,X2) > Ny(x1) or Ry, (x1,%2) < —Ny(x;) for some positive-definite matrix function
N, : RM > R™>™M et also

o0
V(X1,.x2) = / ST(I, xl,xZ)QS] (t, -xla-xZ)dt) (69)
0
where s(t, x1,x2) = [s](, x1,%2), 53 (£, x1,x)]" , £ > 0, denotes the trajectory of Egs. (63) and (62)
with initial condition (0, x1,x2) = [xT,x1]", 51(f,x1,x) € R™, and s(t,x;, x2) € R™.

Theorem 5.2. Consider the nonlinear dynamical system (63), where K (=K ()—K,, t>0,
K. (t)=K,(t)—K,, and O(t)=0(t)— 0, K,(-), K,(-), and O(-) satisfy Egs. (64)-(66), and

suppose that agfc) is globally uniformly bounded and

Gy, (DRy, (X1, 1)G, (x1) + G, (x1)R,,! (x1, )G, (x1) =0, (x1,x2) ER™ x R™, (70)




A. L'Afflitto / Journal of the Franklin Institute 354 (2017) 456—478 471

T
where G, = [BT,O,,“X,,Z]T and G,, = {Gh(xl), Omzxnz} f

P = P(x1,X2) = —%szli(xhxz) [BT, 0y, | VT (x1,%2),  (x1,%2) €R™ X R™, (71)

.uu = l//(.XI bl -xz) = - %szll} ('xl bl .x2) |:G’lr/4('xl)9 Omg ><n2:| V/T(xl 9 x2)7 (72)

then x1(t)— 0 as t — o0, uniformly in IA(XO, I%),o, and @0.

This result, whose proof is presented in the Appendix, proves that the adaptive control law
(61) guarantees satisfactory trajectory tracking in spite of the matched nonlinearity p,, = ¢(x1,x2)
and the unmatched nonlinearity u, = y(x1,x2), which are not captured by the regressor vector
@(x). Remarkably, both ¢(x;,x;) and w(x;,x;) are parametrized by the sign-definite matrix
functions Ry, (x1,x2) and Ry, (x1,x2) and the positive-definite matrix Q. Therefore, Theorem 5.2
provides an explicit parametrization of the nonlinearities p,(-) and p,(-) by means of
%’"2("’#1) scalar functions of x; and x,, and w real numbers.

Note that if Ry, (x1,%2) > Np(x1)>0 and Ry, (x1,X2) = Ny(x;) >0, then Eq. (70) is always
satisfied. Alternatively, if Ry, (x1,Xx2) < —Np(x1) <0 and Ry, (x1,%2) < —Ny(x;) <0, then Eq.
(70) is never satisfied. Let

J(-xl(), X205, ﬂm(')’ ﬂu()) = /0 |:(¢(X1(t), )Cz(t)) + ﬂm(t))TRZ;tm (xl(t)a )Cz(t))'

(1 (1), x2(0)) + (1))
+ (0 (1), (1) + 1y (1)) Roy (31 (2), 32(8))-
(w(x1 (1), x2(2)) + py(1))

— V(0. 2(0))f (xl(l),Xz(t))} dr, (73)

where x,(t), t > 0, and x,(¢) satisfy Egs. (63) and (62), ¢(-, ) and y(-, -) are given by Egs. (71)
and (72), respectively, V(-,-) is given by Eq. (69), f(x1,x2) = [flT(xl,xz),fg(xl,xz)]T, and

f1(e1,x2) =Aretx1 + B [f(Ix + f(?r(‘r) — @Tq§(x)} . (74)

The performance measure (73) captures the energy of the nonlinearities y,,(-) and p,(-) by means
of the weighted £, norms of (¢(x1,x2) + ) and (w(x1,x2) + g, ). It follows from the proof of
Theorem 5.2 that if Ry, (xi,x;) is positive-definite and Ry, (x1,x2) is negative-definite, or if
Ry, (x1,x2) is negative-definite and Ry, (xi,x2) is positive-definite, then Egs. (71) and (72)
guarantee the existence of a saddle point for Eq. (73) along the trajectories of Eqgs. (63) and (62).
Lastly, if both Ry, (x1,x;) and Ry, (x1,x) are positive-definite, then it follows from the proof of
Theorem 5.2 that Egs. (71) and (72) guarantee the existence of a minimum for the cost function
(73).

Example 5.1. Consider the nonlinear plant
i(t) = ax(t) + b[w(1) + py (1) + 0P((D)] + &upy(0),  x(0)=xo, 120, (75)

where x(f) e R denotes the plant state, w(f) € R denotes the plant control input, a €R is
unknown, 5>0, € R is unknown, @ : R —R is given and denotes the regressor function, & LER
is given, u,, : [0,00) >R captures the matched nonlinearities, and u, : [0, 00) >R captures the
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Fig. 5. Plant and reference trajectories versus time.

unmatched nonlinearities. Consider also the reference model
xref(t) = arefxref(t) + brefr(t), xref(o) =Xefo, 120, (76)

where x.¢(f) € R denotes the reference model state, r(f) e R denotes a bounded input signal,
arer <0, and byer € R. The dynamical systems (75) and (76) are in the same form as Egs. (57) and
(58), respectively, with ny =1, m; =1, my =1, and p=1.

Assuming that . (f)=p,(t) =0, >0, Theorem 5.1 provides an adaptive control law
@ = n(x1, x2), such that the plant state x(-) asymptotically mimics the reference model state x¢(+).
Our goal is to apply Theorem 5.2 and parametrize the nonlinear terms p,(+) and () that do not
disrupt the adaptive control law's ability to regulate the plant dynamics.

It follows from Theorem 5.1 that if p,(f) = p,(r) =0, t >0, and

= n(x1, %) = kx + k,1(z) — 0D (x), (77)

where x| = X —Xeer, 72> 0, xo = [ky, &, H,T]T,

k()= —y x(Ox1(D)pb,  k(0)=ky, >0, (78)
k(t)= =T (pb,  £,(0) = koo, (79)
0(t) =y, @(x(1)x(pb,  H(0) = b, (80)
7:>0,7,>0, 7p>0, p= — 3L, and ¢>0, then x;(1)—0 as t—0 uniformly in x(0) for all
x1(0) e R™ and x,(0) € R™. It follows from Theorem 9.1 of [28] that
~2 ~2 A2
V(xl,xz)zx%+b(y;'kx+y,—1k,+y(;'9) (81)

is a Lyapunov function, such that Eq. (68) with Q=g is satisfied along the trajectory of Eq. (75)
with adaptive control input (77). In this case, Eq. (70) specializes to

&
+ gﬂ ZO, (82)
Py T2p,

where o, € R\{0} and ry, € R\{0} are design parameters, and Egs. (71) and (72) specialize to

Hn = Px1,x2) = —%rz;ibxl, (x1,x2) € R™ x R™, (83)
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py =y, 0) = —3r5,18,x, (84)
respectively.
Leta=4,b=1,0=3,8,=2, aet = —4, bt =4, p=1/4, 15, =0.1, rp, = — 1, and
r(t) =sgn(sint), >0, (85)

where sgn(-) denotes the signum function. If Eq. (75) captures the pitch dynamics of an
helicopter, then @(x) = tanh(x), x € R, is a suitable choice of the regressor function [28, p. 270],
%f‘) = 1—tanh?(x) is globally uniformly bounded, and Eq. (82) is verified. Hence, the
assumptions of Theorem 5.2 are satisfied and the adaptive control law (77) guarantees
satisfactory trajectory tracking in spite of the nonlinearities (83) and (84).

Fig. 5 shows the reference trajectory x.(f), t >0, and the plant state vector x(f) both for
(D) = P(x1(1), x2(1)) and  p, () = w(xi(¢), x2(z)) and for u.,(r)=u,(r)=0. In both cases,
lim,_, oox(?) = lim, , soXeef(f) =5 and hence lim,_, oo |x1 (f)] = lim;_, o0 |X(f) — X ()] = 0. Lastly,
Fig. 6 shows the plant state vector x(7), ¢ > 0, for several values of the design parameter 5, and

A2
hence, for several values of K(rz,,u) ES rzi rf—”;
Hm Hu

= lim; _, oo X (f) = 5 for any ry,, such that x(rp, ) >0. O

also in this case, lim,_,oox(7)

6. Conclusion

In this paper, we provided a systematic framework to solve the two-player zero-sum
differential game problem over the infinite time horizon and guarantee partial-state asymptotic
stability of the closed-loop system. Specifically, we proved sufficient conditions for the existence
of pursuer's and evader's state feedback control laws that guarantee partial-state asymptotic
stability of the closed-loop system and the existence of a saddle point for the system's
performance measure. No collaboration between the pursuer and the evader was assumed to
achieve closed-loop partial-state asymptotic stability. Indeed, the pursuer's control policy was
designed to guarantee closed-loop stability with respect to a class of evader's admissible controls,
some of which may lead to system instability if applied in conjunction with other pursuer's
admissible controls.
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The framework presented in this paper is suitable to address problems, such as the game of
two cars, in which the differential game ends when part of the system state trajectory enters a
given neighborhood of an equilibrium point within some time interval that is finite and not
assigned a priori. A key contribution of this work is that we extended our approach to the
differential game problem and provided a solution of the optimal control problems for partial-
state stabilization in the presence of exogenous disturbances. Moreover, results presented in this
paper can be easily extended to solve differential games over the infinite time horizon, which
involve time-varying dynamical systems with nonlinear—-nonquadratic time-varying performance
measures, and address the H, control theory for time-varying dynamical systems [19].

In the second part of this paper, we illustrated how our differential game framework can be
applied to analyze the effectiveness of a model reference adaptive control law. Specifically,
parametrizing matched nonlinearities by means of the regressor vector, model reference adaptive
control is a design technique that guarantees satisfactory trajectory tracking for uncertain
nonlinear dynamical systems. We modeled matched and unmatched nonlinerities in the plant
state, which are not captured by the regressor vector, as pursuer's and evader's controls in a
differential game, and provided an explicit parametrization of nonlinearities in the plant state that
do not disrupt the trajectory tracking capabilities of the adaptive controller. Two numerical
examples illustrated the applicability of the results presented.

Appendix A. Proofs of the main results

In this appendix, we present the proofs of the main results of this paper.

Proof of Theorem 3.1. It follows from Eqgs. (17) and (18), and Theorem 2.1 that the closed-loop
system (14) and (15) is asymptotically stable with respect to x; uniformly in x,,. Similarly, global
asymptotic stability follows if D=R™, U=R™, W=R", and the functions a(-) and j(-)
satisfying Eq. (17) are class Kn. Furthermore, it follows from Egs. (17), (18), and (21), and
Theorem 2.2 that Eq. (24) is verified.

Next, let (x19,Xx20) € Dy X R™, u(-) and w(-) be admissible controls, and x;(z), t > 0, and x,(¢)
be solutions of Eqgs. (12) and (13). Then, it holds that

0= —V(x1(0), x200) + V'(x1 (), 2 () F (x1 (8), x2(0), u(t), w(2)),  t=0. (86)
Hence,
L(x1 (1), x2(0), u(r), w(1)) = — V (x1(1), x2(0)) + Lxa (1), x2(2), u(e), w(t))
+V (1 (1), x2()F (x1(2), x2(2), u(t), w(t)), =0, (87)
Per definition, if u(-) € Sy, (xo), then x;(f) >0 as t— co. Thus it follows from Eq. (17) that
0= tl_i)r})loa( lx; ()l < tETOV(xl(t),xz(t)) < tl_igloﬂ( lx;(®)I) =0, (88)

for every u() € S, (xy). Consequently, Egs. (87), (88), and (22) imply that
J(x10, X20, u(-), w(x1 (), x2(+))) = /000 L(x1(2), x2(1), u(2), w(x1 (1), x2(2)))ds
_ /O T V0, )
+/0°° L(x1(1), x2(2), u(t), w(x1(2), x2(1)))dt
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+ / ) V' (et x2)F ey (1), x2(0), u(®), (6 (1), x2(0))de
0

> / V)
0
im V(x(1), x2(¢)) + V(x10, X20)

= J(x10, X20, P(x1(-), X2(-)), wx1 (-), x2(-))). (89)

Similarly, since Eq. (88) is satisfied for every w(-) € Sg(x), it follows from Egs. (87), (88), and
(23) that

J(-x107 X205 ¢(X] ()’ Xz(')), W()) = /0 L(X] (t)a .X'z(t), ¢(X] (t)a Xz(t)), W(t))dt

< [ -0
0
= —[1_i>rg10V(x1(t),xz(t)) + V(x10, X20)
= J(x10, %20, p(x1(-), x2(-)), w(x1(-), x2(-))), (90)

and Egs. (89) and (90) yield Eq. (25).

Finally, it follows from Eq. (25) that (¢p(x1(-), x2()), w(x1(-),x2(:))) is a saddle point for the
performance measure Eq. (16) on S, (x10,X20) X Sg(x10,X20), (X10,X20) € Dy x R". Hence, Eq.
(26) directly follows from Eq. (I). O

Proof of Theorem 5.2. The result is a consequence of Theorem 3.1. Consider the nonlinear
dynamical system (63)-(66) and recall that Eqs. (64)—(66) are equivalent to Eq. (62) with
X, = [vecT (k:(r)), vecT (k?(r)), vecT (éT(r)),rr. In this case, Eqgs. (63) and (62) are in the
same form as Eqgs. (12) and (13), respectively, with u =y, w =y,

Fi(x,x0, u,w) =f1(x1,x2) + Grulxn, x2)u + Gr(xr, x2)w,

fi(x1,x2) given by Eq. (74), G, (x1,x2)=B, G,(x1,x2)=G,(x1), and Fa(xi,x,u,w)
= f,(x1,x2). Consider also the performance measure (73), which is in the same form as Eq.
(16) with

L(x1, 22, 14, w) = [p(x1, %) + pi] " Ry, (61,22) [p(x1, %2) + fin]

+ [w(x1,x2) + | TRZ/lu(xl:x2) [w(xi,x2) + py
—V'(x1, x2)f (x1,x2).

It follows from Theorem 5.1 and Definition 2.1 that Egs. (63) and (62) with p, () = p,(1) =0
is globally asymptotically stable with respect to x; uniformly in x,(0). Since asymptotic stability

implies Lyapunov stability, and Lyapunov stability implies global uniform boundedness, K (1),
>0, K,(r), and (:)(t) are globally uniformly bounded. Thus, since 90)

6x1
R™, it follows from Egs. (63) and (62) that both £ ‘g’;‘l’“) and £ Zf;;‘]’”) are globally uniformly
bounded. Now, proceeding as in the proof of Theorem 4.3 of [15], one can prove that V(-,-)
given by Eq. (69) is a Lyapunov function for Eqgs. (63) and (62) such that

a(llx; N < V(x,x) < p(llx ),  (x,x) e R™ x R™, 91)

is uniformly bounded on
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V(x, ) (c,x0) < —60(Ix 1), (x1,x) e R™ x R™, (92)

for some K functions a(-) and p(-), some «class K function 6(-), and

foenx) = [f1(x ,x2),f§(x1,x2)]T.

Next, we prove that the conditions of Theorem 3.1 are verified for Ry, (x1,x2) > Ny (x1) >0,
(x1,x02) €R™ x R™, and Ry, (x1,Xx2) < —Ny(x1)<0; the cases wherein the matrices Ry, (x1,X2)
and Ry, (x1,x;) have different signs are discussed at the end of the proof. It follows from Eq. (27)
and Lemma 2.1 that Eq. (36) is satisfied, and hence Eqgs. (71) and (72) follow from Eq. (36) by
setting

J— a 4
At T [LCxr, X2, u, w) 4 V' (1, x2)f (x1, %2)

+V'(x1, X2) G (x1, X2)u + V'(x1,%2) Gy (x1, x2)w] = 0. (93)

Eq. (17) is immediately satisfied by Eq. (91), and since V(:,-) is continuously differentiable, it
follows from Eq. (91) that V(0,x,) is a local minimum of V(-,-). Thus, V'(0,x;) =0, x, € R"™,
and it follows from Eqs. (71) and (72) that Eqgs. (19) and (20) are satisfied. Eq. (21) is
immediately verified and it follows from Eq. (70) that

—H(Hxl H) > V/(xl,xz)f(xl,xz)
2 V(1,020 (1, 02) = 1V (1,2) [ G, ()R, (51, 22)G, (1)
Gy, (DR, (1, 52) G (0| V(31 :0), (94)

for all (x1,x;) € R™ x R™, which implies Eq. (18). Lastly, since Egs. (43) and (44) are satisfied,
Egs. (22) and (23) yield.

The conditions of Theorem 3.1 are verified and hence the nonlinear dynamical system (63) and
(62) with u,, = ¢(x1,x,) and u, = w(xy,x;) is globally asymptotically stable with respect to x;
uniformly in x,o. The result now ensues, since asymptotic stability of Eqgs. (63) and (62) with
respect to x; implies that x,(f) >0 as r— oo.

If Ry, (x1,X%2) < —Np(x1)<0, (x1,x)€eR™ x R™, and Ry, (x1,Xx2) > Ny(x;)>0, then the
proof follows in a similar manner by considering u.,(-) as the evader and g, (-) as the pursuer.
Lastly, if Rzﬂm(xl,)CQ) > Np(x1)>0, (x1,x) € R™ x R™, and Rzﬂu(xl,)Q) > Ny(x1)>0, then the
result follows from Theorem 5.1 of [26]. O
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