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Abstract— In this paper, we present robust model reference
adaptive control laws that guarantee uniform ultimate bound-
edness of the trajectory tracking error for nonlinear dynamical
systems subject to constraints on the state space and the
measured output, and affected by matched, unmatched, and
parametric uncertainties, as well as uncertainties in the initial
conditions. A common assumption in the design of control
laws for trajectory tracking is that the reference model or the
reference signal verify the constraints imposed on the closed-
loop system’s trajectory. The control laws presented in this
paper do not rely on this assumption and guarantee satisfactory
results also in case the reference trajectory or the reference
output signal do not verify the given constraints and hence, may
draw the plant’s trajectory or measured output outside their
constraint sets. A numerical example illustrates the feasibility
of the theoretical results presented.

I. INTRODUCTION

Robust model reference adaptive control provides a frame-
work to design control laws for nonlinear plants, whose
dynamics is partly unknown and affected by matched, un-
matched, and parametric uncertainties. Specifically, robust
model reference adaptive control laws are able to steer the
trajectory of a nonlinear plant toward a given reference
trajectory, and guarantee bounded tracking error in finite-
time despite external disturbances and modeling errors [1,
Ch. 11], [2, Ch. 5].

The presence of constraints on the state space and the mea-
sured output, which are imposed by the work environment,
the plant’s limits of performance, and the output sensors’
operative range, add substantial complexity to the problem of
designing control systems for linear and nonlinear dynamical
systems. The problem of designing control laws for linear
plants that account for constraints on the state space has
been extensively studied in several publications, such as [3]–
[8], to name a few. Additional results on the control of
nonlinear plants subject to constraints on the state space and
the measured output have been presented in [9] using an
invariance control approach, [10], [11] within the context of
backstepping control, [12]–[15] applying variable structure
controls, [16]–[18] exploiting the model reference adaptive
control approach, and [19]–[23] within the framework of
receding horizon and model predictive control. To the au-
thor’s best knowledge, however, existing works rely on the
fundamental assumption that the reference signals verify the
constraints on the plant state and the measured output.

In this paper, we provide two sets of model reference
adaptive control laws that steer the trajectory of nonlinear
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plants, which are affected by matched, unmatched, and para-
metric uncertainties, and uncertainties on the plant’s initial
conditions, so that the closed-loop system’s trajectory and the
measured output track given reference signals with bounded
error. A unique feature of the proposed results is that the
closed-loop system verifies constraints on the plant trajectory
and the measured output, also in case the reference signal
violates these constraints and hence, may draw the closed-
loop trajectory and measured output outside their constraint
sets. For this reason, the proposed control laws guarantee
robustness of the closed-loop system’s trajectory also to
unreliable or faulty reference signals. Indeed, our results are
useful to address control problems, wherein the reference
signal is designed incorrectly or ignoring the presence of
constraints.

Assuming that the reference signals verify the constraints
on the plant state and the measured output, we specialize
our framework to provide adaptive control laws, which
guarantee that the closed-loop system’s trajectory tracking
error lays within predefined bounds at all times. These
results are advantageous, since classical model reference
adaptive control guarantees boundedness of the trajectory
tracking error only after a finite-time transient. Moreover,
classical model reference adaptive control does not allow
to directly impose any constraints on the trajectory tracking
error. Indeed, classical model reference adaptive control laws
allow only to indirectly bound the trajectory tracking error
by tuning those matrix gains obtained as solutions of the
Lyapunov equation.

For brevity, all proofs have been omitted. Interested read-
ers are referred to [24] for detailed proofs, discussions on
the results presented, and additional numerical examples.

II. NOTATION, DEFINITIONS, AND MATHEMATICAL
PRELIMINARIES

In this section, we establish notation, definitions, and
review some basic results. Let R denote the set of real
numbers, R+ the set of positive real numbers, Rn the set
of n × 1 real column vectors, Rn×m the set of n ×m real
matrices, and Bε(x) ⊂ Rn the open ball centered at x with
radius ε. The interior of the set C ⊂ Rn is denoted by C̊,
the boundary of C is denoted by ∂C, and the closure of C is
denoted by C. The identity matrix in Rn×n is denoted by In
or I , the zero n ×m matrix in Rn×m is denoted by 0n×m
or 0, the transpose of B ∈ Rn×m is denoted by BT, and the
trace of A ∈ Rn×n is denoted by tr(A). We write ‖ · ‖ both
for the Euclidean vector norm and the corresponding equi-
induced matrix norm, ‖ · ‖F for the Frobenius matrix norm,
and spec(A) for the spectrum of A. The Fréchet derivative



of the continuously differentiable function V : D → R at
x ∈ D ⊆ Rn is denoted by V ′(x) , ∂V (x)

∂x .
In order to constrain the adaptation gains, in this paper

we employ a Lipschitz continuous form of the projection
operator [25], [26]. To define the projection operator, let θ >
0 and γ > 0, and consider the continuously differentiable
convex function

fc(θ) ,
(1 + γ)‖θ‖2 − θ2

γθ
2 , θ ∈ Rn. (1)

Definition 2.1 ([1, p. 332, 337]): Consider the continu-
ously differentiable function fc(·) given by (1). The vector
projection operator proj : Rn × Rn → Rn is defined as

proj(θ, y) ,


y − Γ[f ′

c(θ)]
T
f ′
c(θ)

‖f ′
c(θ)‖2Γ

yfc(θ),

if fc(θ) > 0 and f ′c(θ)y > 0,
y, otherwise,

(2)
where Γ ∈ Rn×n is symmetric and positive-definite and
‖x‖Γ ,

[
xTΓx

] 1
2 , x ∈ Rn. Given Θ = [θ1, . . . , θm] ∈

Rn×m and Y = [y1, . . . , ym] ∈ Rn×m, the matrix projection
operator is defined as

Proj(Θ, Y ) , [proj(θ1, y1), . . . ,proj(θm, ym)] . (3)

III. MODEL REFERENCE ADAPTIVE CONTROL AND
STATE CONSTRAINTS

In this section, we address the trajectory tracking problem
for nonlinear plants affected by matched and parametric
uncertainties, whose dynamics is partly unknown, and whose
trajectory must lay in a compact, simply connected constraint
set. Specifically, consider the nonlinear time-invariant plant

ẋ(t) = Ax(t) +BΛ
[
u(t) + ΘTΦ(x(t))

]
,

x(t0) = x0, t ≥ t0, (4)

where x(t) ∈ D ⊆ Rn, t ≥ t0, denotes the plant’s trajectory,
0 ∈ D, u(t) ∈ Rm denotes the control input, A ∈ Rn×n is
unknown, B ∈ Rn×m, Λ ∈ Rm×m is diagonal, positive-
definite, and unknown, Θ ∈ RN×m is unknown, and the
regressor vector Φ : Rn → RN is Lipschitz continuous.
Both Λ and ΘTΦ(x), x ∈ D, capture the plant’s matched and
parametric uncertainties, such as malfunctions in the control
system, and Λ is such that the pair (A,BΛ) is controllable
and ΛminIm ≤ Λ, for some Λmin > 0; these assumptions
on the plant dynamics (4) can be considered as standard
assumptions in model reference adaptive control design [1,
p. 282]. Consider also the reference model

ẋref(t) = Arefxref(t)+Brefr(t), xref(t0) = xref,0, t ≥ t0,
(5)

where xref(t) ∈ D, t ≥ t0, denotes the reference trajectory,
Aref ∈ Rn×n is Hurwitz, Bref ∈ Rn×m, and r(t) ∈ Rm is
piecewise continuous and bounded and denotes the reference
input. Lastly, let

e(t) , x(t)− xref(t), t ≥ t0, (6)

denote the trajectory tracking error and consider the com-
pact, simply connected constraint set

C , {x ∈ D : h(x) ≥ 0} , (7)

where h : D → R is continuously differentiable; the interior
of C, which we assume non-empty, is given by C̊ = {x ∈
D : h(x) > 0}.

The next theorem is the main result of this section and
provides an adaptive control law for u(·) so that x(t) ∈
C̊, t ≥ t0, and eventually tracks with bounded error the
reference trajectory xref(·), also in case xref(t) /∈ C for some
t ∈ [t0,∞). For the statement of this result, let P ∈ Rn×n be
the symmetric, positive-definite solution of the the Lyapunov
equation

0 = AT
refP + PAref +Q, (8)

where Q ∈ Rn×n is symmetric and positive-definite, let
λmin(·) and λmax(·) denote the minimum and maximum
eigenvalues of their arguments, respectively, and let xref,d ≥
0 be such that ‖ẋref(t)‖ ≤ xref,d, t ≥ t0, where xref(·)
denotes the solution of (5); since r(·) is bounded by as-
sumption, the solution xref(·) of (5) is bounded [27, p.
245] and hence, ẋref(·) is bounded. Furthermore, let hd ,
maxx∈C ‖h′(x)‖; since h′(·) is continuous on the compact
set C, hd is well-defined [27, Th. 2.13]. In addition, let
s(t, x) ∈ D, (t, x) ∈ [t0,∞) × D, denote the solution of
(4) with initial condition x, evaluated at time t ≥ t0 [27, p.
71]. Lastly, let

κ , min
x∈Sx0

h(x), (9)

where Sx0 , {x ∈ C̊ : x = s(t, x0), for some t ≥ t0}
denotes the plant’s path; since Sx0 is compact in D and
h(·) is continuous on Sx0 , κ is well-defined [27, Th. 2.13].

Theorem 3.1: Consider the nonlinear plant (4) with x0 ∈
C̊, the constraint set (7), the reference model (5), and the
adaptive laws

˙̂
Kx(t) = −Γxx(t)

eT(t)P

h(x(t))

[
In − e(t)

h′(x(t))

2h(x(t))

]
B

− 2σx(e(t))K̂x(t), K̂x(t0) = K̂x,0, t ≥ t0,
(10)

˙̂
Kr(t) = −Γrr(t)

eT(t)P

h(x(t))

[
In − e(t)

h′(x(t))

2h(x(t))

]
B

− 2σr(e(t))K̂r(t), K̂r(t0) = K̂r,0, (11)

˙̂
Θ(t) = ΓΘΦ(x(t))

eT(t)P

h(x(t))

[
In − e(t)

h′(x(t))

2h(x(t))

]
B

− 2σΘ(e(t))K̂Θ(t), Θ̂(t0) = Θ̂0, (12)

where σx(e) , σx‖Pe‖, e(·) is given by (6), σr(e) ,
σr‖Pe‖, σΘ(e) , σΘ‖Pe‖, σx, σr, σΘ > 0, the matrices
Γx ∈ Rn×n, Γr ∈ Rm×m, and ΓΘ ∈ RN×N are symmetric
and positive-definite, K̂x,0 ∈ Rn×m, K̂r,0 ∈ Rm×m, Θ̂0 ∈
RN×m, and P is the symmetric, positive-definite solution of
the Lyapunov equation (8). If xref,0 = x0,

hdxref,dλmax(P )

λmin(P )
∣∣λmin(AT

ref +Aref)
∣∣ < κ, (13)

where κ is given by (9), and there exist Kx ∈ Rn×m and
Kr ∈ Rm×m such that

Aref = A+BΛKT
x , (14)

Bref = BΛKT
r , (15)



then the trajectory of (4) with u = φ(x, K̂x, K̂r, Θ̂), where

φ(t, x, K̂x, K̂r, Θ̂) = K̂T
x x+ K̂T

r r(t)− Θ̂TΦ(x) (16)

for all (t, x, K̂x, K̂r, Θ̂) ∈ [t0,∞)× C̊ × Rn×m × Rm×m ×
RN×n, is such that x(t) ∈ C̊, t ≥ t0. Moreover, there exist
ε > 0 and γ > 0, and for every δ ∈ (0, γ), there exists a
finite-time T = T (δ, ε) ≥ 0 such that

e(t) ∈ Bε(0), t ≥ t0 + T. (17)
Theorem 3.1 provides sufficient conditions for the plant

trajectory x(·) to lay in the interior of the compact connected
constraint set C at all times and track the reference model’s
trajectory xref(·) with uniformly ultimately bounded error
[27, Def. 4.4], also in case xref(·) does not always lay in C.
If the reference trajectory xref(·) does not lay in the interior
of the constraint set C, then the feedback control law (16)
must meet two competing objectives, namely guaranteeing
that the trajectory tracking error e(·) is uniformly ultimately
bounded and the plant trajectory x(·) lays in the interior of
the constraint set C̊ at all times. To meet these objectives,
Theorem 3.1 relies on the conservative assumption that (13)
is satisfied. The parameter κ > 0 defined by (9) can only
be estimated, and it can be proven that smaller values of
κ imply smaller trajectory tracking error [24]. However, it
follows from (13) that arbitrarily small values of κ imply
arbitrarily large absolute values of the minimum eigenvalue
of AT

ref +Aref ; in this case, the reference model’s dynamics
should be analyzed using the singular perturbation method
[28, Ch. 2].

The next theorem specializes Theorem 3.1 to the case
wherein xref(t) ∈ C̊, t ≥ t0, and provides adaptive laws
that guarantee uniform asymptotic convergence of the plant
trajectory to the reference trajectory.

Theorem 3.2: Consider the constraint set (7), the nonlin-
ear plant (4) with x0 ∈ C̊, the reference model (5), the
trajectory tracking error (6), the adaptation laws

˙̂
Kx(t) = −Γxx(t)

eT(t)P

h(x(t))

[
In − e(t)

h′(x(t))

2h(x(t))

]
B,

K̂x(t0) = K̂x,0, t ≥ t0, (18)

˙̂
Kr(t) = −Γrr(t)

eT(t)P

h(x(t))

[
In − e(t)

h′(x(t))

2h(x(t))

]
B,

K̂r(t0) = K̂r,0, (19)

˙̂
Θ(t) = ΓΘΦ(x(t))

eT(t)P

h(x(t))

[
In − e(t)

h′(x(t))

2h(x(t))

]
B,

Θ̂(t0) = Θ̂0, (20)

and the feedback control law φ(·, ·, ·, ·, ·) given by (16),
where K̂x,0 ∈ Rn×m, K̂r,0 ∈ Rm×m, and Θ̂0 ∈ RN×m.
If xref(t) ∈ C̊, t ≥ t0, and there exist Kx ∈ Rn×m
and Kr ∈ Rm×m such that (14) and (15) are verified,
then the trajectory of (4) with u = φ(t, x, K̂x, K̂r, Θ̂),
(t, x, K̂x, K̂r, Θ̂) ∈ [t0,∞)× C̊ ×Rn×m ×Rm×m ×RN×n,
is such that x(t) ∈ C̊, t ≥ t0, and ‖x(t) − xref(t)‖ → 0 as
t→∞ uniformly in t0.

Theorem 3.2 proves that if the reference trajectory verifies
the constraints on the plant state, then the model reference
adaptive control law (16) with adaptive laws (18)–(20)

guarantees that the plant trajectory lays in the constraint set
at all times and the trajectory tracking error asymptotically
converges to zero. In the absence of a constraint set, Theorem
3.2 reduces to the classical model reference adaptive control
framework [1, pp. 281-286]. Indeed, if h(x) = 1, x ∈ D,
then C = D and (18)–(20) reduce to the classical adaptive
laws for model reference adaptive control [1, p. 286].

Remark 3.1: Theorem 3.2 can be applied to enforce at
all times boundedness of the trajectory tracking error within
margins assigned a priori.

To appreciate the significance of Remark 3.1, consider, for
instance, the constraint set

C =
{
x ∈ D : η − ‖x− sref(t, x0)‖2R ≥ 0,

for some t ≥ t0} , (21)

where η > 0, ‖x‖R =
[
xTRx

] 1
2 , x ∈ Rn, R ∈ Rn×n

is symmetric and positive-definite, and sref(t, x), (t, x) ∈
[t0,∞)×D, denotes the solution of (5) with initial condition
x at time t [27, p. 71]. In this case, C is a compact and
simply connected subset of D, since the reference model’s
path Sx0,ref , {xref ∈ D : xref = sref(t, x0), for some t ≥
t0} is continuous and bounded, and Theorem 3.2 can be
applied to design an adaptive control law so that x(t) ∈ C̊,
t ≥ t0, and hence to impose that eT(t)Re(t) < η, t ≥ t0,
where e(·) denotes the trajectory tracking error.

It is worthwhile to recall that classical model reference
adaptive control does not allow to estimate the bounds on the
trajectory tracking error (6), since these bounds depend on
the plant’s unknown parameters [1, pp. 281-285]. Moreover,
if the plant dynamics were perfectly known, then the bounds
on the trajectory tracking error would be defined by the
domain of attraction of the trajectory tracking error dynamics
[27, p. 142]. However, in general, domains of attraction
can be only estimated [29, Ch. 7], [30]–[32]. Finally, con-
ventional model reference adaptive control only allows to
indirectly regulate the bounds on the trajectory tracking error
by choosing the symmetric positive-definite matrix Q, and
hence the symmetric positive-definite matix P , which verify
the Lyapunov equation (8). Theorem 3.2, instead, allows to
directly impose any constraint on the trajectory tracking error
that can be modeled as a compact and connected set in the
same form as (7).

IV. CONSTRAINED OUTPUT TRACKING

In this section, we show an approach to the trajectory
tracking problem in the presence of constraints on the
measured output, which is based on the use of the projection
operator [25], [26]. Despite the approach presented in Section
III, the results presented hereafter allow imposing bounds on
the adaptation gains, which are assigned a priori. Moreover,
the control laws presented in the following guarantee robust-
ness not only to matched and parametric uncertainties, but
also unmatched uncertainties. Lastly, considering non-zero
initial conditions of the trajectory tracking error dynamics
as unmatched disturbances [33, Th. 3.4], the framework
presented hereafter allows to account for uncertainties on
the plant’s initial conditions.



Consider the nonlinear time-varying plant and the plant
sensors’ dynamics

ẋp(t) = Apxp(t) +BpΛ
[
u(t) + ΘTΦ(xp(t))

]
+ ξ̂(t),

xp(t0) = xp,0, t ≥ t0, (22)
ẏ(t) = θCpxp(t)− θy(t), y(t0) = Cpxp,0, (23)

where xp(t) ∈ Dp ⊆ Rnp , t ≥ t0, denotes the plant’s
trajectory, 0 ∈ Dp, u(t) ∈ Rm denotes the control input,
y(t) ∈ Rm denotes the measured output, θ > 0, Ap ∈
Rnp×np is unknown, Bp ∈ Rnp×m, Cp ∈ Rm×np , Λ ∈
Rm×m is diagonal, positive-definite, and unknown, Θ ∈
RN×m is unknown, the regressor vector Φ : RnP → RN is
Lipschitz continuous in its argument, and ξ̂ : [t0,∞)→ Rnp

is continuous in its argument and unknown. We assume that
‖ξ̂(t)‖ ≤ ξ̂max, t ≥ t0, and Λ is such that the pair (Ap, BpΛ)
is controllable and ΛminIm ≤ Λ, for some Λmin > 0.
The term ξ̂(·) captures the plant’s unmatched uncertainties,
such as external disturbances. Equation (23) models the
plant sensors as linear dynamical systems; this model allows
to account for the sensor’s transient dynamics, which is
characterized by the parameter θ > 0 [34, Ch. 2]. Given
the output reference signal ycmd : [t0,∞) → Rm, which
is continuous with its first derivative, define ycmd,2(t) ,
ẏcmd(t), t ≥ t0, and assume that both ycmd(·) and ycmd,2(·)
are bounded, that is, ‖ycmd(t)‖ ≤ ymax,1, t ≥ t0, and
‖ycmd,2(t)‖ ≤ ymax,2, where ymax,1, ymax,2 > 0. Consider
also the compact, simply connected constraint set

Cy , {y ∈ Rm : hy(y) ≥ 0} , (24)

where hy : Rm → R is continuously differentiable and
hy(0) > 0; we assume that the interior of Cy is non-empty.

The next theorem is the main result of this section and
provides a model reference adaptive control law such that
y(t) ∈ C̊y , t ≥ t0, and the output tracking error ey(t) ,
y(t) − ycmd(t), t ≥ t0, is uniformly ultimately bounded,
that is, there exist ε > 0 and γ > 0, and for every δ ∈
(0, γ), there exists a finite-time T = T (δ, ε) ≥ 0 such that
if ey(t0) ∈ Bδ(0), then [27, Def. 4.4]

ey(t) ∈ Bε(0), t ≥ t0 + T. (25)

This control law is effective also in case ycmd(t) /∈ Cy for
some t ∈ [t0,∞). For the statement of this result, let n ,

np +m and x(t) ,
[
xT

p (t), [y(t)− ycmd(t)]
T
]T
∈ Rn, t ≥

t0, note that (22) and (23) are equivalent to

ẋ(t) = Ax(t) +BΛ
[
u(t) + ΘTΦ(xp(t))

]
+ ξ(t),

x(t0) =

[
xp,0

Cpxp,0 − ycmd(t0)

]
, t ≥ t0, (26)

where x(t) ∈ D ⊆ Rn, D , Dp × Rm, A ,[
Ap 0np×m
θCp −θIm

]
, B ,

[
Bp

0m×m

]
, B1 ,

[
0np×m
−Im

]
, and ξ(t) ,

B1 [ycmd,2(t) + θycmd(t)] +

[
Inp

0m×np

]
ξ̂(t), and consider the

reference dynamical model

ẋref(t) = Arefxref(t) +Brefycmd(t),

xref(t0) = xref,0, t ≥ t0, (27)

where Aref =

[
Aref,1 0np×m
0m×np

Aref,2

]
, both Aref,1 ∈ Rnp×np and

Aref,2 ∈ Rm×m are Hurwitz, and Bref ∈ Rn×m. Moreover,
let h(x) = hy(−B1x+ ycmd), (x, ycmd) ∈ D × Rm, and

C = {x ∈ D : h(x) ≥ 0}. (28)

Furthermore, let xref,d ≥ 0 be such that ‖ẋref(t)‖ ≤ xref,d,
t ≥ t0, where xref(·) denotes the solution of (27), and
hy,d , maxy∈Cy ‖h′y(y)‖. Lastly, let s(t, x) ∈ D, (t, x) ∈
[t0,∞)×D, denote the solution of (22) with initial condition
x, evaluated at time t ≥ t0 [27, p. 71]. There exists κ > 0
such that (9) is verified.

Theorem 4.1: Consider the nonlinear plant given by (22)
and (23), the constraint set (24), the augmented dynamical
system (26), the reference model (27), and the adaptive laws

˙̂
Kx(t) = Proj

(
K̂x(t),−Γxx(t)

eT(t)P

h(x(t))

·
[
In −

e(t)h′(x(t))

2h(x(t))

]
B

)
,

K̂x(t0) = K̂x,0, t ≥ t0, (29)

˙̂
Kr(t) = Proj

(
K̂r(t),−Γrycmd(t)

eT(t)P

h(x(t))

·
[
In −

e(t)h′(x(t))

2h(x(t))

]
B

)
,

K̂r(t0) = K̂r,0, (30)

˙̂
Θ(t) = Proj

(
Θ̂(t),ΓΘΦ(x(t))

eT(t)P

h(x(t))

·
[
In −

e(t)h′(x(t))

2h(x(t))

]
B

)
,

Θ̂(t0) = Θ̂0, (31)

where κ is given by (9), the matrices Γx ∈ Rn×n, Γr ∈
Rm×m, and ΓΘ ∈ RN×N are symmetric and positive-
definite, e(t) = x(t) − xref(t), t ≥ t0, P is the symmet-
ric positive-definite solution of the Lyapunov equation (8),
K̂x,0 ∈ Rn×m, K̂r,0 ∈ Rm×m, Θ̂0 ∈ RN×m, and Proj(·, ·)
is given by (3). If y(t0) ∈ C̊y and

hy,dλmax(P ) [xref,d + ymax,1]

λmin(P )
∣∣λmin(AT

ref +Aref)
∣∣ < κ (32)

and there exist Kx ∈ Rn×m and Kr ∈ Rm×m such that
(14) and (15) are verified, then the trajectory of (22) and
(23) with u = φ(t, x, K̂x, K̂cmd, Θ̂), where

φ(t, x, K̂x, K̂r, Θ̂) = K̂T
x x+ K̂T

r ycmd(t)− Θ̂TΦ(x) (33)

for all (t, x, K̂x, K̂r, Θ̂) ∈ [t0,∞)×D×Rn×m ×Rm×m ×
RN×m, is such that y(t) ∈ C̊y , t ≥ t0. Furthermore, there
exist ε > 0 and γ > 0, and for every δ ∈ (0, γ), there exists
a finite-time T = T (δ, ε) ≥ 0 such that if ey(t0) ∈ Bδ(0),
then (25) and (25) is verified.

The next corollary provides sufficient conditions for the
output tracking error to verify prescribed bounds. For the
statement of this result, consider the compact, simply con-
nected constraint set

Cy =
{
y ∈ Rm : η − [y − ycmd(·)]TR [y − ycmd(·)] ≥ 0

}
,

(34)



where η > 0 and R is symmetric and positive-definite.
Corollary 4.1: Consider the nonlinear plant given by (22)

and (23) with y(t0) ∈ C̊y , the constraint set (34), the
augmented dynamical system (26), the reference model (27),
and the adaptive laws (29)–(31). If ycmd(t) ∈ C̊y , t ≥ t0, and
there exist Kx ∈ Rn×m and Kr ∈ Rm×m such that (14) and
(15) are verified, then the measured output of (22) and (23)
with u = φ(t, x, K̂x, K̂r, Θ̂), where φ(·, ·, ·, ·, ·) is given by
(33), is such that y(t) ∈ C̊y , t ≥ t0.

If the measured output reference signal lays in the con-
straint set (34) at all times, then Corollary 4.1 allows impos-
ing bounds on the output tracking error, which are captured
by η and R. This result is similar to Theorem 3.1 of [16].

V. ILLUSTRATIVE NUMERICAL EXAMPLE

In this section, we illustrate the applicability of the theo-
retical framework presented in this paper by mean of a nu-
merical example that involves an unstable plant. Specifically,
the roll dynamics of a delta-wing aircraft at high angle of
attack is captured by [1, pp. 285-291][

ϕ̇(t)
ṗ(t)

]
=

[
0 1
θ1 θ2

] [
ϕ(t)
p(t)

]

+

[
0
1

]
θ6

u(t) + θ−1
6

θ3

θ4

θ5

T |ϕ(t)|p(t)
|p(t)|p(t)
ϕ3(t)


 ,

[ϕ(0), p(0)]T = [ϕ0, p0]T, t ≥ 0, (35)

where ϕ(t) ∈ R, t ≥ 0, denotes the roll angle, p(t) ∈ R
denotes the roll rate, u(t) ∈ R denotes the aileron deflection
angle, θ1, . . . , θ6 ∈ R are unknown, and θ6 6= 0. Our goal is
to design a model reference adaptive control law such that
the plant trajectory x(·) lays in the constraint set

C =
{
x ∈ Rn : η − xTRx ≥ 0

}
, (36)

where η > 0 and R ∈ Rn×n is symmetric and positive-
definite. Moreover, x(·) must track the reference trajectory
xref(·) with bounded error, where xref(·) denotes the solution
of (27) with

Aref =

[
0 1
−ω2 −2ζω

]
, Bref =

[
0
ω2

]
, (37)

ζ ∈ (0, 1), ω > 0, and r(t) = sin t, t ≥ 0. To meet these
design goals, we apply Theorem 3.1.

The nonlinear plant (35) is in the same form as (4)
with n = 2, m = 1, N = 3, D = Rn, x = [ϕ, p]T,

A =

[
0 1
θ1 θ2

]
, B = [0, 1]T, Λ = θ6, Θ = θ−1

6 [θ3, θ4, θ5]T,

Φ(x) = [|ϕ|p, |p|p, ϕ3]T, x0 = [ϕ0, p0]T, and t ≥ t0. In this
case, one can verify that the pair (A,BΛ) is controllable if
and only if θ6 6= 0. Moreover, the constraint set (36) is in
the same form as (7) with h(x) = η − xTRx, x ∈ Rn, the
matching conditions (14) and (15) are verified by

Kx = −θ−1
6

[
ω2 + θ1

2ζω + θ2

]
, Kr = θ−1

6 ω2, (38)

and hd = maxx∈C ‖h′(x)‖ = 2‖Rx‖, x ∈ ∂C = {x ∈ R2 :
xTRx = η}. Thus, if (13) is verified, then it follows from

ϕ
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Fig. 1. Closed-loop system’s trajectory.
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Theorem 3.1 that the adaptive control law (16) guarantees
that x(t) ∈ C̊, t ≥ 0, and the trajectory tracking error is
bounded, that is, (17) is verified with t0 = 0 and for some
finite-time T ≥ 0.

Let θ1 = −0.018, θ2 = 0.015, θ3 = −0.062, θ4 = 0.009,

θ5 = 0.021, θ6 = 0.75, ζ = 0.7, ω = 1, R =

[
0.4 0
0 1

]
,

η = 0.3980, Γx = 500I2, Γr = 500, ΓΘ = 500I3, and

Q =

[
1 0
0 103

]
. Figure 1 shows the solution x(·) of (35)

with control law (16), the solution xref(·) of (5), and the
boundary of the constraint set ∂C. Figure 1 also shows both
x(τ) and xref(τ) for τ ∈ {5, 7, 8.5, 10.5} s. Clearly, the
plant trajectory is always contained in the interior of the
constraint set C and tracks with bounded error the reference
trajectory, also in case xref(τ) /∈ C̊, such as for τ = 5 s,
τ = 8.5 s, and τ = 10.5 s. Figure 2 shows the control
input u(·). The high values of the gains Γx, Γr, and ΓΘ

guarantee highly satisfactory trajectory tracking and induce
high-frequency oscillations in the feedback control law (16)
for t ∈ [0, 4.18) s; at t = 4.18 s, the reference trajectory
leaves the constraint set C for the first time. For practical
implementations, lower values of the adaptive gains can be
employed to avoid these high-frequency oscillations. On the
other hand, lower values of the adaptive gains lead to larger
trajectory tracking errors, while the reference trajectory is
outside the constraint set.



VI. CONCLUSION

In this paper, we provided model reference adaptive
control laws for constrained nonlinear dynamical systems
that guarantee robustness to uncertainties both in the plant
model and the reference signal tracked, which is supposed
to be tracked by the closed-loop trajectory or the measured
output. Specifically, given a nonlinear plant, whose dynamics
is affected by matched and parametric uncertainties, we
provided a control law, which guarantees that the closed-loop
system’s trajectory traks some reference signal with bounded
error and is constrained to some bounded compact set at
all times. We also provided a control law, which guarantees
that the closed-loop system’s measured output traks some
reference signal with bounded error and is constrained to
some bounded compact set at all times, despite matched,
unmatched, and parametric uncertainties, and uncertainties
in the plant’s initial conditions. The proposed control laws
guarantee that the trajectory tracking error is uniformly
ultimately bounded and the constraints on the closed-loop
system’s dynamics are verified also in case the reference
signals do not verify these constraints and hence, may draw
the plant trajectory or the measured output outside their
constraint sets. To the author’s best knowledge, existing
control laws that guarantee satisfactory trajectory tracking for
constrained dynamical systems presuppose that the reference
signals verify the given constraints.
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