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Abstract—In classical model reference adaptive control,
the closed-loop system’s ability to track a given reference
signal can be tuned by choosing the adaptive rates and
parameterizing the solution of an algebraic Lyapunov equa-
tion that appears in the adaptive law. The projection oper-
ator can be employed to impose user-defined constraints
on the adaptive gains. However, using the projection oper-
ator and quadratic Lyapunov functions to certify uniform
ultimate boundedness of the trajectory tracking error, the
bounds on the trajectory tracking error can only be esti-
mated, but not explicitly imposed a priori. In this letter,
we provide an adaptive control law for the same class of
nonlinear dynamical systems as classical model reference
adaptive control. A barrier Lyapunov function guarantees
that user-defined constraints on both the trajectory track-
ing error and the adaptive gains are verified.

Index Terms—Adaptive control, aerospace, constrained
control, Lyapunov methods.

[. INTRODUCTION

IVEN a nonlinear dynamical system, whose uncontrolled

linearized dynamics is unknown and which is affected
by parametric and matched uncertainties, a model reference
adaptive control (MRAC) law guarantees both uniform bound-
edness of the trajectory tracking error and its asymptotic
convergence to zero. An MRAC law also guarantees uniform
boundedness of the adaptive gains [1]-[4].

In classical MRAC, both the adaptive gain rates and the
solution of an algebraic Lyapunov equation, which appears
in the adaptive laws, can be tuned to guarantee satisfactory
trajectory tracking performance, such as high responsiveness
to large trajectory tracking errors [4, Ch. 9]. However, large
adaptive gain rates induce large and sudden variations of the
adaptive gains. Consequently, the control inputs may experi-
ence large and rapid excursions that could overly stress the
system’s actuators or exceed the actuators’ saturation lim-
its. Additionally, large variations of the control input may
induce large excursions of the trajectory tracking error during
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the transient period, and the closed-loop system’s trajectory
may exceed the system’s operating range. Conversely, small
adaptive gain rates imply slow convergence of the trajectory
tracking error to zero and longer transient periods. Moreover,
an explicit relation between the solution of the Lyapunov equa-
tion underlying the adaptive law and the tracking error can not
be found for complex problems.

The most popular approach to constrain adaptive gains con-
sists in modifying their dynamics by means of the projection
operator [5], [6]. Specifically, in the presence of parametric
and matched uncertainties, this operator guarantees that the
adaptive gains lay within some constraint set, while retain-
ing boundedness of the trajectory tracking error. However, the
use of the projection operator suffers from several limitations.
As proven in [7], using the projection operator and quadratic
Lyapunov functions to certify uniform ultimate boundedness
of the trajectory tracking error, the bounds on the trajectory
tracking error can not be imposed a priori and can only be
estimated in a conservative manner. Additionally, the set con-
straining the adaptive gains must be convex [4, pp. 329-341].
Only recently, barrier Lyapunov functions have been utilized
to impose user-defined constraints on the closed-loop system’s
trajectory tracking error at all time, while the adaptive gains
are constrained by using the projection operator [7]. An alter-
native to the use of projection operators has been proposed
in [8] using an optimal control framework.

In this letter, we consider partly unknown nonlinear
dynamical systems and provide an adaptive control law, which
guarantees that both the trajectory tracking error and the
adaptive gains are contained at all time within user-defined
constraint sets, which are not necessarily convex. Additionally,
the proposed control law allows to correlate explicitly the
bounds on the trajectory tracking error with the bounds on
the adaptive gains and hence, for instance, it allows to impose
smaller control inputs for smaller trajectory tracking errors.
A barrier Lyapunov function certifies the effectiveness of the
proposed approach, and no projection operator is used to
enforce constraints on the adaptive gains.

The nonlinear dynamical systems considered in this letter
are affected by matched and parametric uncertainties and their
uncontrolled linearized dynamics is unknown. It can be proven
that if these systems’ dynamical models were known perfectly,
then asymptotic convergence of the trajectory tracking error
could be achieved by a linear control law, whose constant
gains verify the matching conditions [4, p. 282]. A unique
feature of the proposed control law is that it can be used to
bound the estimated adaptive gain error, that is, the differ-
ence between the adaptive gains and an estimate of the gains
that verify the matching conditions. Additionally, the proposed
framework is unique for its ability to correlate explicitly the
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bounds on the trajectory tracking error with the bounds on the
estimated adaptive gain error.

II. NOTATION, DEFINITIONS, AND
MATHEMATICAL PRELIMINARIES

In this section, we establish notation, definitions, and review
some basic results. Let R denote the set of real numbers, R”
the set of n x 1 real column vectors, and R"*" the set of n x m
real matrices. The interior of the set C C R" is denoted by C
and the boundary of C is denoted by 9C.

The identity matrix in R"*" is denoted by I, or I, the zero
n x m matrix in R™™ is denoted by 0,x, or 0, the zero
vector in R" is denoted by 0, or 0, and the frace of A € R"*"
is denoted by tr(A). We write | - || for the Euclidean vector
norm and the corresponding equi-induced matrix norm and
IB|lg & [tr(BBT)]%, B € R™"™_ for the Frobenius norm.

The Fréchet derivative of the continuously differentiable
function v D —- Ratx € D € R” is denoted by
Vix) & % The Fréchet derivative of the continuously dif-
ferentiable function 4 : X — R at X € X € R™ is given
by [9, Ch. 5], [10]

dh(X) dh(X)

axX X,
Xy o | T ! "
X . R

dh(X) dh(X)

aXl.m aXn,m

where X;; denotes the element of X on the ith row and jth
column. Moreover, given X : [fp,00) — A&, it holds that
[9, Ch. 5], [10]

h(X (1) = tr(X(t)w>,

t> 1. 2
e > 1o (2)

II1. CONSTRAINED ADAPTIVE CONTROL
A. Problem Statement

In this section, we address the problem of regulating a
nonlinear dynamical system, whose uncontrolled linearized
dynamics is unknown and which is affected by matched and
parametric uncertainties. In particular, we present an adap-
tive control law so that the closed-loop system’s trajectory
tracks the trajectory of a given reference dynamical model
within some user-defined bounds on the tracking error, and
the adaptive gains remain sufficiently close to an estimate of
the gains that verify the matching conditions. In the absence
of constraints, the proposed adaptive control law reduces to
the classical MRAC law [4, p. 286].

Consider the nonlinear dynamical system

(1) = Ax(t) + Blu(t) + T (x(1))],
x(10) = xo, 1> 1o, 3)

where x(f) € D C R", t > 19, denotes the system’s trajec-
tory, u(t) € U C R™ denotes the control input, A € R™" is
unknown, B € R™™ ©® e RN*™ and the regressor vector
® : D — RV is Lipschitz continuous. We assume that the
pair (A, B) is controllable; in problems of practical interest,
this assumption is verified, since the entries of A can be esti-
mated and its structure is usually known [4, p. 281]. The term
®T<I>(x), x € D, captures both the parametric and the matched
uncertainties by mean of the unknown matrix ®; the choice
of ®(-) is based on some prior knowledge of the system’s
dynamics [4, Ch. 9].

Consider the reference dynamical model

Xref (1) = ArefXref(t) + Brefr (1),
Xref(10) = Xref, 0, t> 1, 4)

where x.f(f) € R", t > 19, r(t) € R™ is bounded and denotes
the command input, Arer € R™" is Hurwitz, Brer € R, and
the pair (Aref, Bref) 1S controllable. Let e(t) £ x(1) — Xpe (1),
t > tg, denote the trajectory tracking error, let (Ky, K;) €
R™M x R™*™ be such that

Aret = A+ BK], (5)
Bref = BK;F, (6)

and let K £ [KEK,T —@T]; the matching conditions (5)
and (6) are standard assumptions in MRAC [4, p. 282] and
guarantee the existence of a control law for tracking the
reference model (4). Since both A and ® are unknown,
K e R™<0+m+N) s unknown. However, it is always possi-
ble to find K, € R”*"+m+N) that provides an estimate of K,
that is, such that |K, — K||g < ¢, for some ¢ > 0.
Consider the feedback control law

é(m, K) = K, (m, K) € RN o grx(ntmtN) -7y

let AK(r) £ K © — K, dAenote the estimated adaptive gain’s
error, and let AK(f) £ K(t) — K denote the adaptive gain’s
error. Note that |AK(t) — AK(®)|lg <&, t > 1.

Consider the compact, connected constraint set

ce {(e, AK) € R" x R"*(im+N) .
h(e™Me, AKT—' AKT) > 0], (8)

where M € R™" is symmetric and positive-definite, I" €
ROHmAN)x(n+m+N) i symmetric and positive-definite, and
h: RxR™™ — R is continuously differentiable and such that
h(0, 0) > 0. The compactness of C allows to capture bounded
constraint sets, and the Oconnectedness of C guarantees that
there exists a subset of C containing both (e(ty), AK(fo)) and
(01, Omx (n4+-m+n)) that cannot be expressed as two disjoint non-
empty sets. The matrices M and I" can be chosen to weigh the
constraints on the components of e and the columns of AK,
respectively.

Define &, : R x R™*™ — R and hy : R x R™*™ — R™>"
so that

an(B, X
he(e"Me, AKT'AKT) £ 9B X) ©)
aB B=c"Me
X=AKT 1 AKT
_ oh(B, X)
hx(e"Me, AKT~'AKT) & 22222 1
x (e Me, ) A . (10)
X=AKT 1 AKT
for all (e, AK) € é , and assume that
he(e"™Me, AKT'AKT) <0, (e, AK) €C, (11)
hx(e"Me, AKT'AKT) < 0, (12)

that is, hx(-, -) is symmetric and nonpositive-definite, and

(On» 0m>< (n+m+N))

= arg max h(e"™Me, AKT'AKT).

(e, AK)eR" x Rmx (n+m+N)
Note that the interior of C, that is,

€ ={(e. AK) e RY x R4

(13)

h(e™Me, AKT~'AKT) > o},
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is not empty, since 4(0,0) > 0, and C \ {0} is not empty,
since h(-,-) is continuous. Conditions (11)-(13) guide the
design of the function A(-,-) that captures the constraint
set C. Specifically, it follows from (8) and (11)—(13) that
h(eTMe, -) must be chosen as a non-increasing function of
eTMe = ||M%e||2, (e, AK) € Co, where M3 denotes the square
root of M [11, p. 474], and h(-, AKF’lAKT) must be chosen
so that it attains its maximum for AK = 0. As an example,
consider

h(e™Me, AKT ™' AKT) = hoas — [M2el]? = [ AKIZ 1,

(e, AK) € R x R™*(1#m+N) (14)
where hmax > 0; note that (14) verifies (11)-(13), since
h(0,0) = hmax > 0, ho(e™Me, AKT'AKT) = —1, and

hx(e"Me, AKT'AKT) = —1,,.

B. Main Result

The next theorem is the main result of this section and
provides an adaptive law for the control law (7) so that both
the trajectory tracking error e(-) and the estimated adaptive
gain’s error AK(-) verify the user-defined constraints captured
by (8). To state this theorem, note that it follows from (3) with
u(t) = ¢ ( (1), K(1)), t > 19, and (4) that

é(t) = Arere(r) + BAK (D)7 (1),

e(fo) = X0 — Xref,0, 1> 1o. (15)
In addition, define the positive-definite function
V(e, AK) £ eTPeHr(AKF*IAKT), (e, AK) € C.  (16)
h(e™Me, AKT—1 AKT)
Given o > 0 and 7w € R™*N define
Sur 2 {(e, AK) € R" s RxtmtN) 0T,
+ 26 tr(Ry (e, AK)RY (e, AK))'? > 0}, (17)

where Ry(e, AK) =  mel[P — V(e, AK)h,(e"Me,
AKT~YAKTYMB. Lastly, note that x.r(f), £ > tg, is bounded,
since r(¢) is bounded and Ayf is Hurwitz [12, p. 245], and if
e(r) is bounded, then 7 (r) = [xT (1), rT (1), —®T(x(t)]T € II,
where TT c R"™*N is compact. Thus, if both e(-) and
AK(-) are bounded, then it follows from Weierstrass theorem
[12, Th. 2.13] that

* & argmax, . [—aeTe + 2e tr(R; (e, AK)

x RY (e, AK))”Z] (18)
exists and is finite.

Theorem 1: Consider the uncertain nonlinear dynamical
system (3), the reference model (4), the control law ¢¢(, -)
given by (7), the constraint set (8), and the set Sy, given
by (17). Let xo € R", xper0 € R”, and AKy € R +m+N)

be such that (xo — xrer,0. AKp) € Co \ {0}. Assume there exist
a > 0, P € R™" which is symmetric and positive-definite,
and Q : R x R™*™ — R"™" guch that

—0(¢"Me, AKT'AKT)
— AT [P — V(e, AK)hy(e"Me, AKr—lAKT)M]

ref
+ [P — Ve, AK)h(e"Me, AKF—lAKT)M]Aref,

(e, AK) € C, (19)

0(™e, AKT'AKTY = QT(e"™Me, AKT"'AKT), and
Q(e"™Me, AKT'AKT) > al,, where V(-,-) is given by (16).
Let

KT = —Tr()e’ (1) [P — V(e(t), AK(8))
X o (€T () Me(1), AK(r)F*lAKT(t))M]B
x [Im — V(e(t), AK(1))

x hx(eT(Me(®), AK(t)F*IAKT(t))]il,

K(to) = AKy, 1> 1. (20)
If Sy n+ C é, where * is given by (18), then (3) with u =
#(x, K) and (20) are such that (e(r), AK(1)) € C, t > 1.

The proof of Theorem 1 is presented in the Appendix.

C. Significance of Theorem 1

Theorem 1 provides sufficient conditions to constrain both
the trajectory tracking error e(-) and the estimated adap-
tive gain error AK(-). Constraints on the trajectory tracking
error are captured by the continuously differentiable func-
tion h(e™Me, ) = h(|MZe|,-), e € R™. Since [M2e] is a
weighted Euclidean norm of e [13, p. 18], it captures a mea-
sure of the trajectory tracking error and hence, Theorem 1
provides sufficient conditions for the control law (7) and the
adaptive law (20) to guarantee satisfactory trajectory tracking
for the unknown dynamical system (3).

The relevance of imposing constraints on the estimated
adaptive gain error AK(-) can be explained as follows.

Proposition 1 [4, pp. 281-282]: Consider the nonlinear
dynamical system (3) and the reference dynamical model (4).
Assume that both A and ® are known, and there exist K, €
R™™ and K, € R™™ gsuch that the matching conditions (5)
and (6) are verified. If u = ¢jgea (71, K), where

Pideat (7, K) = Km, (w,K) € RN Rmx(n+m+N)’
2D

and K = [K], KT, —@T], then lim,_, e(t) = 0.

It follows from Proposition 1 that if the dynamics of (4)
were known, then the control law (21) would guarantee asymp-
totic convergence of the trajectory tracking error. Thus, a
desirable design specification on the control law (7) is that
the adaptive gain’s error AK(f) = K@) — K, t > ty, veri-
fies some constraints assigned a priori. However, since both
A and ©® are unknown, AK(-) cannot be computed. Theorem 1
provides sufficient conditions to constrain AK(¢) = K (1 —K,,
t > 19, where K, € R"*@+m+N) denotes an estimate of K, that
is, K, is such that |K, — K||g < &, for some ¢ > 0. Indeed,
Theorem 1 allows to impose constraints on the closed-loop
system’s dynamics captured by the continuously differentiable
function h(-, AKI"'AKT), AK € R (#m+N)

Remark 1: If ¢ = 0, then IOQ = K and it follows from
the proof of Theorem 1 that Sy .+ = {#} and Othe adaptive

control law (20) guarantees that (e(r), AK(t)) € C, t > ty, and
e(t) > 0 as t — oo.

Remark 2: Tt follows from (7), the definition of equi-
induced norm [11, p. 608], and the triangle inequality that

lp G (@), KOl < 1K) @]

= (IAK®O I + KD, 1 = 10.

(22)
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Therefore, Theorem 1 provides sufficient conditions to con-
strain the adaptive control law ¢ (-, -) at all time, while the
trajectory tracking error lays in a user-define constraint.

Remark 3: One can prove that in the presence of unmatched
uncertainties [4, p. 317], (7) and (20) allow to impose user-
defined constraints both on the trajectory tracking error and
the adaptive gains. To show this result, the set Sy , must be
redefined to account for an upper bound on the magnitude
of the external disturbance, since S, captures the set
where the total derivative of the Lyapunov function (16) is
not guaranteed to be negative-definite. It can also be shown
that in the presence of unmatched uncertainties, (7) and (20)
guarantee satlsfactorly trajectory tracking for smaller values
of &, M, and I

D. Applicability of Theorem 1
Theorem 1 relies on two assumpt1ons Spemﬁcally So.*

must be a proper subset of C, that is, Sa.zx C C. Moreover,
there must exist P € R™*", which is symmetric and positive-
definite, and a symmetric matrix function Q(-,-) such
that (19) is verified and Q(e"Me, AKT'AKT) > «l,, for
some given o > 0. The set Sy = captures the effect of not
being able to determine exactly K on the ability of enforcing
satisfactory trajectory tracking. Indeed, it follows from the
proof of Theorem 1 that if K, # K, then & > 0, Sa = £ {0},
and V(e, AK) > 0, (e, AK) € Sy . Moreover, if Sy 7+
is not a proper subset of C then (e(-), AK(-)) escapes the
interior of the constraint set C and Theorem 1 can not be
applied to im[o)ose the desired constraints. One can enforce
that Sy »+ C C by choosing & > 0 sufficiently large, M and
I so that |M|| and |[T~!| are small, and K, sufficiently close
to K so that ¢ is small.

The next result, whose proof is reported in the Appendix,
provides sufficient conditions to find P € R™*", and a sym-
metric, positive-definite matrix function Q(-, -) such that, given
o > 0, (19) is verified.

Theorem 2: Consider the constraint set C given by (8). Let
a > 0, let Arer € R be Hurwitz, let Q1 € R"*" be symmet-
ric, positive-definite, and such that Q; > al,, let P € R"*" be
the symmetric and positive-definite solution of the algebraic
Lyapunov equation

0= ArefP + PAref + Ql ’ (23)

let M € R™" be symmetric and positive-definite, and define

0>(e"Me, AKT'AKT)
2 V(e, AK)ho(e"Me, AKT "' AKT)

X (ALeM + MAres), (24)

for all (e, AK) € C, where V (-, -) is given by (16). Then, (19)
is verified by the symmetric matrix function
0(e"™Me, AKT'AKT)
= 01 + 0:(¢"Me, AKT'AKT), (e, AK) € C,
and Q(¢"Me, AKT~'AKT) > .

Note that the adaptive law (20) involves the inverse of
the matrix function [1,, — V(e, AK)hx(e" Me, AKTTAKTY],
(e, AK) € C. The identity matrix [, is symmetric and
positive-definite, V(e, AK), (e, AK) € C, is positive def-
inite, and (12) holds by assumption. Therefore U, —
V(e, AK)hx(e"Me, AKT'~ 1AKT)] (e, AK) eC is symmetric
and positive-definite, hence invertible, and the right-hand side
of (20) has no singularity.

(25)

E. Connections to Classical MRAC

The next result specializes Theorem 1 to the case wherein
no constraint is imposed on the trajectory tracking error e(-)
and the gain matrix AK(-). In [4], this corollary is stated as
Theorem 9.2 and provides the classical direct MRAC law for
the nonlinear dynamical system (3).

Corollary 1: Consider the nonlinear uncertain dynamical
system (3), the control law ¢ (-, -) given by (7), and the tra-
jectory tracking error dynamics (15). Let P € R"™" be the
symmetric, positive-definite solution of (23) Then, the solution
x(1), t > 1y, of (3) with u = ¢(x, K) and

KT(5) = —Tn(e"()PB. K(ty) = AKo,

where AKy € R 0H+m+N) i such that lim,_, o0 e(f) = 0.
Proof: The result follows from Theorems 1 and 2 and

Remark 1 with h(eTMe, AKT~'AKT) = 1, (e, AK) € R" x
Rmx (n+m+N) |

1> 19, (26)

IV. ILLUSTRATIVE NUMERICAL EXAMPLE

In this section, we provide a numerical example to illus-
trate the applicability of the theoretical results presented in
this letter. The roll dynamics of an unmanned aerial vehicle is
captured by [7, Example 5.3], [14, pp. 59-64]

o] [0  1][e®
PO | " |61 6f|lp®
+ m (u@) + ©T @ (p (1), p(1))),

[¢(0), p(O)]1T = [0, pol”, 27)

where ¢(7) € R, t > 0, denotes the roll angle, p(r) € R denotes
the roll rate, u(f) € R denotes the aileron deflection angle, ® €
RS is unknown, and ®(¢,p) = [sint, ¢,p, lolp, Iplp. ¢*1",
(p,p) € R x R. In particular, both 6; and 6, capture the
effect of aerodynamic moments acting on the vehicle, and
OTd(p, p), (¢, p) € R x R, captures undesired aerodynamic
moments induced by the aileron deflection; since aerodynamic
coefficients can only be estimated through wind-tunnel tests,
we consider 6, 6>, and ® as unknown. Note that the nonlin-
ear plant (27) is in the same form as (3) withn =2, m =1,

N=3,D=R”,x=[<p,p]T,A=[O ! ., B =1[0,1]",

0, 6,

®(x) = ®(@, p), x0 = [po.pol", and 10 = 0.
Our goal is to design an adaptive gain K : [0,00) —
R (1+m+N) for the control law ¢ (-, ) given by (7) so that the
solution x(-) of (27) with u = ¢ (;r, K) follows the trajectory

Xref(+) of the reference dynamical model (4) with

0 1 0
Aref = |:_w2 _2§.w:|’ Bret = |:(,()2:|’

¢ € (0,1), o > 0, and r(t) = sign(sin?), + > 0, where
sign(-) denotes the signum function [15, p. 19]. In particu-
lar, we wish to constrain both the trajectory tracking error e(-)
and the adaptive gain K (+) so that the pair (e(-), AK(-)) lays
in the constraint set (8) with A(-, ) given by (14). We will
meet these design goals by applying Theorem 1.

The pair (A, B) is controllable and the matching condi-
tions (5) and (6) are verified by

sz_[(l)2+91 ]5

t>0,

(28)

K, = o’ (29)

20w+ 6,

Let Q1 € R™" be symmetric and positive-definite, and let P €
R™ " be the symmetric and positive-definite solution of (23).
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: :
2L [—Proposed control law]
- Classical MRAC

151 | + Reference Trajectory

Fig. 1. Closed-loop system’s trajectories obtained applying the con-
trol law (7) with proposed adaptive law (20) and the control law (7) with
classical MRAC law (26). The closed-loop system’s trajectory obtained
applying (20) experiences smaller oscillations than the closed-loop
system’s trajectory obtained applying (26), but converges to the refer-
ence system’s trajectory later than the closed-loop system’s trajectory
obtained applying (26).

T T
[—Proposed control lawH
————— Classical MRAC

» Ideal control law

1000 [~

Fig. 2. Control law (7) with proposed adaptive law (20), control law (7)
with classical model reference adaptive control (MRAC) law (26), and
ideal control law (21). The proposed control law experiences smaller
and lower-frequency oscillations than the classical MRAC law.

It follows from Theorem 2 that given o« > 0, there exists
Q(-, -) such that the conditions of Theorem 1 are verified.
Thus, the control law (7) and the adaptive law (20) guarantee

1
that |M2e|l” + [AKDIZ -y < hmax, 1 = 0.

Let 6, =0, 6, =0, ©F =[0.25,0.5,1,—1,1,1], ¢ = 0.7,
50

ooy
[ =24-10%-Is, 0 = b, K, = K+0.1[1,1,0,1,1, 1,1, 1, 17T,
and ¢ = 0.2828. Figure 1 shows the solution x(-) of (27)
with control law (7) and proposed adaptive law (20), the solu-
tion x(-) of (27) with control law (7) and classical adaptive
law (26), and the solution xe(-) of (4). Figure 2 shows the con-
trol input u(-) obtained applying both (7) and (20), the control
input u(-) obtained applying both (7) and (26), and the control
input u(-) obtained applying the ideal control law (21). Finally,

Figure 3 shows [M2e()|? + || AK@E s t € [0,7.5] s,
obtained applying both the proposed adaptive law (20) and
the classical adaptive law (26).

It appears from Figure 3 that the proposed adaptive law (20)
verifies the constraint both on the trajectory tracking error and
the estimated adaptive gain’s error at all time, whereas the clas-

sical MRAC law (26) does not verify these constraints. Indeed,
. 1
applying (20), [IMZe()* + IAKDI} -1 < hmax, t = Os,

o = 1, hmax = 30, xp = 0, Xref,0 = X0, M =

—Proposed control law
----Classical MRAC

* Punax

2 3 4 5 6 7

Fig. 3. Measure of the trajectory tracking error and the estimated adap-
tive gain error applying the proposed adaptive law (20) and the classical
model reference adaptive control (MRAC) law (26).

whereas applying (26), [|M2e(n)]1* + [AK®DIZ oy > Fmaxs
t > 0.0951 s. Figure 2 shows that the control law (7) with the
proposed adaptive law (20) experiences larger excursions, but
considerably less oscillations than with the classical MRAC
adaptive law (26), and this is an advantage, since rapid oscil-
lations of the control input fatigue actuators. Figure 1 shows
that in the transient phase, the closed-loop system’s trajectory
obtained applying the proposed adaptive law (20) experi-
ences larger oscillations than the trajectory obtained applying
the classical adaptive law (26). Indeed, for ¢ € [0, 1.2364]s
the average trajectory tracking error obtained applying (20)
is 0.3416 and the average trajectory tracking error obtained
applying (26) is 0.2843. For ¢ € [1.2365,7.5]s, the aver-
age trajectory tracking error obtained applying the proposed
adaptive law (20) is 0.0014 and the average trajectory track-
ing error obtained applying the classical adaptive law (26) is
0.0011. Thus, after the transient period, the proposed adaptive
law guarantees the same high-quality trajectory tracking as the
classical adaptive law.

For a given M, both hp,x and I" were chosen through an
iterative process. Firstly, a large value of hpax was chosen so
that the effect of the constraints was negligible. Next, Amax
was reduced, while I' remained constant. As expected, the
closed-loop system’s converged later to the reference trajectory
and hence, the trajectory tracking performance was improved
by increasing ||T'||, while Apax remained constant. In classical
MRAC, large values of ||I'|| are chosen to guarantee rapid
convergence of the trajectory tracking error.

V. CONCLUSION

In this letter, we presented an MRAC law that guaran-
tees satisfactory trajectory tracking for nonlinear dynamical
systems affected by parametric and matched uncertainties, and
whose uncontrolled linearized dynamics is unknown. In par-
ticular, the proposed control law bounds at all time, within
user-defined constraint sets, both the trajectory tracking error
and the difference between the adaptive gains and an esti-
mate of the gains that verify the matching conditions. For its
ability to constrain the adaptive gains within bounds assigned
a priori, the proposed framework provides an alternative to
those adaptive frameworks that involve the projection opera-
tor to limit the adaptive gain dynamics. Future work directions
include both an analytical study of the trajectory tracking error
obtained applying the proposed adaptive control framework
and a comparative analysis of the proposed framework and
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other frameworks using the projection operator. Additional
future work directions include an investigation of the fact
that, as highlighted by the proposed numerical example, con-
straining both the trajectory tracking error and the estimated
adaptive gain error, the proposed control law experiences
smaller oscillations than the classical MRAC law.

APPENDIX
Proof of Theorem 1: This proof is divided in two parts.
First, we assume that (e(r), AK (t)) € C t > to and show that

V(e, AK) < 0 for all (e, AK) € ¢ \ Sy, 7+. Then, we use a
contradlctlon argument to prove that if (xo — Xrer,0, AKp) €

¢ \ {0}, then (e(?), AK(?)) € C 1= 1.

Assume that (e(r), AK(?)) € C t > to. Since C is compact
by assumption, both e(-) and AK(-) are bounded and (18)
exists and is finite. Additionally, it follows from (16), (15),
and (2) that for all (e, AK) € C,

Vie, AK) < —ah~ ' (e"™Me, AKT ' AKT)eTe
+2h~ Y (e"Me, AKT 7' AKT)
x tr(&i(neT [P — V(e AK)

X ho(¢"Me, AKF_IAKT)M]B

+ AKT™ KT[ — V(e, AK)

x hy(TMe, AKF_IAKT)]), (30)

Therefore, since tr(X'Y) is an inner product of X and Y €
R™™ 11, p. 95], and, by assumption, ||AK(t)— AK@®)|f < &,
for some ¢ > 0, it follows from (20) and the Cauchy—Schwarz
inequality [11, Fact 1.18.9] that

Ve, AK) < h™'(e"Me, AKT "' AKT)
X [ —aele+2¢ tr(neT [P — Ve, AK)

x hy(eTMe, AKr—lAKT)M]B)],
(e, AK) € C,

and hence V(e, AK) <0, (e, AK) € C\ S""o”*'

Next, assume that (e(tp), AK(tp)) € C \ {0}, and sup-
pose ad absurdum that there exists 7° > 0 such that
lim,— 7+ dist((e(¢), AK(2)), 9C) = 0, where dist(-,-) denotes
the distance of a point from a set [16, p. 16]. In this case,
lim,_, 7+ h(eT ()Me(t), AK(OT "' AKT (1)) = 0 along the tra-
jectory of (15) and (20), and it follows from the continuity of
h(-,-), e(-), and AK(-) that

tlir;l* h(eT(HMe(t), AKOT 'AKT (1))

3D

= h(eT(T*)Me(T*), AK(TT ' AKT(T*)), (32)

which implies that (e(T™*), AK(T*)) * 0, since
h(e"™Me, AKT™'AKT) > 0 for all (e, AK) € C and
(0,0) € C by assumption. Moreover, since tr(-) is con-
tinuous and eTPe + tr(AKT'AKT) is positive-definite
for all (e, AK) € R* x R™x0+m+N) it holds that
lim;— 7+ [T (£) Pe(t) + tr(AK () "' AKT(£))] # 0. Therefore,

00 = 111%1 V(e(t), AK(1))
t—T*
eT(T*)Pe(T*) + t(AK(THT "' AKT(T™))

= (T (TH)Me(T*), AK(THT-TAKT(T%)) (33)

Now, if (e(to), AK(t9)) € Su.*, then there exists T** > 1o
such that (e(T**), AK(T**)) € 0S4 7*. Since Sy + C C by
assumption, it holds that 7** < T* and it follows from (31)
that for all #; and t, € [T**, T*) such that t, > 11,

V(e(t2), AK(12)) < V(e(t1), AK(11)) < o0, (34)
along the trajectory of (15) and (2(2), which contradicts (33).
Alternatively, if (e(tp), AK (%)) € C \ Sy x*, then there exists
T** > 1o such that (e(T**), AK(T**)) € 88y, and (33)
is contradicted by applying a similar argument as for the
previous case. Toherefore, if (e(ty), AK(tp)) € C \ {0}, then
(e(t), AK(t)) € C, t > 1y, which concludes the proof. [ |

Proof of Theorem 2: Since Q7 is symmetric and positive-
definite and Arer is Hurwitz, there exists a unique symmet-
ric, positive-definite P € R"™" such that (23) is verified
[11, Corollary 11.9.4]. The matrix function Q> (-, -) is symmet-
ric and nonnegative-definite, since V(e, AK), (e, AK) € C, is
positive-definite, ArTefM + MAer is symmetric and nonpositive-
definite [17], and (11) holds by assumption. Therefore, (19)
follows from (23) and (24), Q(-,-) is s 1ymmetric since both
Q1 and Q,(-, -) are symmetric, and Q(e'Me, AKF*IAKT) =
01 + 0:(¢"™Me, AKT—'AKT) > al,, (e, AK) € C. [ ]
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