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Abstract

In this paper, we develop a unified framework to address the problem of optimal nonlinear analysis and feedback
control design for finite-time partial stability and finite-time, partial-state stabilization. Finite-time partial stability of
the closed-loop nonlinear system is guaranteed by means of a Lyapunov function that is positive definite and
decrescent with respect to part of the system state, satisfies a differential inequality involving fractional powers, and
can clearly be seen to be the solution to the steady-state form of the Hamilton-Jacobi-Bellman equation
guaranteeing both partial stability and optimality. The overall framework provides the foundation for extending
optimal linear-quadratic controller synthesis to nonlinear-nonquadratic optimal finite-time, partial-state stabilization.
In addition, we specialize our results to address the problem of optimal finite-time control for nonlinear time-
varying systems. Finally, we develop optimal feedback controllers for affine nonlinear systems using an inverse
optimality framework tailored to the finite-time, partial-state stabilization problem and use this result to address
finite-time, partial-state stabilizing sublinear controllers that minimize a derived performance criterion involving
subquadratic terms.
& 2015 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
1. Introduction

In [1] the current status of continuous-time, nonlinear nonquadratic optimal control problems
was presented in a simplified and tutorial manner. The basic underlying ideas of the results in [1]
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are based on the fact that the steady-state solution of the Hamilton-Jacobi-Bellman equation is a
Lyapunov function for the nonlinear system and thus guaranteeing both stability and optimality
[2,1]. Specifically, a feedback control problem over an infinite horizon involving a nonlinear-
nonquadratic performance functional is considered. The performance functional is then evaluated
in closed form as long as the nonlinear nonquadratic cost functional considered is related in a
specific way to an underlying Lyapunov function that guarantees asymptotic stability of the
nonlinear closed-loop system. This Lyapunov function is shown to be the solution of the steady-
state Hamilton-Jacobi-Bellman equation. The overall framework provides the foundation for
extending linear-quadratic control to nonlinear-nonquadratic problems.
In this paper, we extend the framework developed in [1,2] to address the problem of optimal

finite-time stabilization, that is, the problem of finding state-feedback control laws that minimize
a given performance measure and guarantee finite-time stability of the closed-loop system. In
addition, we address the problem of optimal partial-state stabilization, wherein stabilization with
respect to a subset of the system state variables is desired. Even though finite-time stabilization
[3–11] and partial-state stabilization [12,13] have been considered in the literature as separate
problems as well as a combined problem [14–16], the problem of optimal finite-time, partial-
state stabilization has not been addressed in the literature.
Finite-time stabilization of second-order systems was considered in [3,4], whereas the authors in

[5,6] consider finite-time stabilization of higher-order systems as well as finite-time stabilization
using output feedback. Design of globally strongly stabilizing continuous controllers for linear and
nonlinear systems using the theory of homogeneous systems was studied in [7,8]. Finite-time
partial stabilization of chained systems are considered in [14,15], whereas finite-time partial
stabilizability using continuous and discontinuous homogeneous state feedback controllers is
considered in [16]. Discontinuous finite-time stabilizing feedback controllers have also been
developed in the literature [9–11]. Alternatively, sliding mode (typically discontinuous) control
design has also been used to guarantee finite-time convergence and more recently finite-time
stability; see [17] and the numerous references therein. However, for practical implementation,
discontinuous feedback controllers can lead to chattering due to system uncertainty or
measurement noise, and hence, may excite unmodeled high-frequency system dynamics.
The problem of partial stabilization has also been considered in the literature. Specifically, in [13,18]

the authors construct controllers for spacecraft stabilization, wherein asymptotic stability of an
equilibrium point is sought while requiring Lyapunov stability of the remaining closed-loop system
states of the spacecraft. In [12], the authors consider partial stabilization of rotating machinery with
mass imbalance, wherein motion stabilization with respect to a subspace instead of the origin is sought.
In this paper, we consider a notion of optimality that is directly related to a given Lyapunov

function that is positive definite and decrescent with respect to part of the system state, and
satisfies a differential inequality involving fractional powers. Specifically, an optimal finite-time,
partial-state stabilization control problem is stated and sufficient Hamilton-Jacobi-Bellman
conditions are used to characterize an optimal feedback controller. The steady-state solution of
the Hamilton-Jacobi-Bellman equation is clearly shown to be a Lyapunov function for part of the
closed-loop system state that guarantees both finite-time partial stability and optimality. In
addition, we explore connections of our approach with inverse optimal control [19–22], wherein
we parametrize a family of finite-time, partial-state stabilizing sublinear controllers that minimize
a derived cost functional involving subquadratic terms. Subquadratic performance criteria have
been studied in [23,24] and have been shown to permit a unified treatment of a broad range of
design goals. Another important application of partial stability and partial stabilization theory
is the unification it provides between time-invariant stability theory and stability theory for
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time-varying systems [2,25]. We exploit this unification and specialize our results to address the
problem of optimal finite-time control for nonlinear time-varying dynamical systems.

The contents of this paper are as follows. In Section 2, we establish notation, definitions, and
develop some basic results on finite-time partial stability of nonlinear dynamical systems. In Section 3,
we present sufficient conditions for finite-time partial stability of nonlinear dynamical systems using
Lyapunov functions that are positive definite with respect to part of the system's state and additionally
satisfy a differential inequality involving fractional powers. These results are then specialized to
provide sufficient conditions for finite-time stability of nonlinear time-varying systems. In Section 4,
we consider a nonlinear system with a performance functional evaluated over the infinite horizon. The
performance functional is then evaluated in terms of a Lyapunov function that guarantees finite-time
partial stability. We then state an optimal control problem and provide sufficient conditions for
characterizing an optimal nonlinear feedback controller guaranteeing finite-time partial stability of the
closed-loop system. These results are then used to construct optimal finite-time controllers for
nonlinear time-varying dynamical systems. In Section 5, we specialize the results developed in Section
4 to affine in the control dynamical systems as well as develop optimal feedback controllers for affine
nonlinear systems using an inverse optimality framework tailored to the finite-time, partial-state
stabilization problem. In Section 6, we provide two illustrative numerical examples that highlight the
optimal partial-state stabilization framework. Finally, in Section 7, we present conclusions and
highlight some future research directions.

2. Notation, Definitions, and Mathematical Preliminaries

In this section, we establish notation, definitions, and introduce the notion of finite-time partial
stability. Let R denote the set of real numbers, Rþ denote the set of positive real numbers, Rþ
denote the set of nonnegative numbers, Rn denote the set of n� 1 real column vectors, Rn�m

denote the set of n�m real matrices, and BεðxÞ denote the open ball centered at x with radius ε.
We write V 0 xð Þ9 ∂VðxÞ

∂x for the gradient of V at x, J � J for the Euclidean vector norm, and In or I
for the n� n identity matrix.

In this paper, we consider nonlinear dynamical systems of the form

_x1ðtÞ ¼ f 1ðx1ðtÞ; x2ðtÞÞ; x1ð0Þ ¼ x10; tAI x0 ; ð1Þ

_x2ðtÞ ¼ f 2ðx1ðtÞ; x2ðtÞÞ; x2ð0Þ ¼ x20; ð2Þ
where, for every tAI x0 , x1ðtÞADDRn1 and x2ðtÞARn2 , I x0 �R is the maximal interval of
existence of a solution xðtÞ9 ½xT1 ðtÞ; xT2 ðtÞ�T of (1) and (2) with initial condition x09 ½xT10; xT20�T, D is
an open set with 0AD, f 1 : D� Rn2-Rn1 is such that, for every ðx1; x2ÞAD� Rn2 , f 1ð0; x2Þ ¼ 0
and f 1ð�; �Þ is jointly continuous in x1 and x2, and f 2 : D� Rn2-Rn2 is such that, for every
ðx1; x2ÞAD� Rn2 , f 2ð�; �Þ is jointly continuous in x1 and x2. A continuously differentiable function
x : I x0-D� Rn2 is said to be a solution of (1) and (2) on the interval I x0 �R if
xð�Þ ¼ ½xT1 ð�Þ; xT2 ð�Þ�T satisfies (1) and (2) for all tAI x0 . If xð�Þ ¼ ½xT1 ð�Þ; xT2 ð�Þ�T is a solution of (1)
and (2) on the interval I x0 �R, then x1ð�Þ is the solution of (1) and x2ð�Þ is the solution of (2).

The joint continuity of f ð�; �Þ ¼ ½f T1 ð�; �Þ; f T2 ð�; �Þ�T implies that, for every ðx1; x2ÞAD� Rn2 ,
there exists τ0o0oτ1 and a solution ½xT1 ð�Þ; xT2 ð�Þ�T of (1) and (2) defined on the open interval
ðτ0; τ1Þ such that ½xT1 ð0Þ; xT2 ð0Þ�T ¼ ½xT1 ; xT2 �T [2, Th. 2.24]. A solution t↦½xT1 ðtÞ; xT2 ðtÞ�T is said to be
right maximally defined if ½xT1 ; xT2 �T cannot be extended (either uniquely or nonuniquely) forward
in time. We assume that all right maximal solutions to (1) and (2) exist on ½0;1Þ, and hence, we
assume that (1) and (2) is forward complete. Recall that every bounded solution to (1) and (2)



W.M. Haddad, A. L'Afflitto / Journal of the Franklin Institute 352 (2015) 2329–23572332
can be extended on a semi-infinite interval ½0;1Þ [2]. That is, if x : ½0; τx0 Þ-D� Rn2 is the right
maximally defined solution of (1) and (2) such that xðtÞ ¼ ½xT1 ðtÞ; xT2 ðtÞ�TADc �Qc for all
tA ½0; τx0 Þ, where Dc �D and Qc �Rn2 are compact, then τx0 ¼1 [2, Cor. 2.5].
We assume that the nonlinear dynamical system given by (1) and (2) possesses unique solutions

in forward time for all initial conditions except possibly at x1 ¼ 0 in the following sense. For every
ðx1; x2ÞAD\f0g � Rn2 there exists τx40, where x¼ ½xT1 ; xT2 �T, such that, if yI : ½0; τ1Þ-D� Rn2

and yII : ½0; τ2Þ-D� Rn2 are two solutions of (1) and (2) with yIð0Þ ¼ yIIð0Þ ¼ x, then
τxrminfτ1; τ2g and yIðtÞ ¼ yIIðtÞ for all tA ½0; τxÞ. Without loss of generality, we assume that,
for every ðx1; x2Þ, τx is chosen to be the largest such number in Rþ. In this case, given
x¼ ½xT1 ; xT2 �TAD� Rn2 , we denote by the continuously differentiable map sxð�Þ9sð�; x1; x2Þ the
trajectory or the unique solution curve of (1) and (2) on ½0; τxÞ satisfying sð0; x1; x2Þ ¼ ½xT1 ; xT2 �T and
we denote by sx1ð�Þ the partial trajectory or the unique solution curve of (1) on ½0; τxÞ. Sufficient
conditions for forward uniqueness in the absence of Lipschitz continuity can be found in [26],
[27, Section 10], [28], and [29, Section 1]. Finally, we assume that given a continuously
differentiable function x1 : ½0;1Þ-Rn1 , the solution x2ðtÞ, tZ0, to (2) is unique.
The following definitions introduce the notion of finite-time partial stability.

Definition 2.1. The nonlinear dynamical system (1) and (2) is finite-time stable with respect to
x1 if there exist an open neighborhood D0DD of x1 ¼ 0 and a function T : D0\f0g�
Rn2-ð0;1Þ, called the settling-time function, such that the following statements hold:
(i)
 Finite-time partial convergence. For every ðx10; x20ÞAD0\f0g � Rn2 , sx0 ðtÞ is defined on
½0;Tðx10; x20ÞÞ, where x0 ¼ ½xT10; xT20�T, sx01 ðtÞAD0\f0g for all tA ½0; Tðx10; x20ÞÞ, and sx01 ðtÞ-0
as t-Tðx10; x20Þ.
(ii)
 Partial Lyapunov stability. For every ε40 and x20ARn2 there exists δ¼ δðε; x20Þ40 such
that Bδð0Þ �D0 and, for every x10ABδð0Þ\f0g, sx01 ðtÞABεð0Þ for all tA ½0;Tðx10; x20ÞÞ.
The nonlinear dynamical system (1) and (2) is finite-time stable with respect to x1 uniformly in
x20 if (1) and (2) is finite-time stable with respect to x1 and the following statment holds:
(iii)
 Partial uniform Lyapunov stability. For every ε40 there exists δ¼ δðεÞ40 such that
Bδð0Þ �D0 and, for every x10ABδð0Þ\f0g, sx01 ðtÞABεð0Þ for all tA ½0;Tðx10; x20ÞÞ and for all
x20ARn2 .
The nonlinear dynamical system (1) and (2) is strongly finite-time stable with respect to x1
uniformly in x20 if (1) and (2) is uniformly finite-time stable with respect to x1 and the following
statment holds:
(iv)
 Finite-time partial uniform convergence. For every ðx10; x20ÞAD0\f0g � Rn2 , sx0 ðtÞ is
defined on ½0;Tðx10; x20ÞÞ, sx01 ðtÞAD0\f0g for all tA ½0; Tðx10; x20ÞÞ, and sx01 ðtÞ-0 as
t-Tðx10; x20Þ uniformly in x20 for all x20ARn2 .
The nonlinear dynamical system (1) and (2) is globally finite-time stable with respect to x1
(respectively, globally finite-time stable with respect to x1 uniformly in x20 or globally strongly
finite-time stable with respect to x1 uniformly in x20) if it is finite-time stable with respect to x1
(respectively, finite-time stable with respect to x1 uniformly in x20 or strongly finite-time stable
with respect to x1 uniformly in x20) with D0 ¼Rn1 .
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Remark 2.1. It is important to note that there is a key difference between the partial stability
definitions given in Definition 2.1 and the definitions of partial stability given in [15]. In
particular, the partial stability definitions given in [15] require that both initial conditions x10 and
x20 lie in a neighborhood of the origin, whereas in Definition 2.1, x20 can be arbitrary.
Furthermore, in the definition of partial stability given in [15], the state x1ðtÞ, tZ0, converges to
zero and the state x2ðtÞ, tZ0, is bounded and converges to a constant that possibly depends on
the system initial conditions. In contrast, in Definition 2.1 the state x2ðtÞ can diverge as t-1.
Similar distinctions hold for our partial stabilization definition (see Definition 4.1 below) and the
partial stabilization definition given in [14]. As will be seen below, this difference allows us to
unify autonomous partial stability theory with time-varying stability theory.

As shown in [2,25], an important application of partial stability theory is the unification it
provides between time-invariant stability theory and stability theory for time-varying systems.
Specifically, consider the nonlinear time-varying dynamical system given by

_xðtÞ ¼ f ðt; xðtÞÞ; xðt0Þ ¼ x0; tAI t0;x0 ; ð3Þ
where, for every tAI t0;x0 , xðtÞADDRn, I t0;x0D½t0;1Þ is the maximal interval of existence of a
solution x(t) of (3), D is an open set with 0AD, and f : I t0;x0 �D-Rn is such that, for every
ðt; xÞAI t0;x0 �D, f ðt; 0Þ ¼ 0 and f ð�; �Þ is jointly continuous in t and x. In this paper, we assume
that the nonlinear time-varying dynamical system (3) possesses unique solutions in forward time
for all initial conditions except possibly x¼0 and, given x0AD, we denote by the continuously
differentiable map st0;x0 ð�Þ9sð�; t0; x0Þ the trajectory or the unique solution curve of (3) on I t0;x0
satisfying sð0; t0; x0Þ ¼ x0. Now, defining x1ðτÞ9xðtÞ and x2ðτÞ9 t, where τ9 t� t0, it follows that
the solution x(t), tAI t0;x0 , to the nonlinear time-varying dynamical system (3) can be equivalently
characterized by the solution x1ðτÞ, τAT t0;x0 , to the nonlinear autonomous dynamical system

_x1ðτÞ ¼ f ðx2ðτÞ; x1ðτÞÞ; x1ð0Þ ¼ x0; τAT t0;x0 ; ð4Þ

_x2ðτÞ ¼ 1; x2ð0Þ ¼ t0; ð5Þ
where T t0;x0 9fτARþ : τ¼ t� t0; tAI t0;x0g. Note that (4) and (5) are in the same form as the
system given by (1) and (2), and hence, Definition 2.1 applied to (4) and (5) specializes to the
following definition.

Definition 2.2. The nonlinear dynamical system (3) is finite-time stable if there exist an open
neighborhood D0DD of the origin and a function T : ½0;1Þ �D0\f0g-ðt0;1Þ, called the
settling-time function, such that the following statements hold:
(i)
 Finite-time convergence. For every ðt0; x0ÞA ½0;1Þ �D0\f0g, st0;x0ðtÞ is defined on
½t0;Tðt0; x0ÞÞ, st0;x0ðtÞAD0\f0g for all tA ½t0;Tðt0; x0ÞÞ, and st0;x0 ðtÞ-0 as t-Tðt0; x0Þ.
(ii)
 Lyapunov stability. For every ε40 and t0A ½0;1Þ there exists δ¼ δðε; t0Þ40 such that
Bδð0Þ �D0 and, for every x0ABδð0Þ\f0g, st0;x0 ðtÞABεð0Þ for all tA ½t0;Tðt0; x0ÞÞ.
The nonlinear dynamical system (3) is uniformly finite-time stable if (3) is finite-time stable and
the following statement holds:
(iii)
 Uniform Lyapunov stability. For every ε40 there exists δ¼ δðεÞ40 such that Bδð0Þ �D0

and, for every x0ABδð0Þ\f0g, st0;x0 ðtÞABεð0Þ for all tA ½t0; Tðt0; x0ÞÞ and for all t0A ½0;1Þ.
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The nonlinear dynamical system (3) is strongly uniformly finite-time stable if (3) is uniformly
finite-time stable and the following statement holds:
(iv)
 Uniform finite-time convergence. For every ðt0; x0ÞA ½0;1Þ �D0\f0g, st0;x0ðtÞ is defined on
½t0;Tðt0; x0ÞÞ, st0;x0ðtÞAD0\f0g for all tA ½t0; Tðt0; x0ÞÞ, and st0;x0ðtÞ-0 as t-Tðt0; x0Þ
uniformly in t0 for all t0A ½0;1Þ.
The nonlinear dynamical system (3) is globally finite-time stable (respectively, globally uniformly
finite-time stable or globally strongly uniformly finite-time stable) if it is finite-time stable (respectively,
uniformly finite-time stable or strongly uniformly finite-time stable) with D0 ¼Rn.

3. Finite-time partial stability theory

In this section, we present sufficient conditions for finite-time partial stability using a
Lyapunov function satisfying a differential inequality involving fractional powers. The following
proposition shows that if the nonlinear dynamical system (1) and (2) is finite-time stable with
respect to x1, then it possesses a unique solution sð�; x10; x20Þ defined on Rþ �D0 � Rn2 for
every x10 in a neighborhood of x1 ¼ 0, including x1 ¼ 0, and, for every x20ARn2 , s1ðt; x10; x20Þ ¼
0 for all tZTðx10; x20Þ, where Tð0; x20Þ90.

Proposition 3.1. Consider the nonlinear dynamical system G given by (1) and (2). Assume G is
finite-time stable with respect to x1 and let D0DD and T : D0\f0g � Rn2-ð0;1Þ be defined as
in Definition 2.1. Then, for every ðx10; x20ÞAD0 � Rn2 , there exists a unique solution
sðt; x10; x20Þ ¼ ½sT1 ðt; x10; x20Þ; sT2 ðt; x10; x20Þ�T, tZ0, to (1) and (2) defined on Rþ �D0 � Rn2

such that s1ðt; x10; x20ÞAD0, tA ½0;Tðx10; x20ÞÞ, and such that s1ðt; x10; x20Þ ¼ 0, tZTðx10; x20Þ,
where Tð0; x20Þ90.

Proof. It follows from the partial Lyapunov stability of (1) and (2) with respect to x1 that
x1ðtÞ � 0, tZ0, is the unique solution of (1) satisfying x1ð0Þ ¼ 0 for all x20ARn2 . Thus,
s1ðt; 0; x20Þ ¼ 0 for all tZ0 and x20ARn2 . Next, let ðx10; x20ÞAD0\f0g � Rn2 , and define

x1ðtÞ9
s1ðt; x10; x20Þ; 0r toTðx10; x20Þ;
0; tZTðx10; x20Þ:

(
ð6Þ

Note that by construction, x1ð�Þ is continuously differentiable on Rþ\fTðx10; x20Þg and satisfies (1)
on Rþ\fTðx10; x20Þg. Furthermore, since f 1ð�; �Þ is jointly continuous,

lim
t-T � ðx10;x20Þ

_x1ðtÞ ¼ lim
t-T � ðx10;x20Þ

f 1ðx1ðtÞ; x2ðtÞÞ ¼ lim
t-Tþðx10;x20Þ

_x1ðtÞ; ð7Þ

and hence, x1ð�Þ is continuously differentiable at Tðx10; x20Þ and x1ðtÞ satisfies (1). Hence, it
follows from the assumptions on f 2ð�; �Þ that, given x1ðtÞ, tZ0, there exists x2ðtÞ such that
xðtÞ ¼ ½xT1 ðtÞ; xT2 ðtÞ�T is solution of (1) and (2) for all ðx10; x20ÞAD0\f0g � Rn2 and for all tZ0.
Given ðx10; x20ÞAD0 � Rn2 , to show uniqueness, assume y1ð�Þ satisfies (1) for all tZ0. In this

case, x1ðtÞ ¼ y1ðtÞ for all tA ½0;Tðx10; x20ÞÞ by the uniqueness assumption in Section 2. In
addition, by continuity, x1ðtÞ ¼ y1ðtÞ at t¼ Tðx10; x20Þ, and hence, x1ðtÞ ¼ y1ðtÞ for all
tA ½0;Tðx10; x20Þ�, which implies that y1ðTðx10; x20ÞÞ ¼ 0. Now, partial Lyapunov stability with
respect to x1 implies that y1ðtÞ ¼ 0 for t4Tðx10; x20Þ, which proves uniqueness of x1ð�Þ. Hence
uniqueness of xð�Þ ¼ ½xT1 ð�Þ; xT2 ð�Þ�T immediately follows from the assumptions in Section 2.This
proves the result. □
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It follows from Proposition 3.1 and the assumptions on f 2ð�; �Þ that if the nonlinear dynamical
system (1) and (2) is finite-time stable with respect to x1, then it defines a global semiflow on
D0 � Rn2 ; that is, the solution curve sð�; �; �Þ of (1) and (2) satisfies the consistency property
sð0; x1; x2Þ ¼ ½xT1 ; xT2 �T and the semigroup property sðt; s1ðτ; x1; x2Þ; s2ðτ; x1; x2ÞÞ ¼ sðt þ τ; x1; x2Þ
for every ðx1; x2ÞAD0 � Rn2 and t, τARþ. Furthermore, sð�; �; �Þ satisfies

s1ðTðx10; x20Þ þ t1; x10; x20Þ ¼ 0 ð8Þ
for all ðx10; x20ÞAD0 � Rn2 and t1Z0.

In general, finite-time partial stability does not imply that the settling-time function Tð�; �Þ is
continuous [30]. The following proposition generalizes Proposition 2.4 of [30] to show that the
settling-time function Tð�; �Þ of a finite-time partially stable system is jointly continuous on
D0 � Rn2 if and only if it is continuous at ð0; �Þ.
Proposition 3.2. Consider the nonlinear dynamical system G given by (1) and (2). Assume G is
finite-time stable with respect to x1, let D0DD be as defined in Definition 2.1, and let T :
D0\f0g � Rn2-½0;1Þ be the settling-time function of G. Then the following statements hold:
(i)
 If t1Z0 and ðx10; x20ÞAD0 � Rn2 , then
Tðs1ðt1; x10; x20Þ; s2ðt1; x10; x20ÞÞ ¼maxfTðx10; x20Þ; t1g: ð9Þ
(ii)
 Tð�; �Þ is jointly continuous on D0 � Rn2 if and only if Tð�; �Þ is jointly continuous at ð0; x2Þ,
x2ARn2 .
Proof. (i) It follows from Definition 2.1 that

Tðx10; x20Þ ¼ infftARþ : s1ðt; x10; x20Þ ¼ 0g ð10Þ
for all ðx10; x20ÞAD0\f0g � Rn2 . Hence, Tðs1ðt1; x10; x20Þ; s2ðt1; x10; x20ÞÞ ¼ infft2ARþ : s1ðt2;
s1ðt1; x10; x20Þ; s2ðt1; x10; x20ÞÞ ¼ 0g. Now, for 0r t1rTðx10; x20Þ, the semigroup property and
(10) imply that Tðs1ðt1; x10; x20Þ; s2ðt1; x10; x20ÞÞ ¼ infft2ARþ : s1ðt2; x10; x20Þ ¼ 0g ¼ Tðx10; x20Þ.
Alternatively, for 0rTðx10; x20Þr t1, Tðs1ðt1; x10; x20Þ; s2ðt1; x10; x20ÞÞ ¼ t1, which proves (9).

(ii) Necessity is immediate. To prove sufficiency, suppose that Tð�; �Þ is jointly continuous at
ð0; x2Þ, x2ARn2 . Let ðx1; x2ÞAD0 � Rn2 and consider the sequences fx1ng1n ¼ 1 �D0 converging
to x1 and fx2ng1n ¼ 1 �Rn2 converging to x2. Let τ� ¼ lim infn-1Tðx1n; x2nÞ and τþ ¼
lim supn-1Tðx1n; x2nÞ. Note that τ�, τþARþ and

τ� rτþ: ð11Þ
Next, let fx1nmg1m ¼ 0 �D0 be a subsequence of fx1ng and fx2nmg1m ¼ 0 �Rn2 be a subsequence of

fx2ng such that Tðx1nm ; x2nm Þ-τþ as m-1. The sequence fðTðx1; x2Þ; x1nm ; x2nm Þg1m ¼ 1 converges
in Rþ �D0 � Rn2 to ðTðx1; x2Þ; x1; x2Þ as m-1. Since s1ðTðx1; x2Þ þ t1; x1; x2Þ ¼ 0 for all t1Z0
and since all solutions to (1) and (2) are continuous in their initial conditions, it follows that
s1ðTðx1; x2Þ; x1nm ; x2nm Þ-s1ðTðx1; x2Þ; x1; x2Þ ¼ 0 as m-1. Thus, since Tð0; x2Þ is continuous for
all x2ARn2 , it follows that

lim
m-1

Tðs1ðTðx1; x2Þ; x1nm ; x2nm Þ; s2ðTðx1; x2Þ; x1nm ; x2nm ÞÞ ¼ Tðx1; x2Þ: ð12Þ

Now, with t1 ¼ Tðx1; x2Þ, x10 ¼ x1nm , and x20 ¼ x2nm , it follows from (9) and (12) that
Tðs1ðTðx1; x2Þ; x1nm ; x2nm Þ; s2ðTðx1; x2Þ; x1nm ; x2nm ÞÞ ¼maxfTðx1nm ; x2nm Þ;Tðx1; x2Þg and maxfT
ðx1nm ; x2nm Þ;Tðx1; x2Þg-Tðx1; x2Þ as m-1. Thus, maxfτþ;Tðx1; x2Þg ¼ Tðx1; x2Þ, which
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implies that

τþrTðx1; x2Þ: ð13Þ
Finally, let fx1nk g1k ¼ 0 �D0 be a subsequence of fx1ng and fx2nkg1k ¼ 0 �Rn2 be a subsequence

of fx2ng such that Tðx1nk ; x2nk Þ-τ� as k-1. It follows from (11) and (13) that τ� ARþ, and
hence, the sequence fðTðx1nk ; x2nk Þ; x1nk ; x2nk Þg1k ¼ 1 converges to ðτ� ; x1; x2Þ as k-1. Since
s1ð�; �; �Þ is jointly continuous, it follows that s1ðTðx1nk ; x2nk Þ; x1nk ; x2nk Þ-s1ðτ� ; x1; x2Þ as k-1.
Now, since s1ðTðx1; x2Þ þ t1; x1; x2Þ ¼ 0 for all t1Z0, s1ðTðx1nk ; x2nk Þ; x1nk ; x2nk Þ ¼ 0 for each k.
Hence, s1ðτ� ; x1; x2Þ ¼ 0 and, by the definition of settling-time function,

Tðx1; x2Þrτ� : ð14Þ
Now, it follows from (11), (13) and (14) that τ� ¼ Tðx1; x2Þ ¼ τþ, and hence, Tðx1n; x2nÞ-
Tðx1; x2Þ as n-1, which proves that Tð�; �Þ is jointly continuous on D0 � Rn2 . □

Next, we present sufficient conditions for finite-time partial stability using a Lyapunov
function involving a scalar differential inequality. Given the nonlinear dynamical system (1)
and (2), for the statement of the following result define

_V ðx1; x2Þ9V 0ðx1; x2Þf ðx1; x2Þ;
where f ðx1; x2Þ9 ½f T1 ðx1; x2Þ; f T2 ðx1; x2Þ�T and V : D� Rn2-R is a continuously differentiable
function, and recall the definitions of class K and K1 functions given in [2, Def. 3.3].

Theorem 3.1. Consider the nonlinear dynamical system G given by (1) and (2). Then the
following statements hold:
(i)
 If there exist a continuously differentiable function V : D� Rn2-R, a class K function
αð�Þ, a continuous function k : ½0;1Þ-Rþ, a real number θA ð0; 1Þ, and an open
neighborhood MDD of x1 ¼ 0 such that

Vð0; x2Þ ¼ 0; x2ARn2 ; ð15Þ
αðJx1 JÞrVðx1; x2Þ; ðx1; x2ÞAM� Rn2 ; ð16Þ
_V ðx1; x2Þr�kðJx2 JÞðVðx1; x2ÞÞθ; ðx1; x2ÞAM� Rn2 ; ð17Þ

then G is finite-time stable with respect to x1. Moreover, there exist a neighborhood D0 of
x1 ¼ 0 and a settling-time function T : D0 � Rn2-½0;1Þ such that

T x10; x20ð Þrq�1 ðVðx10; x20ÞÞ1� θ

1�θ

� �
; x10; x20ð ÞAD0 � Rn2 ; ð18Þ

where q : ½0;1Þ-R is continuously differentiable and satisfies

_qðtÞ ¼ kðJx2ðtÞJ Þ; qð0Þ ¼ 0; tZ0; ð19Þ
and Tð�; �Þ is jointly continuous on D0 � Rn2 .
(ii)
 If M¼D¼Rn1 and there exist a continuously differentiable function V : D� Rn2-R, a
class K1 function αð�Þ, a continuous function k : ½0;1Þ-Rþ, and a real number θA ð0; 1Þ
such that (15)–(17) hold, then G is globally finite-time stable with respect to x1. Moreover,
there exists a settling-time function T : Rn1 � Rn2-½0;1Þ such that (18) holds with
D0 ¼Rn1 and Tð�; �Þ is jointly continuous on Rn1 � Rn2 .
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(iii)
 If there exist a continuously differentiable function V : D� Rn2-R, class K functions αð�Þ
and βð�Þ, a continuous function k : ½0;1Þ-Rþ, a real number θA ð0; 1Þ, and an open
neighborhood MDD of x1 ¼ 0 such that (16) and (17) hold, and

Vðx1; x2ÞrβðJx1 JÞ; ðx1; x2ÞAM� Rn2 ; ð20Þ
then G is finite-time stable with respect to x1 uniformly in x20. Moreover, there exist a
neighborhood D0 of x1 ¼ 0 and a settling-time function T : D0 � Rn2-½0;1Þ such that
(18) holds and Tð�; �Þ is jointly continuous on D0 � Rn2 .
(iv)
 If M¼D¼Rn1 and there exist a continuously differentiable function V : D� Rn2-R,
class K1 functions αð�Þ and βð�Þ, a continuous function k : ½0;1Þ-Rþ, and a real
number θA ð0; 1Þ such that (16), (17) and (20) hold, then G is globally finite-time stable
with respect to x1 uniformly in x20. Moreover, there exists a settling-time function
T : Rn1 � Rn2-½0;1Þ such that (18) holds with D0 ¼Rn1 and Tð�; �Þ is jointly continuous
on Rn1 � Rn2 .
(v)
 If there exist a continuously differentiable function V : D� Rn2-R, class K functions αð�Þ
and βð�Þ, a real number θA ð0; 1Þ, and an open neighborhood MDD of x1 ¼ 0 such that
(16), (17) and (20) hold with kðJx2 JÞ ¼ kARþ, x2ARn2 , then G is strongly finite-time
stable with respect to x1 uniformly in x20. Moreover, there exist a neighborhood D0 of x1 ¼ 0
and a settling-time function T : D0 � Rn2-½0;1Þ such that

T x10; x20ð Þr ðVðx10; x20ÞÞ1� θ

kð1�θÞ ; x10; x20ð ÞAD0 � Rn2 ; ð21Þ

and Tð�; �Þ is jointly continuous on D0 � Rn2 .

(vi)
 If M¼D¼Rn1 and there exist a continuously differentiable function V : D� Rn2-R,

class K1 functions αð�Þ and βð�Þ, and a real number θA ð0; 1Þ such that (16), (17) and (20)
hold with kðJx2 J Þ ¼ kARþ, x2ARn2 , then G is globally strongly finite-time stable with
respect to x1 uniformly in x20. Moreover, there exists a settling-time function T :
Rn1 � Rn2-½0;1Þ such that (21) holds with D0 ¼Rn1 and Tð�; �Þ is jointly continuous on
Rn1 � Rn2 .
Proof. (i) Let x20ARn2 , let ε40 be such that Bεð0ÞDM, define η9αðεÞ, and define
Dη9fx1ABεð0Þ : Vðx1; x20Þoηg. Since Vð�; �Þ is continuous and Vð0; x2Þ ¼ 0, it follows that Dη

is nonempty and there exists δ¼ δðε; x20Þ40 such that Vðx1; x20Þoη, x1ABδð0Þ. Hence,
Bδð0ÞDDη. Next, it follows from (17) that Vðx1ðtÞ; x2ðtÞÞ is a nonincreasing function of time and,
hence, for every x10ABδð0ÞDDη, it follows that

αðJx1ðtÞJ ÞrVðx1ðtÞ; x2ðtÞÞrVðx10; x20Þoη¼ αðεÞ; tZ0: ð22Þ

Thus, for every x10ABδð0Þ, x1ðtÞABεð0Þ, tZ0, which proves partial Lyapunov stability with
respect to x1.

Next, let z : ½0;1Þ-Rþ be a continuous function defined on ½0;1Þ and note that the
solution to

_vðtÞ ¼ �zðtÞðvðtÞÞθ; vð0Þ ¼ v0 ¼ Vðx10; x20Þ; tZ0; ð23Þ
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is given by

v tð Þ ¼
V x10; x20ð Þ ðVðx10; x20ÞÞ1� θ�ð1�θÞ R t

0 zðτÞ dτ
� � 1

1� θ; 0r tot1; v0a0;

0; tZ t1; v0a0;

0; tZ0; v0 ¼ 0;

8>><
>>: ð24Þ

where t140 is such thatZ t1

0
z τð Þdτ¼ ðVðx10; x20ÞÞ1� θ

1�θ
: ð25Þ

Hence,

t1 ¼ q�1 ðVðx10; x20ÞÞ1� θ

1�θ

� �
; ð26Þ

where q : ½0;1Þ-R is continuously differentiable and satisfies

_qðtÞ ¼ kðJx2ðtÞJÞ; qð0Þ ¼ q0; tZ0; ð27Þ
for some q0ARþ. Now, let w : ½0;1Þ-R be a continuously differentiable function such that

_wðtÞr�zðtÞðvðtÞÞθ; wð0Þ ¼ Vðx10; x20Þ; tZ0; ð28Þ
where v(t) is given by (24). Then, it follows from (23) and (28), and the comparison lemma
[2, p. 126] that

wðtÞrvðtÞ; tZ0: ð29Þ
Thus, it follows from (17), (23), (24), (28), and (29), with zðtÞ ¼ kðJx2ðtÞJÞ and wðtÞ ¼
ðVðx1ðtÞ; x2ðtÞÞÞ1� θ, tZ0, that

Vðx1ðtÞ; x2ðtÞÞrvðtÞ; tZ0; ð30Þ
and hence, using (15), (16), (24), and (30),

x1ðtÞ ¼ 0; tZ t1; ð31Þ
where t1 is given in (26), which proves finite-time convergence of the trajectory of (1) for all
ðx10; x20ÞABδð0Þ � Rn2 . Hence, the nonlinear dynamical system G is finite-time stable with
respect to x1.
Finally, since s1ð0; x1; x2Þ ¼ x1 and s1ð�; �; �Þ is continuous, infftARþ : s1ðt; x1; x2Þ ¼ 0g40,

x10ABδð0Þ\f0g. Furthermore, it follows from (31) that infftARþ : s1ðt; x1; x2Þ ¼ 0go1,
x10ABδð0Þ. Now, defining D09Bδð0Þ and T : D0 � Rn2-Rþ by (24) and (26), (18) is
immediate. Moreover, it follows from the finite-time stability of G with respect to x1 and
Proposition 3.1 that Tð�; �Þ can be extended to Rþ and Tð0; x20Þ ¼ 0, which implies that q0 ¼ 0 in
(27). Thus, (19) immediately follows from (27). Finally, the right-hand side of (18) is jointly
continuous at ð0; x2Þ, x2ARn2 , and hence, by Proposition 3.2, it is jointly continuous on D0 � Rn2 .
(ii) Let δ40, x10ARn1 , and x20ARn2 be such that Jx10 Joδ. Since αð�Þ is a K1 function, it

follows that there exists ε40 such that Vðx10; x20ÞrαðεÞ. Now, (17) implies that Vðx1ðtÞ; x2ðtÞÞ is
a nonincreasing function of time, and hence, it follows from (16) that

αðJx1ðtÞJÞrVðx1ðtÞ; x2ðtÞÞrVðx10; x20Þ ¼ αðεÞ; tZ0: ð32Þ
Hence, for every x10ABδð0Þ, x1ðtÞABεð0Þ, tZ0, which proves Lyapunov stability with respect to
x1. Finite-time partial convergence follows as in the proof of (i), implying global finite-time stability
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of G with respect to x1. In addition, the existence of a settling-time function T : Rn1 � Rn2-½0;1Þ
satisfying (18) and is jointly continuous on Rn1 � Rn2 follows as in the proof of (i).

(iii) Let ε40 and Bεð0Þ be given as in the proof of (i). Let δ¼ δðεÞ40 be such that
βðδÞ ¼ αðεÞ. Hence, it follows from (16) and (20) that, for all ðx10; x20ÞABδð0Þ � Rn2 ,

αðJx1ðtÞJ ÞrVðx1ðtÞ; x2ðtÞÞrVðx10; x20ÞoβðδÞ ¼ αðεÞ; tZ0: ð33Þ
Thus, for every x10ABδð0Þ, x1ðtÞABεð0Þ, tZ0, which proves partial uniform Lyapunov stability
with respect to x1. Finite-time partial convergence follows as in the proof of (i), implying finite-
time stability of G with respect to x1 uniformly in x20. In addition, the existence of a settling-time
function T : D0 � Rn2-½0;1Þ such that (18) holds and is jointly continuous on D0 � Rn2

follows as in the proof of (i).
(iv) Let δ40, x10ARn1 , and x20ARn2 be such that Jx10 Joδ. Since αð�Þ and βð�Þ are K1

functions, it follows that there exists ε40 such that βðεÞrαðεÞ. Now, (17) implies that
Vðx1ðtÞ; x2ðtÞÞ is a nonincreasing function of time, and hence, it follows from (16) that

αðJx1ðtÞJ ÞrVðx1ðtÞ; x2ðtÞÞrVðx10; x20Þ ¼ αðεÞ; tZ0: ð34Þ
Hence, for every x10ABδð0Þ, x1ðtÞABεð0Þ, tZ0, which proves uniform Lyapunov stability with
respect to x1. Finite-time partial convergence follows as in the proof of (i), implying global finite-
time stability of G with respect to x1 uniformly in x20. In addition, the existence of a settling-time
function T : Rn1 � Rn2-½0;1Þ that verifies (18) and is jointly continuous on Rn1 � Rn2 follows
as in the proof of (i).

(v) Uniform finite-time stability of G with respect to x1 directly follows from (iii). Now, using
similar arguments as in the proof of (i), it follows from (16) and (17) that

α1ðJx1ðtÞJÞrVðx1ðtÞ; x2ðtÞÞrvðtÞ; tZ0; ð35Þ
where

v tð Þ ¼
ðVðx10; x20ÞÞ1� θ�ð1�θÞkt� � 1

1� θ; 0r tot1; v0a0;

0; tZ t1; v0a0;

0; tZ0; v0 ¼ 0;

8>><
>>: ð36Þ

and

t1 ¼
ðVðx10; x20ÞÞ1� θ

kð1�θÞ : ð37Þ

Now, the existence of a neighborhood D0 of x1 ¼ 0 and a settling-time function T : D0 �
Rn2-½0;1Þ such that (21) holds and is jointly continuous onD0 � Rn2 follows as in the proof of (i).
Hence, for tZTðx10; x20Þ, uniform finite-time convergence of x1ðtÞ to zero is immediate.

Alternatively, for every toTðx10; x20Þ and ε40, there exists δ¼ α�1
1

ε1� θ

kð1� θÞ

� �
such that if

Jx1ðtÞJrα�1
1 ðvðtÞÞoε, then Tðx10; x20Þ� tr t1� toδ, which proves strong finite-time conver-

gence of G with respect to x1 uniformly in x20.
(vi) The proof of finite-time stability of G with respect to x1 uniformly in x20 follows as in the

proof of (iv), whereas the proof of uniform finite-time convergence of G with respect to x1
follows as in the proof of (v). Hence, the nonlinear dynamical system G is globally strongly
finite-time stable with respect to x1 uniformly in x20. □
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Example 3.1. Consider the nonlinear dynamical system given by

_x1 tð Þ ¼ �x2 tð Þ x1ðtÞð Þ13; x1 0ð Þ ¼ x10; tZ t0; ð38Þ

_x2ðtÞ ¼ x2ðtÞ; x2ð0Þ ¼ x20; ð39Þ
where x2040, and hence, x2ðtÞ40, tZ0. To show that (38) and (39) is globally finite-time stable
with respect to x1, consider the Lyapunov function candidate V x1; x1ð Þ ¼ x

4
3
1 and let D¼R.

Clearly, (16) and (20) hold, and

_V x1; x2ð Þ ¼ 4
3
x
1
3
1 �x2x

1
3
1

� �
¼ � 4

3
x2x

2
3
1r�k x2ð Þ Vðx1; x2Þð Þ12; ð40Þ

where k x2ð Þ ¼ 4
3 x240 and x240. Hence, it follows from iv) of Theorem 3.1 that (38) and (39) is

globally finite-time stable with respect to x1. □

The following results specialize Propositions 3.1 and 3.2, and Theorem 3.1 to nonlinear time-
varying dynamical systems.

Proposition 3.3. Consider the nonlinear dynamical system G given by (3). Assume G is finite-
time stable and let D0DD and T : ½0;1Þ �D0\f0g-ðt0;1Þ be defined as in Definition 2.2.
Then, for every ðt0; x0ÞA ½0;1Þ �D0, there exists a unique solution sðt; t0; x0Þ, tZ t0, to (3) such
that sðt; t0; x0ÞAD0, tA ½t0; Tðt0; x0ÞÞ, and such that sðt; t0; x0Þ ¼ 0, tZTðt0; x0Þ, where
Tðt0; 0Þ9 t0.

Proof. The result is a direct consequence of Proposition 3.1 with n1 ¼ n, n2 ¼ 1, x1ðt� t0Þ ¼ xðtÞ,
x2ðt� t0Þ ¼ t, f 1ðx1; x2Þ ¼ f 1ðx2; x1Þ ¼ f ðt; xÞ, f 2ðx1; x2Þ ¼ 1, and Tðx10; x20Þ ¼ Tðx20; x10Þ ¼
Tðt0; x0Þ. □

Proposition 3.4. Consider the nonlinear dynamical system G given by (3). Assume G is finite-
time stable, let D0DD be as defined in Definition 2.2, and let T : ½0;1Þ �D0\f0g-½t0;1Þ be
the settling-time function of G. Then the following statements hold:
(i)
 If t1Z t0 and ðt0; x0ÞA ½0;1Þ �D0, then
Tðt1; sðt1; t0; x0ÞÞ ¼maxfTðt0; x0Þ; t1g: ð41Þ
(ii)
 Tð�; �Þ is jointly continuous on Rþ �D0 if and only if Tð�; �Þ is jointly continuous at ðt; 0Þ,
tA ½t0;1Þ.
Proof. The result is a direct consequence of Proposition 3.2 with n1 ¼ n, n2 ¼ 1, x1ðt� t0Þ ¼ xðtÞ,
x2ðt� t0Þ ¼ t, f 1ðx1; x2Þ ¼ f 1ðx2; x1Þ ¼ f ðt; xÞ, f 2ðx1; x2Þ ¼ 1, and Tðx10; x20Þ ¼ Tðx20; x10Þ ¼
Tðt0; x0Þ. □

Given the nonlinear time-varying dynamical system (3), for the statement of the following
result define

_V t; xð Þ9 ∂Vðt; xÞ
∂t

þ ∂Vðt; xÞ
∂x

f t; xð Þ;

where V : ½t0;1Þ � Rn-R is a continuously differentiable function.
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Theorem 3.2. Consider the nonlinear dynamical system G given by (3). Then the following
statements hold:
(i)
 If there exist a continuously differentiable function V : ½t0;1Þ �D-R, a class K function
αð�Þ, a continuous function k : ½t0;1Þ-Rþ, a real number θAð0; 1Þ, and an open
neighborhood MDD of the origin such that

Vðt; 0Þ ¼ 0; tA ½t0;1Þ; ð42Þ
αðJxJ ÞrVðt; xÞ; ðt; xÞA ½t0;1Þ �M; ð43Þ
_V ðt; xÞr�kðtÞðVðt; xÞÞθ; ðt; xÞA ½t0;1Þ �M; ð44Þ

then G is finite-time stable. Moreover, there exist a neighborhood D0 of the origin and a
settling-time function T : ½0;1Þ �D0-½t0;1Þ such that

T t0; x0ð Þrq�1 ðVðt0; x0ÞÞ1�θ

1�θ

� �
; t0; x0ð ÞA 0;1½ Þ �D0; ð45Þ

where q : ½t0;1Þ-R is continuously differentiable and

_qðtÞ ¼ kðtÞ; qðt0Þ ¼ 0; tZ t0; ð46Þ
and Tð�; �Þ is jointly continuous on ½0;1Þ �D0.
(ii)
 If M¼D¼Rn and there exist a continuously differentiable function V : ½t0;1Þ �D-R,
a class K1 function αð�Þ, a continuous function k : ½t0;1Þ-Rþ, and a real number
θA ð0; 1Þ such that (42)–(44) hold, then G is globally finite-time stable. Moreover, there
exists a settling-time function T : ½0;1Þ � Rn-½t0;1Þ such that (45) holds with D0 ¼Rn

and Tð�; �Þ is jointly continuous on ½0;1Þ � Rn.

(iii)
 If there exist a continuously differentiable function V : ½t0;1Þ �D-R, class K functions

αð�Þ and βð�Þ, a continuous function k : ½t0;1Þ-Rþ, a real number θA ð0; 1Þ, and an open
neighborhood MDD of the origin such that (43) and (44) hold and

Vðt; xÞrβðJxJÞ; ðt; xÞA ½t0;1Þ �M; ð47Þ
then G is uniformly finite-time stable. Moreover, there exist a neighborhood D0 of the origin
and a settling-time function T : ½0;1Þ �D0-½t0;1Þ such that (45) holds and Tð�; �Þ is
jointly continuous on ½0;1Þ �D0.
(iv)
 If M¼D¼Rn and there exist a continuously differentiable function V : ½t0;1Þ �D-R,
class K1 functions αð�Þ and βð�Þ, a continuous function k : ½t0;1Þ-Rþ, and a real number
θA ð0; 1Þ such that (43), (44), and (47) hold, then G is globally uniformly finite-time stable.
Moreover, there exists a settling-time function T : ½0;1Þ � Rn-½t0;1Þ such that (45)
holds with D0 ¼Rn and Tð�; �Þ is jointly continuous on ½0;1Þ � Rn2 .
(v)
 If there exist a continuously differentiable function V : ½t0;1Þ � Rn-R, class K functions
αð�Þ and βð�Þ, a real number θA ð0; 1Þ, and an open neighborhood MDD of the origin such
that (43), (44), and (47) hold with kðtÞ ¼ kARþ, tZ t0, then G is strongly uniformly finite-
time stable. Moreover, there exist a neighborhood D0 of the origin and a settling-time
function T : ½0;1Þ �D0-½t0;1Þ such that

T t0; x0ð Þr ðVðt0; x0ÞÞ1�θ

kð1�θÞ ; t0; x0ð ÞA 0;1½ Þ �D0; ð48Þ

and Tð�; �Þ is jointly continuous on ½0;1Þ �D0.



W.M. Haddad, A. L'Afflitto / Journal of the Franklin Institute 352 (2015) 2329–23572342
(vi)
 IfM¼D¼Rn and there exist a continuously differentiable function V : D� Rn-R, class
K1 functions αð�Þ and βð�Þ, and a real number θA ð0; 1Þ such that (43), (44), and (47) hold
with kðtÞ ¼ kARþ, tZ t0, then G is globally strongly uniformly finite-time stable. Moreover,
there exists a settling-time function T : ½0;1Þ � Rn-½t0;1Þ such that (48) holds with
D0 ¼Rn and Tð�; �Þ is jointly continuous on ½0;1Þ � Rn1 .
Proof. The result is a direct consequence of Theorem 3.1 with n1 ¼ n, n2 ¼ 1, x1ðt� t0Þ ¼ xðtÞ,
x2ðt� t0Þ ¼ t, f 1ðx1; x2Þ ¼ f 1ðx2; x1Þ ¼ f ðt; xÞ, f 2ðx1; x2Þ ¼ 1, and Tðx10; x20Þ ¼ Tðx20; x10Þ ¼
Tðt0; x0Þ. □

Remark 3.1. Propositions 3.3 and 3.4 along with Statements (i)–(iv) of Theorem 3.2 appear in
[31]. See also [32].

Example 3.2. Consider the nonlinear time-varying dynamical system given by

_x tð Þ ¼ � t xðtÞð Þ13� t xðtÞð Þ15; x 0ð Þ ¼ x0; tZ t0: ð49Þ
To show that the zero solution xðtÞ � 0 to (49) is globally uniformly finite-time stable, consider
the Lyapunov function candidate V t; xð Þ ¼ x

4
3 and let D¼R. Clearly, (43) and (47) hold, and

_V t; xð Þ ¼ 4
3
x
1
3 � tx

1
3� tx

1
5

� �
¼ � 4

3
t x

2
3 þ x

8
15

� �
r�k tð Þ Vðt; xÞð Þ12; ð50Þ

where kðtÞ ¼ 2t40, tZ t0. Hence, it follows from iv) of Theorem 3.2 that the zero solution
xðtÞ � 0 to (49) is globally uniformly finite-time stable. □

4. Optimal Finite-Time, Partial-State Stabilization

In the first part of this section, we provide connections between Lyapunov functions and
nonquatratic cost evaluation. Specifically, we consider the problem of evaluating a nonlinear-
nonquadratic performance measure that depends on the solution of the nonlinear dynamical
system given by (1) and (2). In particular, we prove finite-time partial stability of (1) and (2), and
show that the nonlinear-nonquadratic performance measure

Jðx10; x20Þ9
Z 1

0
Lðx1ðtÞ; x2ðtÞÞdt; ð51Þ

where L : D� Rn2-R is jointly continuous in x1 and x2, and x1ðtÞ and x2ðtÞ, tZ0, satisfy (1)
and (2), can be evaluated in a convenient form so long as (1) and (2) are related to an underlying
Lyapunov function that is positive definite and decrescent with respect to x1 and is related to an
underlying Lyapunov function satisfying a differential inequality involving fractional powers.

Theorem 4.1. Consider the nonlinear dynamical system G given by (1) and (2) with
performance measure (51). Assume that there exists a continuously differentiable function
V : D� Rn2-R, class K functions αð�Þ and βð�Þ, a real number θA ð0; 1Þ, and an open
neighborhood MDD of x1 ¼ 0 such that

αðJx1 J ÞrVðx1; x2ÞrβðJx1 JÞ; ðx1; x2ÞAM� Rn2 ; ð52Þ

_V ðx1; x2Þr�kðVðx1; x2ÞÞθ; ðx1; x2ÞAM� Rn2 ; ð53Þ

Lðx1; x2Þ þ V 0ðx1; x2Þf ðx1; x2Þ ¼ 0; ðx1; x2ÞAM� Rn2 : ð54Þ
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Then the nonlinear dynamical system G is strongly finite-time stable with respect to x1 uniformly
in x20 and there exist a neighborhood D0DM of x1 ¼ 0 and a settling-time function
T : D0 � Rn2-½0;1Þ, jointly continuous on D0 � Rn2 , such that

T x10; x20ð Þr ðVðx10; x20ÞÞ1� θ

kð1�θÞ ; x10; x20ð ÞAD0 � Rn2 : ð55Þ

In addition, for all ðx10; x20ÞAD0 � Rn2 ,

Jðx10; x20Þ ¼ Vðx10; x20Þ: ð56Þ
Finally, if M¼D¼Rn1 and the functions αð�Þ and βð�Þ satisfying (52) are class K1, then G is
globally strongly finite-time stable with respect to x1 uniformly in x20.

Proof. Let x1ðtÞ and x2ðtÞ, tZ0, satisfy (1) and (2). Then it follows from (53) that

_V ðx1ðtÞ; x2ðtÞÞ ¼ V 0ðx1ðtÞ; x2ðtÞÞf ðx1ðtÞ; x2ðtÞÞr�kðVðx1ðtÞ; x2ðtÞÞÞθ; tZ0: ð57Þ
Thus, it follows from (52) and (53), and (v) of Theorem 3.1 that G is strongly finite-time stable
with respect to x1 uniformly in x20. In addition, it follows from Theorem 3.1 that there exist an
open neighborhood D0 of x1 ¼ 0 and a jointly continuous settling-time function T : D0 �
Rn2-½0;1Þ such that (55) holds and x1ðtÞ-0 as t-Tðx10; x20Þ for all initial condition
ðx10; x20ÞAD0 � Rn2 . Now, since

0¼ � _V ðx1ðtÞ; x2ðtÞÞ þ V 0ðx1ðtÞ; x2ðtÞÞf ðx1ðtÞ; x2ðtÞÞ; tZ0; ð58Þ
it follows from (54) that

Lðx1ðtÞ; x2ðtÞÞ ¼ � _V ðx1ðtÞ; x2ðtÞÞ þ Lðx1ðtÞ; x2ðtÞÞ þ V 0ðx1ðtÞ; x2ðtÞÞf ðx1ðtÞ; x2ðtÞÞ
¼ � _V ðx1ðtÞ; x2ðtÞÞ; tZ0: ð59Þ

Next, integrating (59) over ½0; t� yieldsZ t

0
Lðx1ðsÞ; x2ðsÞÞds¼ Vðx10; x20Þ�Vðx1ðtÞ; x2ðtÞÞ; tZ0: ð60Þ

Now, using (52) and letting t-1 it follows from (60) that

Vðx10; x20Þ�β lim
t-1

Jx1ðtÞJ
� �

r
Z 1

0
Lðx1ðsÞ; x2ðsÞÞdsrVðx10; x20Þ�α lim

t-1
Jx1ðtÞJ

� �
;

ð61Þ
and hence, (56) is a direct consequence of (61) using the fact that limt-Tðx10;x20Þx1ðtÞ ¼
limt-1x1ðtÞ ¼ 0 and αð�Þ and βð�Þ are class K functions. Finally, if M¼D¼Rn1 and αð�Þ and
βð�Þ are class K1 functions, then global strong finite-time stability with respect to x1 uniformly in
x20 is a direct consequence of (vi) of Theorem 3.1. □

The following corollary to Theorem 4.1 considers the nonautonomous dynamical system (3)
with performance measure

Jðt0; x0Þ9
Z 1

t0

Lðt; xðtÞÞdt; ð62Þ

where L : ½t0;1Þ �D-R is jointly continuous in t and x, and x(t), tZ t0, satisfies (3).



W.M. Haddad, A. L'Afflitto / Journal of the Franklin Institute 352 (2015) 2329–23572344
Corollary 4.1. Consider the nonlinear time-varying dynamical system (3) with performance
measure (62). Assume that there exist a continuously differentiable function V : ½t0;1Þ �D-
R, class K functions αð�Þ and βð�Þ, a real number θA ð0; 1Þ, and an open neighborhood MDD
of the origin such that

αðJxJ ÞrVðt; xÞrβðJxJ Þ; ðt; xÞA ½t0;1Þ �M; ð63Þ
_V ðt; xÞr�kðVðt; xÞÞθ; ðt; xÞA ½t0;1Þ �M; ð64Þ

0¼ ∂Vðt; xÞ
∂t

þ L t; xð Þ þ ∂Vðt; xÞ
∂x

f t; xð Þ; t; xð ÞA t0;1½ Þ �M: ð65Þ

Then the nonlinear time-varying dynamical system (3) is strongly uniformly finite-time stable and
there exist a neighborhood of the origin D0DM and a settling-time function T : ½0;1Þ �D0-
½t0;1Þ, jointly continuous on ½0;1Þ �D0, such that

T t0; x0ð Þr ðVðt0; x0ÞÞ1� θ

kð1�θÞ ; t0; x0ð ÞA 0;1½ Þ �D0: ð66Þ

In addition, for all ðt0; x0ÞA ½0;1Þ �D0,

Jðt0; x0Þ ¼ Vðt0; x0Þ: ð67Þ
Finally, if D¼Rn and the functions αð�Þ and βð�Þ satisfying (52) are class K1, then G is globally
strongly finite-time stable.

Proof. The result is a direct consequence of Theorem 4.1 with n1 ¼ n, n2 ¼ 1, x1ðt� t0Þ ¼ xðtÞ,
x2ðt� t0Þ ¼ t, f 1ðx1; x2Þ ¼ f 1ðx2; x1Þ ¼ f ðt; xÞ, f 2ðx1; x2Þ ¼ 1, Tðx10; x20Þ ¼ Tðx20; x10Þ ¼ Tðt0; x0Þ,
and Vðx1; x2Þ ¼ Vðx2; x1Þ ¼ Vðt; xÞ. □

Next, we use the framework developed in Theorem 4.1 to obtain a characterization of optimal
feedback controllers that guarantee closed-loop finite-time partial stabilization. Specifically,
sufficient conditions for optimality are given in a form that corresponds to a steady-state version
of the Hamilton-Jacobi-Bellman equation. To address the problem of characterizing finite-time
partially stabilizing feedback controllers, consider the controlled nonlinear dynamical system

_x1ðtÞ ¼ F1ðx1ðtÞ; x2ðtÞ; uðtÞÞ; x1ð0Þ ¼ x10; tZ0; ð68Þ

_x2ðtÞ ¼ F2ðx1ðtÞ; x2ðtÞ; uðtÞÞ; x2ð0Þ ¼ x20; ð69Þ
where, for every tZ0, x1ðtÞADDRn1 , D is an open set with 0AD, x2ðtÞARn2 , uðtÞAUDRm

with 0AU, F1 : D� Rn2 � U-Rn1 and F2 : D� Rn2 � U-Rn2 are jointly continuous in x1,
x2, and u, and F1ð0; x2; 0Þ ¼ 0 for every x2ARn2 . The control uð�Þ in (68) and (69) is restricted to
the class of admissible controls consisting of measurable functions uð�Þ such that uðtÞAU, tZ0.
A measurable function ϕ : D� Rn2-U satisfying ϕð0; x2Þ ¼ 0, x2ARn2 , is called a control

law. If uðtÞ ¼ ϕðx1ðtÞ; x2ðtÞÞ, tZ0, where ϕð�; �Þ is a control law and x1ðtÞ and x2ðtÞ satisfy (68)
and (69), then we call uð�Þ a feedback control law. Note that the feedback control law is an
admissible control since ϕð�; �Þ has values in U. Given a control law ϕð�; �Þ and a feedback control
law uðtÞ ¼ ϕðx1ðtÞ; x2ðtÞÞ, tZ0, the closed-loop system (68) and (69) is given by

_x1ðtÞ ¼ F1ðx1ðtÞ; x2ðtÞ;ϕðx1ðtÞ; x2ðtÞÞÞ; x1ð0Þ ¼ x10; tZ0; ð70Þ

_x2ðtÞ ¼ F2ðx1ðtÞ; x2ðtÞ;ϕðx1ðtÞ; x2ðtÞÞÞ; x2ð0Þ ¼ x20: ð71Þ
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We now consider the problem of finite-time partial-state stabilization.

Definition 4.1. Consider the controlled nonlinear dynamical system given by (68) and (69). The
feedback control law u¼ ϕðx1; x2Þ is strongly finite-time stabilizing with respect to x1 uniformly
in x20 if the closed-loop system (70) and (71) is strongly finite-time stable with respect to x1
uniformly in x20. Furthermore, the feedback control law u¼ ϕðx1; x2Þ is globally strongly finite-
time stabilizing with respect to x1 uniformly in x20 if the closed-loop system (70) and (71) is
globally strongly finite-time stable with respect to x1 uniformly in x20.

Next, we present a main theorem for strong finite-time, partial-state stabilization characterizing
feedback controllers that guarantee closed-loop finite-time partial stability and minimize a
nonlinear-nonquadratic performance functional. For the statement of this result, define
Fðx1; x2; uÞ9 ½FT

1 ðx1; x2; uÞ;FT
2 ðx1; x2; uÞ�T, let L : D� Rn2 � U-R be jointly continuous in x1,

x2, and u, and define the set of partial regulation controllers given by

Sðx10; x20Þ9fuð�Þ : uð�Þis admissible and x1ð�Þ given by ð68Þ
satisfies x1ðtÞ-0 as t-Tðx10; x20Þg;

where T : D0 � Rn2-ð0;1Þ is the settling-time function and D0DD is an open neighborhood
of x1 ¼ 0. Note that restricting our minimization problem to uð�ÞASðx10; x20Þ, that is, inputs
corresponding to partial-state null convergent solutions, can be interpreted as incorporating a
partial-state system detectability condition through the cost. In addition, since finite-time partial
convergence is a stronger condition than asymptotic partial-state convergence, Sðx10; x20Þ
includes the set of all partial-state null asymptotically convergent controllers.

Theorem 4.2. Consider the controlled nonlinear dynamical system G given by (68) and
(69) with

Jðx10; x20; uð�ÞÞ9
Z 1

0
Lðx1ðtÞ; x2ðtÞ; uðtÞÞ dt; ð72Þ

where uð�Þ is an admissible control. Assume that there exist a continuously differentiable function
V : D� Rn2-R, class K functions αð�Þ and βð�Þ, a real number θA ð0; 1Þ, an open
neighborhood MDD of x1 ¼ 0, and a control law ϕ : M� Rn2-U such that

αðJx1 JÞrVðx1; x2ÞrβðJx1 J Þ; ðx1; x2ÞAM� Rn2 ; ð73Þ

V 0ðx1; x2ÞFðx1; x2;ϕðx1; x2ÞÞr�kðVðx1; x2ÞÞθ; ðx1; x2ÞAM� Rn2 ; ð74Þ

ϕð0; x2Þ ¼ 0; x2ARn2 ; ð75Þ

Lðx1; x2;ϕðx1; x2ÞÞ þ V 0ðx1; x2ÞFðx1; x2;ϕðx1; x2ÞÞ ¼ 0; ðx1; x2ÞAM� Rn2 ; ð76Þ

Lðx1; x2; uÞ þ V 0ðx1; x2ÞFðx1; x2; uÞZ0; ðx1; x2; uÞAM� Rn2 � U: ð77Þ
Then, with the feedback control u¼ ϕðx1; x2Þ, the closed-loop system given by (70) and (71) is
strongly finite-time stable with respect to x1 uniformly in x20 and there exist a neighborhood
D0DM of x1 ¼ 0 and a settling-time function T : D0 � Rn2-½0;1Þ, jointly continuous on
D0 � Rn2 , such that

T x10; x20ð Þr ðVðx10; x20ÞÞ1� θ

kð1�θÞ ; x10; x20ð ÞAD0 � Rn2 : ð78Þ
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In addition, if ðx10; x20ÞAD0 � Rn2 , then

Jðx10; x20;ϕðx1ð�Þ; x2ð�ÞÞÞ ¼ Vðx10; x20Þ; ðx10; x20ÞAD0 � Rn2 ð79Þ
and the feedback control uð�Þ ¼ ϕðx1ð�Þ; x2ð�ÞÞ minimizes Jðx10; x20; uð�ÞÞ in the sense that

Jðx10; x20;ϕð�; �ÞÞ ¼ min
uð�ÞASðx10;x20Þ

Jðx10; x20; uð�ÞÞ: ð80Þ

Finally, if M¼D¼Rn1 , U ¼Rm, and the functions αð�Þ and βð�Þ satisfying (73) are class K1,
then the closed-loop system (70) and (71) is globally strongly finite-time stable with respect to x1
uniformly in x20.

Proof. Local and global strong finite-time stability with respect to x1 uniformly in x20 are a direct
consequence of (73) and (74) by applying Theorem 3.1 to the closed-loop system given by (70)
and (71). In addition, it follows from Theorem 3.1 that there exist an open neighborhood D0 of
x1 ¼ 0 and a jointly continuous settling-time function T : D0 � Rn2-½0;1Þ such that (78) holds
and x1ðtÞ-0 as t-Tðx10; x20Þ for all initial conditions ðx10; x20ÞAD0 � Rn2 . Furthermore, using
(76), condition (79) is a restatement of (56) as applied to the closed-loop system.
Next, let ðx10; x20ÞAD0 � Rn2 , let uð�ÞASðx10; x20Þ, and let x1ðtÞ and x2ðtÞ, tZ0, be solutions

of (68) and (69). Then, it follows that

0¼ � _V ðx1ðtÞ; x2ðtÞÞ þ V 0ðx1ðtÞ; x2ðtÞÞFðx1ðtÞ; x2ðtÞ; uðtÞÞ; tZ0: ð81Þ
Hence,

Lðx1ðtÞ; x2ðtÞ; uðtÞÞ ¼ � _V ðx1ðtÞ; x2ðtÞÞ þ Lðx1ðtÞ; x2ðtÞ; uðtÞÞ
þV 0ðx1ðtÞ; x2ðtÞÞFðx1ðtÞ; x2ðtÞ; uðtÞÞ; tZ0: ð82Þ

Now, using (73) and the fact that G is strongly finite-time stable with respect to x1 uniformly in
x20, it follows that

0¼ lim
t-1

αðJx1ðtÞJ Þr lim
t-1

Vðx1ðtÞ; x2ðtÞÞr lim
t-1

βðJx1ðtÞJÞ ¼ 0: ð83Þ

Thus, it follows from (82), (83), (77), (79), and the strong finite-time stability of G with respect to
x1 uniformly in x20, thatZ 1

0
L x1 tð Þ; x2 tð Þ; u tð Þð Þdt¼

Z 1

0
� _V x1 tð Þ; x2 tð Þð Þdt þ

Z 1

0
L x1 tð Þ; x2 tð Þ; u tð Þð Þdt

þ
Z 1

0

∂Vðx1; x2Þ
∂x1

F1 x1 tð Þ; x2 tð Þ; u tð Þð Þ
�

þ ∂Vðx1; x2Þ
∂x2

F2 x1 tð Þ; x2 tð Þ; u tð Þð Þ
�
dt

Z
Z 1

0
� _V ðx1ðtÞ; x2ðtÞÞdt

¼ � lim
t-1

Vðx1ðtÞ; x2ðtÞÞ þ Vðx10; x20Þ

¼ �V lim
t-1

ðx1ðtÞ; x2ðtÞÞ
� �

þ Vðx10; x20Þ

¼ �V lim
t-Tðx10;x20Þ

ðx1ðtÞ; x2ðtÞÞ
� �

þ Vðx10; x20Þ
¼ Jðx10; x20;ϕðx1ð�Þ; x2ð�ÞÞÞ; ð84Þ

which yields (80). □
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Note that (76) is the steady-state, Hamilton-Jacobi-Bellman equation for the nonlinear
controlled dynamical system (68) and (69) with performance criterion (72). Furthermore,
conditions (76) and (77) guarantee optimality with respect to the set of admissible finite-time
partially stabilizing controllers Sðx10; x20Þ. However, it is important to note that an explicit
characterization of Sðx10; x20Þ is not required. In addition, the optimal strongly finite-time
stabilizing with respect to x1 uniformly in x20 feedback control law u¼ ϕðx1; x2Þ is independent
of the initial condition ðx10; x20Þ and is given by

ϕ x1; x2ð Þ ¼ arg min
uASðx10;x20Þ

L x1; x2; uð Þ þ ∂Vðx1; x2Þ
∂x1

F1 x1; x2; uð Þ þ ∂Vðx1; x2Þ
∂x2

F2 x1; x2; uð Þ
� 	

:

ð85Þ
Finally, we use Theorem 4.2 to provide a unification between optimal finite-time, partial-state

stabilization and optimal finite-time control for nonlinear time-varying systems. Specifically,
consider the controlled nonlinear time-varying dynamical system

_xðtÞ ¼ Fðt; xðtÞ; uðtÞÞ; xðt0Þ ¼ x0; tZ t0; ð86Þ
with performance measure

Jðt0; x0; uð�ÞÞ9
Z 1

t0

Lðt; xðtÞ; uðtÞÞdt; ð87Þ

where, for every tZ t0, xðtÞADDRn, D is an open set with 0AD, uðtÞAUDRm with 0AU, and
L : ½t0;1Þ �D� U-R and F : ½t0;1Þ �D� U-Rn are jointly continuous in t, x, and u on
½t0;1Þ �D� U. For the statement of the next result, define the set of regulation controllers

Sðt0; x0Þ9fuð�Þ : uð�Þ is admissible and xð�Þ given by ð86Þ
satisfies xðtÞ-0 as t-Tðt0; x0Þg;

where T : ½0;1Þ �D0-ðt0;1Þ is the settling-time function and D0DD is an open
neighborhood of the origin.

Corollary 4.2. Consider the controlled nonlinear time-varying dynamical system (86) with
performance measure (87) where uð�Þ is an admissible control. Assume that there exist a
continuously differentiable function V : ½t0;1Þ �D-R, class K functions αð�Þ and βð�Þ, a real
number θA ð0; 1Þ, an open neighborhood MDD of the origin, and a control law ϕ : ½t0;1Þ�
M-U such that

αðJxJ ÞrVðt; xÞrβðJxJÞ; ðt; xÞA ½t0;1Þ �M; ð88Þ

∂Vðt; xÞ
∂t

þ ∂Vðt; xÞ
∂x

F t; x;ϕ t; xð Þð Þr�kðVðt; xðtÞÞθ; t; xð ÞA t0;1½ Þ �M; ð89Þ

ϕðt; 0Þ ¼ 0; tA ½t0;1Þ; ð90Þ

L t; x;ϕ t; xð Þð Þ þ ∂Vðt; xÞ
∂t

þ ∂Vðt; xÞ
∂x

F t; x;ϕ t; xð Þð Þ ¼ 0; t; xð ÞA t0;1½ Þ �M; ð91Þ

L t; x; uð Þ þ ∂Vðt; xÞ
∂t

þ ∂Vðt; xÞ
∂x

F t; x; uð ÞZ0; t; x; uð ÞA t0;1½ Þ �M� U: ð92Þ
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Then, with the feedback control u¼ ϕðt; xÞ, the closed-loop system given by

_xðtÞ ¼ Fðt; xðtÞ;ϕðxðtÞÞÞ; xð0Þ ¼ x0; tZ t0; ð93Þ
is strongly uniformly finite-time stable and there exists a neighborhood of the origin D0DM and
a settling-time function T : ½0;1Þ �D0-½t0;1Þ, jointly continuous on ½0;1Þ �D0, such that

T t0; x0ð Þr ðVðt0; x0ÞÞ1� θ

kð1�θÞ ; t0; x0ð ÞA 0;1½ Þ �D0: ð94Þ

In addition, if ðt0; x0ÞA ½0;1Þ �D0, then

Jðt0; x0;ϕð�; �ÞÞ ¼ Vðt0; x0Þ; ðt0; x0ÞA ½0;1Þ �D0: ð95Þ
and the feedback control uð�Þ ¼ ϕð�; xð�ÞÞ minimizes Jðt0; x0; uð�ÞÞ in the sense that

Jðt0; x0;ϕð�; �ÞÞ ¼ min
uð�ÞASðt0;x0Þ

Jðt0; x0; uð�ÞÞ: ð96Þ

Finally, if D¼Rn, U ¼Rm, and the functions αð�Þ and βð�Þ satisfying (88) are class K1, then the
nonlinear dynamical system G is globally uniformly asymptotically stable.

Proof. The proof is a direct consequence of Theorem 4.2 with n1 ¼ n, n2 ¼ 1, x1ðt� t0Þ ¼ xðtÞ,
x2ðt� t0Þ ¼ t, F1ðx1; x2; uÞ ¼ F1ðx2; x1; uÞ ¼ Fðt; x; uÞ, F2ðx1; x2; uÞ ¼ 1, ϕðx1; x2Þ ¼ ϕðx2; x1Þ ¼
ϕðt; xÞ, Tðx10; x20Þ ¼ Tðx20; x10Þ ¼ Tðt0; x0Þ, and Vðx1; x2Þ ¼ Vðx2; x1Þ ¼ Vðt; xÞ. □

Note that (91) and (92) give the classical Hamilton-Jacobi-Bellman equation

� ∂Vðt; xÞ
∂t

¼ min
uASðt0;x0Þ

L t; x; uð Þ þ ∂Vðt; xÞ
∂x

F t; x; uð Þ
� 	

; t; xð ÞA t0;1½ Þ �D; ð97Þ

which characterizes the optimal control

ϕ t; xð Þ ¼ arg min
uASðt0;x0Þ

L t; x; uð Þ þ ∂Vðt; xÞ
∂x

F t; x; uð Þ
� 	

ð98Þ

for time-varying systems on a finite or infinite interval.

5. Finite-time stabilization for affine dynamical systems and connections to inverse optimal
control

In this section, we specialize the results of Section 4 to nonlinear affine dynamical systems of
the form

_x1ðtÞ ¼ f 1ðx1ðtÞ; x2ðtÞÞ þ G1ðx1ðtÞ; x2ðtÞÞuðtÞ; x1ð0Þ ¼ x10; tZ0; ð99Þ

_x2ðtÞ ¼ f 2ðx1ðtÞ; x2ðtÞÞ þ G2ðx1ðtÞ; x2ðtÞÞuðtÞ; x2ð0Þ ¼ x20; ð100Þ
where, for every tZ0, x1ðtÞARn1 , x2ðtÞARn2 , and uðtÞARm, and f 1 : R

n1 � Rn2-Rn1 ,
f 2 : R

n1 � Rn2-Rn2 , G1 : R
n1 � Rn2-Rn1�m, and G2 : R

n1 � Rn2-Rn2�m are such that
f 1ð0; x2Þ ¼ 0 for all x2ARn2 , and f 1ð�; �Þ, f 2ð�; �Þ, G1ð�; �Þ, and G2ð�; �Þ are jointly continuous in
x1 and x2 on R

n1 � Rn2 . Furthermore, we consider performance integrands Lðx1; x2; uÞ of the form
Lðx1; x2; uÞ ¼ L1ðx1; x2Þ þ L2ðx1; x2Þuþ uTR2ðx1; x2Þu; ðx1; x2; uÞARn1 � Rn2 � Rm; ð101Þ

where L1 : R
n1 � Rn2-R, L2 : R

n1 � Rn2-R1�m, and R2ðx1; x2ÞZNðx1Þ40, ðx1; x2ÞARn1�
Rn2 , so that (72) becomes
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Jðx10; x20; uð�ÞÞ ¼
Z 1

0
L1ðx1ðtÞ; x2ðtÞÞ þ L2ðx1ðtÞ; x2ðtÞÞuðtÞ½

þuTðtÞR2ðx1ðtÞ; x2ðtÞÞuðtÞ
�
dt: ð102Þ

For the statement of the next result, define

f ðx1; x2Þ9 ½f T1 ðx1; x2Þ; f T2 ðx1; x2Þ�T; Gðx1; x2Þ9 ½GT
1 ðx1; x2Þ;GT

2 ðx1; x2Þ�T: ð103Þ

Theorem 5.1. Consider the controlled nonlinear affine dynamical system (99) and (100) with
performance measure (102). Assume that there exist a continuously differentiable function
V : Rn1 � Rn2-R, class K1 functions αð�Þ and βð�Þ, and a real number θA ð0; 1Þ such that

αðJx1 JÞrVðx1; x2ÞrβðJx1 J Þ; ðx1; x2ÞARn1 � Rn2 ; ð104Þ

V 0 x1; x2ð Þ f x1; x2ð Þ� 1
2
G x1; x2ð ÞR�1

2 x1; x2ð ÞLT2 x1; x2ð Þ
�

� 1
2
G x1; x2ð ÞR�1

2 x1; x2ð ÞGT x1; x2ð ÞV 0T x1; x2ð Þ
	

r�kðVðx1; x2ÞÞθ; ðx1; x2ÞARn1 � Rn2 ; ð105Þ

L2ð0; x2Þ ¼ 0; x2ARn2 ; ð106Þ

0¼ L1 x1; x2ð Þ þ V 0 x1; x2ð Þf x1; x2ð Þ� 1
4
V 0ðx1; x2ÞGðx1; x2Þ þ L2ðx1; x2Þ½ �

� R�1
2 ðx1; x2Þ V 0ðx1; x2ÞGðx1; x2Þ þ L2ðx1; x2Þ½ �T; ðx1; x2ÞARn1 � Rn2 ;

ð107Þ
Then, with the feedback control

u¼ ϕ x1; x2ð Þ ¼ � 1
2
R�1
2 x1; x2ð Þ L2ðx1; x2Þ þ V 0ðx1; x2ÞGðx1; x2Þ½ �T; ð108Þ

the closed-loop system

_x1ðtÞ ¼ f 1ðx1ðtÞ; x2ðtÞÞ þ G1ðx1ðtÞ; x2ðtÞÞϕðx1ðtÞ; x2ðtÞÞ; x1ð0Þ ¼ x10; tZ0; ð109Þ

_x2ðtÞ ¼ f 2ðx1ðtÞ; x2ðtÞÞ þ G2ðx1ðtÞ; x2ðtÞÞϕðx1ðtÞ; x2ðtÞÞ; x2ð0Þ ¼ x20; ð110Þ
is globally strongly finite-time stable with respect to x1 uniformly in x20 and there exists a
settling-time function T : Rn1 � Rn2-½0;1Þ, jointly continuous on Rn1 � Rn2 , such that

T x10; x20ð Þr ðVðx10; x20ÞÞ1� θ

kð1�θÞ ; x10; x20ð ÞARn1 � Rn2 : ð111Þ

In addition,

Jðx10; x20;ϕðx1ð�Þ; x2ð�ÞÞ ¼ Vðx10; x20Þ; ðx10; x20ÞARn1 � Rn2 : ð112Þ
and the performance measure (102) is minimized in the sense of (80).

Proof. The result is a consequence of Theorem 4.2 with M¼D¼Rn1 , U ¼Rm, Fðx1; x2; uÞ ¼
f ðx1; x2Þ þ Gðx1; x2Þu, and

Lðx1; x2; uÞ ¼ L1ðx1; x2Þ þ L2ðx1; x2Þuþ uTR2ðx1; x2Þu:
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Specifically, the feedback control law (108) follows from (85) by setting

∂
∂u

L1ðx1; x2Þ þ L2ðx1; x2Þuþ uTR2ðx1; x2Þuþ V 0ðx1; x2Þ f ðx1; x2Þ þ Gðx1; x2Þuð Þ� �¼ 0:

ð113Þ
Now, with u¼ ϕðx1; x2Þ given by (108), conditions (104), (105) and (107) imply (73), (74)
and (77), respectively.
Next, since Vð�; �Þ is continuously differentiable and, by (104), Vð0; x2Þ, x2ARn2 , is a local

minimum of Vð�; �Þ, it follows that V 0ð0; x2Þ ¼ 0, x2ARn2 , and hence, it follows from (106)
and (108) that ϕð0; x2Þ ¼ 0, x2ARn2 , which implies (75). Finally, since

Lðx1; x2; uÞ þ V 0ðx1; x2Þ½f ðx1; x2Þ þ Gðx1; x2Þu�
¼ Lðx1; x2; uÞ þ V 0ðx1; x2Þ½f ðx1; x2Þ þ Gðx1; x2Þu��Lðx1; x2;ϕðx1; x2ÞÞ
�V 0ðx1; x2Þ½f ðx1; x2Þ þ Gðx1; x2Þϕðx1; x2Þ�

¼ ½u�ϕðx1; x2Þ�TR2ðx1; x2Þ½u�ϕðx1; x2Þ�
Z0; ðx1; x2ÞARn1 � Rn2 ; ð114Þ

condition (77) holds. The result now follows as a direct consequence of Theorem 4.2. □

The following corollary to Theorem 5.1 considers the nonautonomous dynamical system

_xðtÞ ¼ f ðt; xðtÞÞ þ Gðt; xðtÞÞuðtÞ; xðt0Þ ¼ x0; tZ t0; ð115Þ
with performance measure

Jðt0; x0; uð�ÞÞ ¼
Z 1

t0

L1ðt; xðtÞÞ þ L2ðt; xðtÞÞuðtÞ þ uTðtÞR2ðt; xðtÞÞuðtÞ
� �

dt; ð116Þ

where, for every tZ t0, xðtÞARn and uðtÞARm, f : ½t0;1Þ � Rn-Rn and G : ½t0;1Þ �
Rn-Rn�m are such that f ðt; 0Þ ¼ 0 for all tA ½t0;1Þ, f ð�; �Þ and Gð�; �Þ are jointly continuous in x1
and x2 on Rn1 � Rn2 , L1 : ½t0;1Þ � Rn-R, L2 : ½t0;1Þ � Rn-R1�m, and R2ðt; xÞZNðxÞ40,
ðt; xÞA ½t0;1Þ � Rn.

Corollary 5.1. Consider the controlled nonlinear affine dynamical system (115) with
performance measure (116). Assume that there exist a continuously differentiable function
V : ½t0;1Þ � Rn-R, class K1 functions αð�Þ and βð�Þ, and a real number θA ð0; 1Þ such that

αðJxJ ÞrVðt; xÞrβðJxJ Þ; ðt; xÞA ½t0;1Þ � Rn; ð117Þ

∂Vðt; xÞ
∂t

þ ∂Vðt; xÞ
∂x

f t; xð Þ� 1
2
G t; xð ÞR�1

2 t; xð ÞLT2 t; xð Þ� 1
2
G t; xð ÞR�1

2 t; xð ÞGT t; xð Þ ∂Vðt; xÞ
∂x

� �T
#"

r�kðVðt; xÞÞθ; ðt; xÞA ½t0;1Þ � Rn; ð118Þ

L2ðt; 0Þ ¼ 0; tA ½t0;1Þ; ð119Þ

0¼ L1 t; xð Þ þ ∂Vðt; xÞ
∂x

f t; xð Þ� 1
4

∂Vðt; xÞ
∂x

G t; xð Þ þ L2 t; xð Þ
� 	
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� R�1
2 t; xð Þ ∂Vðt; xÞ

∂x
G t; xð Þ þ L2 t; xð Þ

� 	T
; t; xð ÞA t0;1½ Þ � Rn; ð120Þ

Then, with the feedback control

u¼ ϕ t; xð Þ ¼ � 1
2
R�1
2 t; xð Þ L2 t; xð Þ þ ∂Vðt; xÞ

∂x
G t; xð Þ

� 	T
; ð121Þ

the closed-loop system

_xðtÞ ¼ f ðt; xðtÞÞ þ Gðt; xðtÞÞϕðt; xðtÞÞ; xð0Þ ¼ x0; tZ t0; ð122Þ
is globally strongly uniformly finite-time stable and there exists a settling-time function
T : ½0;1Þ � Rn-½t0;1Þ, jointly continuous on ½0;1Þ � Rn, such that

T t0; x0ð Þr ðVðt0; x0ÞÞ1�θ

kð1�θÞ ; t0; x0ð ÞA 0;1½ Þ � Rn: ð123Þ

In addition,

Jðt0; x0;ϕð�; xð�ÞÞÞ ¼ Vðt0; x0Þ; ðt0; x0ÞA ½0;1Þ � Rn ð124Þ
and the performance measure (116) is minimized in the sense of (96).

Proof. The proof is a direct consequence of Theorem 5.1 with n1 ¼ n, n2 ¼ 1, x1ðt� t0Þ ¼ xðtÞ, x2
ðt� t0Þ ¼ t, f ðx1; x2Þ ¼ f ðx2; x1Þ ¼ f ðt; xÞ, Gðx1; x2Þ ¼Gðx2; x1Þ ¼Gðt; xÞ, L1ðx1; x2Þ ¼ L1ðx2; x1Þ ¼
L1ðt; xÞ, L2ðx1; x2Þ ¼ L2ðx2; x1Þ ¼ L2ðt; xÞ, R2ðx1; x2Þ ¼ R2ðx2; x1Þ ¼ R2ðt; xÞ, ϕðx1; x2Þ ¼
ϕðx2; x1Þ ¼ ϕðt; xÞ, Tðx10; x20Þ ¼ Tðx20; x10Þ ¼ Tðt0; x0Þ, and Vðx1; x2Þ ¼ Vðx2; x1Þ ¼ Vðt; xÞ. □

Next, we construct state feedback controllers for nonlinear affine in the control dynamical
systems that are predicated on an inverse optimal control problem [19–21,33,22]. In particular, to
avoid the complexity in solving the steady-state, Hamilton-Jacobi-Bellman equation (107) we do
not attempt to minimize a given cost functional, but rather, we parameterize a family of finite-
time stabilizing controllers that minimize some derived cost functional that provides flexibility in
specifying the control law. The performance integrand is shown to explicitly depend on the
nonlinear system dynamics, the Lyapunov function of the closed-loop system, and the stabilizing
feedback control law, wherein the coupling is introduced via the Hamilton-Jacobi-Bellman
equation. Hence, by varying the parameters in the Lyapunov function and the performance
integrand, the proposed framework can be used to characterize a class of globally finite-time
partial-state stabilizing controllers that can meet closed-loop system response constraints.

Theorem 5.2. Consider the controlled nonlinear affine dynamical system (99) and (100) with
performance measure (102). Assume there exist a continuously differentiable function
V : Rn1 � Rn2-R, class K1 functions αð�Þ and βð�Þ, and a real number θA ð0; 1Þ such that
(104)–(106) hold. Then, with the feedback control (108), the closed-loop system given by (109)
and (110) is globally strongly finite-time stable with respect to x1 uniformly in x20 and there
exists a settling-time function T : Rn1 � Rn2-½0;1Þ, jointly continuous on Rn1 � Rn2 , such that
(111) holds. In addition, the performance functional (102), with

L1ðx1; x2Þ ¼ ϕTðx1; x2ÞR2ðx1; x2Þϕðx1; x2Þ�V 0ðx1; x2Þf ðx1; x2Þ; ð125Þ
is minimized in the sense of (80) and (112) holds.

Proof. The proof is identical to the proof of Theorem 5.1. □



W.M. Haddad, A. L'Afflitto / Journal of the Franklin Institute 352 (2015) 2329–23572352
The following corollary to Theorem 5.1 considers the nonautonomous dynamical system (115)
with performance measure (116).

Corollary 5.2. Consider the controlled nonlinear affine dynamical system (115) with
performance measure (116). Assume there exist a continuously differentiable function V :
½t0;1Þ� Rn-R, class K1 functions αð�Þ and βð�Þ, and a real number θA ð0; 1Þ such that (115)–
(117) hold. Then, with the feedback control (121), the closed-loop system given by (115) is
globally strongly uniformly finite-time stable and there exists a settling-time function
T : ½0;1Þ � Rn-½t0;1Þ, jointly continuous on ½t0;1Þ � Rn, such that (123) holds. In addition,
the performance functional (102), with

L1 t; xð Þ ¼ ϕT t; xð ÞR2 t; xð Þϕ t; xð Þ� ∂Vðt; xÞ
∂t

� ∂Vðt; xÞ
∂x

f t; xð Þ; ð126Þ

is minimized in the sense of (96) and (124) holds.

Proof. The proof is identical to the proof of Theorem 5.2. □

6. Illustrative numerical examples

In this section, we provide two numerical examples to highlight the optimal and inverse
optimal finite-time, partial-state stabilization framework developed in the paper.

6.1. Optimal control of a symmetric spacecraft

Consider the spacecraft with two axes of symmetry [34, p. 753] given by

_ω1ðtÞ ¼ α1u1ðtÞ; ω1ð0Þ ¼ ω10; tZ0; ð127Þ

_ω2ðtÞ ¼ α1u2ðtÞ; ω2ð0Þ ¼ ω20; ð128Þ

_ω3ðtÞ ¼ α3u1ðtÞ þ α4u2ðtÞ; ω3ð0Þ ¼ ω30; ð129Þ
where ω1 : ½0;1Þ-R, ω2 : ½0;1Þ-R, and ω3 : ½0;1Þ-R denote the components of the angular
velocity vector with respect to a given inertial reference frame expressed in a central body reference
frame, α1, α3, α4AR, α1a0, and u1 and u2 are the spacecraft control moments. For this example, we
apply Theorem 5.1 to find an optimal globally partial-state stabilizing control law u¼ ½u1; u2�T ¼
ϕðx1; x2Þ, where x1 ¼ ½ω1; ω2�T and x2 ¼ω3, such that the performance measure

J x1 0ð Þ; x2 0ð Þ; u �ð Þð Þ ¼
Z 1

0

4
9
α21 Jx1 tð ÞJ 2

3 þ uT tð Þu tð Þ
� 	

dt ð130Þ

is minimized in the sense of (80), and the spacecraft is finite-time spin-stabilized about its third principle
axis of inertia, that is, the dynamical system (127)–(129) is globally strongly finite-time stable with
respect to x1 uniformly in x2ð0Þ.
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Note that (127)–(129) with the subquadratic performance measure (130) can be cast in the
form of (99) and (100) with performance measure (102). In this case, Theorem 5.1 can be applied

with n1 ¼ 2, n2 ¼ 1, m¼2, f ðx1; x2Þ ¼ 0; 0; 0½ �T, Gðx1; x2Þ ¼
α1 0 α3

0 α1 α4

" #T

L1 x1; x2ð Þ ¼

4
9 α

2
1 Jx1 tð ÞJ 2

3, L2ðx1; x2Þ ¼ 0, and R2ðx1; x2Þ ¼ Im. Specifically, in this case, (107) reduces to

0¼ L1 x1; x2ð Þ� 1
4
V 0 x1; x2ð ÞG x1; x2ð ÞGT x1; x2ð ÞV 0T x1; x2ð Þ; x1; x2ð ÞARn1 � Rn2 ; ð131Þ

which is satisfied with V 0 x1; x2ð Þ ¼ 4
3 Jx1 J

� 2
3½ω1;ω2; 0�T. Hence, it follows from (104) that

V x1; x2ð Þ ¼ 4
9 α

2
1 Jx1 J

2=3. Finally, (105) reduces to

� 1
2
V 0 x1; x2ð ÞG x1; x2ð ÞGT x1; x2ð ÞV 0T x1; x2ð Þr�kðVðx1; x2ÞÞθ; x1; x2ð ÞARn1 � Rn2 ; ð132Þ

which is satisfied with k¼ 8
9 α

2
1 and θ¼ 1

2.
Since all of the conditions of Theorem 5.1 hold, it follows from (108) that the feedback

control law

ϕ x1; x2ð Þ ¼ �2
3α1 Jx1 J

� 2
3x1; x1; x2ð ÞARn1 � Rn2 ; ð133Þ

guarantees that the dynamical system (127)–(129) is globally strongly finite-time stable with
respect to x1 uniformly in x2ð0Þ and, for all ðx1ð0Þ; x2ð0ÞÞARn1 � Rn2 ,

J x1 0ð Þ; x2 0ð Þ;ϕ x1 �ð Þ; x2 �ð Þð Þð Þ ¼ 4
9
α21 Jx1 0ð ÞJ 2

3: ð134Þ

Moreover, there exists a settling-time function T : Rn1 � Rn2-½0;1Þ such that

T x1 0ð Þ; x2 0ð Þð Þr 9

4α21
Jx1 J

2
3: ð135Þ

Let ω10 ¼ 2 Hz, ω20 ¼ 3 Hz, ω3 ¼ 1 Hz, α1 ¼ 1, α3 ¼
ffiffi
2

p
2 , and α4 ¼ �

ffiffi
2

p
2 , Fig. 1 shows the

state trajectories of the controlled system versus time. Note that x1ðtÞ ¼ 0 for t¼ 5:2836 so
Tðx0Þ ¼ 5:2905 s. Fig. 2 shows the control signal versus time. Finally, Jðx10; x20;ϕðx1ð�Þ;
x2ð�ÞÞÞ ¼ 5:5287 Hz2.
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Fig. 1. Closed-loop system trajectories versus time.
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Fig. 2. Control signal versus time.
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6.2. Inverse optimal control of an axisymmetric spacecraft

Consider the spacecraft with one axis of symmetry [34, p. 753] given by

_ω1ðtÞ ¼ I23ω2ðtÞω3ðtÞ þ u1ðtÞ; ω1ð0Þ ¼ω10; tZ0; ð136Þ

_ω2ðtÞ ¼ � I23ω3ðtÞω1ðtÞ þ u2ðtÞ; ω2ð0Þ ¼ ω20; ð137Þ

_ω3ðtÞ ¼ α3u1ðtÞ þ α4u2ðtÞ; ω3ð0Þ ¼ ω30; ð138Þ
where I239 ðI2� I3Þ=I1, I1, I2, and I3 are the principal moments of inertia of the spacecraft such
that 0oI1 ¼ I2oI3, ω1 : ½0;1Þ-R, ω2 : ½0;1Þ-R, and ω3 : ½0;1Þ-R denote the
components of the angular velocity vector with respect to a given inertial reference frame
expressed in a central body reference frame, α3 and α4AR, and u1 and u2 are the spacecraft
control moments. For this example, we apply Theorem 5.2 to find an inverse optimal globally
partial-state stabilizing control law u¼ ½u1; u2�T ¼ ϕðx1; x2Þ, where x1 ¼ ½ω1; ω2�T and x2 ¼ω3,
such that the spacecraft is finite-time spin-stabilized about its third principle axis of inertia, that
is, the dynamical system (136)–(138) is globally strongly finite-time stable with respect to x1
uniformly in x2ð0Þ. Note that (136)–(138) can be cast in the form of (99) and (100), with n1 ¼ 2,

n2 ¼ 1, m¼2, f ðx1; x2Þ ¼ I23ω2ω3; � I23ω3ω1; 0½ �T, and Gðx1; x2Þ ¼
1 0 α3

0 1 α4

" #T

.

To construct an inverse optimal controller for (136) and (137), let V x1; x2ð Þ ¼ p
2
3 xT1x1
� �2

3, where
p40, Lðx1; x2; uÞ ¼ L1ðx1; x2Þ þ L2ðx1; x2Þuþ uTu, and let L2ðx1; x2Þ ¼ 2½� I23ω3ω2; I23ω3ω1�.
Now, the inverse optimal control law (108) is given by

u¼ ϕ x1; x2ð Þ ¼ � 2
3
p

2
3ω1 Jx1 J � 2

3� I23ω3ω2; �
2
3
p

2
3ω2 Jx1 J � 2

3 þ I23ω3ω1

� 	T
ð139Þ

and the performance functional (102), with

L1 x1; x2ð Þ ¼ � 2
3
p

2
3ω1 Jx1 J � 2

3� I23ω3ω2

� �2

þ � 2
3
p

2
3ω2 Jx1 J � 2

3 þ I23ω3ω1

� �2

; ð140Þ
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is minimized in the sense of (80). Furthermore, since (104) holds with αðJx1 J Þ ¼
βðJx1 J Þ ¼ Vðx1; x2Þ and, since

V 0 x1; x2ð Þ f x1; x2ð Þ� 1
2
G x1; x2ð ÞLT2 x1; x2ð Þ� 1

2
G x1; x2ð ÞGT x1; x2ð ÞV 0T x1; x2ð Þ

� 	

¼ � 8
9
p

4
3 ω2

1 þ ω2
2

� �1
3

¼ � 8
9
pðVðx1; x2ÞÞ

1
2; x1; x2ð ÞAR2 � R; ð141Þ

(105) holds with k¼ 8
9 p and θ¼ 1

2. Hence, with the feedback control law ϕðx1; x2Þ given by
(139), the closed-loop system (136) and (137) is globally finite-time stable with respect to x1
uniformly in x20. Moreover, there exists a settling-time function T : R2 � R-½0;1Þ such that

T x10; x20ð Þr 9
4
p� 2

3 ω2
10 þ ω2

20

� �1
3; x10; x20ð ÞAR2 � R; ð142Þ

where x10 ¼ ½ω10; ω20�T and x20 ¼ω30, and

J x10; x20;ϕ x1 �ð Þ; x2 �ð Þð Þð Þ ¼ p
2
3 ω2

10 þ ω2
20

� �2
3; x10; x20ð ÞAR2 � R: ð143Þ

Let I1 ¼ I2 ¼ 4 kg �m2, I3 ¼ 20 kg �m2, ω10 ¼ �2 Hz, ω20 ¼ 2 Hz, ω3 ¼ 1 Hz, α3 ¼
ffiffi
2

p
2 ,

α4 ¼ �
ffiffi
2

p
2 , and p¼1, Fig. 3 shows the state trajectories of the controlled system versus time.

Note that x1ðtÞ ¼ 0 for t¼ 4:4943 soT x0ð Þ ¼ 9
2 s. Fig. 4 shows the control signal versus time.

Finally, Jðx10; x20;ϕðx1ð�Þ; x2ð�ÞÞÞ ¼ 4 Hz2.

7. Conclusion

In this paper, an optimal control problem for finite-time, partial-state stabilization is stated and
sufficient conditions are derived to characterize an optimal nonlinear feedback controller that
guarantees finite-time stability of part of the closed-loop system state. Specifically, we utilized a
steady-state Hamilton-Jacobi-Bellman framework to characterize optimal nonlinear feedback
controllers with a notion of optimality that is directly related to a given Lyapunov function that is
positive definite and decrescent with respect to part of the system state, and satisfies a differential
inequality involving fractional powers. This result was then used to develop optimal finite-time
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Fig. 3. Closed-loop system trajectories versus time.
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Fig. 4. Control signal versus time.
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stabilizing controllers for nonlinear time-varying systems. In addition, we developed inverse
optimal feedback controllers for affine nonlinear systems and time-varying systems.
Further extensions of this framework will focus on partial-state semistabilization involving con-

trolled nonlinear systems with a continuum of equilibria for addressing finite-time optimal consensus
protocols for multiagent systems. Furthermore, since there exist finite-time stable dynamical systems
that do not admit a continuously differentiable Lyapunov function that satisfies the hypothesis of
Theorem 3.1 (see, [4,30,35,32]), and hence, Theorems 4.2 and 5.1, a particularly important extension
is the consideration of continuous Lyapunov functions leading to viscosity solutions [36] or,
equivalently, a proximal analysis formalism [37], of the resulting Hamilton-Jacobi-Bellman equations
arising in Theorems 4.2 and 5.1.
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