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Abstract

The state feedback linear-quadratic optimal control problem for asymptotic stabilization has been
extensively studied in the literature. In this paper, the optimal linear and nonlinear control problem is
extended to address a weaker version of closed-loop stability, namely, semistability, which involves
convergent trajectories and Lyapunov stable equilibria and which is of paramount importance for consensus
control of network dynamical systems. Specifically, we show that the optimal semistable state-feedback
controller can be solved using a form of the Hamilton–Jacobi–Bellman conditions that does not require the
cost-to-go function to be sign definite. This result is then used to solve the optimal linear-quadratic regulator
problem using a Riccati equation approach. Finally, two numerical examples are presented to demonstrate
the efficacy of the proposed linear and nonlinear semistabilization framework.
& 2014 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
1. Introduction

A form of stability that lies between Lyapunov stability and asymptotic stability is
semistability [1,2], that is, the property whereby every trajectory that starts in a neighborhood of
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a Lyapunov stable equilibrium converges to a (possibly different) Lyapunov stable equilibrium.
Semistability implies Lyapunov stability, and is implied by asymptotic stability [1–3]. This
notion of stability arises naturally in systems having a continuum of equilibria and includes such
systems as mechanical systems having rigid body modes, chemical reaction systems [4],
compartmental systems [5,6], and isospectral matrix dynamical systems. Semistability also arises
naturally in dynamical network systems [7–9], which cover a broad spectrum of applications
including cooperative control of unmanned air vehicles, autonomous underwater vehicles,
distributed sensor networks, air and ground transportation systems, swarms of air and space
vehicle formations, and congestion control in communication networks, to cite but a few
examples.
A unique feature of the closed-loop dynamics under any control algorithm that achieves

consensus in dynamic networks is the existence of a continuum of equilibria representing a
desired state of consensus [8,9]. Under such dynamics, the desired limiting state is not
determined completely by the closed-loop system dynamics, but depends on the initial system
state as well [8–11]. From a practical viewpoint, it is not sufficient to only guarantee that a
network converges to a state of consensus since steady-state convergence is not sufficient to
guarantee that small perturbations from the limiting state will lead to only small transient
excursions from the state of consensus. It is also necessary to guarantee that the equilibrium
states representing consensus are Lyapunov stable, and consequentially, semistable.
In [10,11], the authors develop H2 optimal semistable control theory for linear dynamical

systems. Specifically, unlike the standard H2 optimal control problem, it is shown in [10,11] that
a complicating factor of the H2 optimal semistable stabilization problem is that the closed-loop
Lyapunov equation guaranteeing semistability can admit multiple solutions. In addition, the
authors show that the H2 optimal solution is given by a least squares solution to the closed-loop
Lyapunov equation over all possible semistabilizing solutions. Moreover, it is shown that this
least squares solution can be characterized by a linear matrix inequality minimization problem.
In this paper, we address the problem of finding a state-feedback nonlinear control law

u¼ ϕðxÞ that minimizes the performance measure

Jðx0; uð�ÞÞ9
Z 1

0
LðxðtÞ; uðtÞÞ dt ð1Þ

and guarantees semistability of the nonlinear dynamical system

_xðtÞ ¼ FðxðtÞ; uðtÞÞ; xð0Þ ¼ x0; tZ0; ð2Þ

yðtÞ ¼HðxðtÞ; uðtÞÞ; ð3Þ
where, for every tZ0, xðtÞADDRn, D is an open set, uðtÞAUDRm, yðtÞAYDRl,
L : D� U-R, F : D� U-Rn is Lipschitz continuous in x and u on D� U, and
H : D� U-Y . Specifically, our approach focuses on the role of the Lyapunov function
guaranteeing semistability of Eq. (2) with a feedback control law u¼ ϕðxÞ, and we provide
sufficient conditions for optimality in a form that corresponds to a steady-state version of a
Hamilton–Jacobi–Bellman-type equation.
In addition, we provide sufficient conditions for the existence of a feedback gain KARm�n

such that the state feedback control law u¼Kx minimizes the quadratic performance measure

Jðx0; uð�ÞÞ ¼
Z 1

0
½ðxðtÞ�xeÞTCTCðxðtÞ�xeÞ þ ðuðtÞ�ueÞTR2ðuðtÞ�ueÞ� dt ð4Þ
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and guarantees semistability of the linear dynamical system

_xðtÞ ¼ AxðtÞ þ BuðtÞ; xð0Þ ¼ x0; tZ0; ð5Þ

yðtÞ ¼ CxðtÞ; ð6Þ
where ue9Kxe, xe9 limt-1xðtÞ, R2 is positive definite, AARn�n, BARn�m, and CARl�n. The
proposed Riccati equation-based framework for optimal linear semistable stabilization presented
in this paper is different from the framework presented in [10,11] using linear matrix inequalities.

The contents of the paper are as follows. In Section 2, we establish notation, definitions, and develop
some key results on semistability, semicontrollability, semiobservability, and semistabilization. In
Section 3, we consider a nonlinear system with a performance functional evaluated over the infinite
horizon. The performance functional is then evaluated in terms of a Lyapunov function that guarantees
semistability. This result is then specialized to the linear-quadratic case. We then, in Section 4, state an
optimal control problem and provide sufficient conditions for characterizing an optimal nonlinear
feedback controller guaranteeing semistable stabilization. Section 5 presents two application design
examples of optimal semistable control involving optimal consensus control for multiagent systems and
a nonlinear mechanical system involving an eccentric rotational inertia on a translational oscillator.
Finally, in Section 6 we draw conclusions and highlight recommendations for future research.

2. Notation, definitions, and mathematical preliminaries

The notation used in this paper is fairly standard. Specifically, R denotes the set of real
numbers, C denotes the set of complex numbers, Rþ denotes the set of positive real numbers, Rn

(resp., Cn) denotes the set of n� 1 real (resp., complex) column vectors, and Rn�m denotes the
set of n�m real matrices. Furthermore, we write V 0ðxÞ9∂VðxÞ=∂x for the Fréchet derivative of
V at x, J � J for the Euclidean vector norm, J � JF for the Frobenius matrix norm, S? for the
orthogonal complement of a set S, span S for the span of the set S, RðAÞ and N ðAÞ for the range
space and the null space of a matrix A, respectively, specðAÞ for the spectrum of the square matrix
A including multiplicity, rank A for the rank of the matrix A, and ð�Þ# for the group generalized
inverse. Finally, � denotes the Kronecker product, �denotes the Kronecker sum, vecð�Þ denotes
the column stacking operator, and vec�1ð�Þ denotes the inverse vec operator.

Consider the nonlinear dynamical system given by

_xðtÞ ¼ f ðxðtÞÞ; xð0Þ ¼ x0; tZ0; ð7Þ
where, for every tZ0, xðtÞADDRn and f : D-Rn is locally Lipschitz continuous on D. The
solution of Eq. (7) with initial condition xð0Þ ¼ x defined on ½0;1Þ is denoted by sð�; xÞ. The
above assumptions imply that the map s : ½0;1Þ �D-D is continuous [12, Theorem 2.1],
satisfies the consistency property sð0; xÞ ¼ x, and possesses the semigroup property
sðt; sðτ; xÞÞ ¼ sðt þ τ; xÞ for all t; τZ0 and xAD. Given tZ0 and xAD, we denote the map
sðt; �Þ : D-D by st and the map sð�; xÞ : ½0;1Þ-D by sx.

The orbit Ox of a point xAD is the set sxð½0;1ÞÞ. A set DpDD is positively invariant relative
to Eq. (7) if st Dp

� �
DDp for all tZ0 or, equivalently, Dp contains the orbits of all its points. The

set Dp is invariant relative to Eq. (7) if st Dp
� �¼Dp for all tZ0. The positive limit set of xARn

is the set ωðxÞ of all subsequential limits of sequences of the form fsðti; xÞg1i ¼ 0, where ftig1i ¼ 0 is
an increasing divergent sequence in ½0;1Þ. Recall that, for every xARn that has bounded orbits,
ωðxÞ is nonempty and compact, and, for every neighborhood N of ωðxÞ, there exists T40 such
that stðxÞAN for every t4T [3, Chapter 2]. If Dp �D is positively invariant and closed, then
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ωðxÞDDp for all xADp. In addition, limt-1sðt; xÞ exists if and only if ωðxÞ is a singleton.
Finally, the set of equilibrium points of Eq. (7) is denoted by f �1ð0Þ9fxAD : f ðxÞ ¼ 0g.
The following definition is needed.

Definition 2.1 (Haddad and Chellaboina [3]). Let DDRn be an open positively invariant set
with respect to Eq. (7). An equilibrium point xeAD of Eq. (7) is semistable with respect to D if
xe is Lyapunov stable and there exists an open subset D0 of D containing xe such that, for all
initial conditions in D0, the solutions of Eq. (7) converge to a Lyapunov stable equilibrium point.
The system (7) is semistable with respect to D if every solution with initial condition in D
converges to a Lyapunov stable equilibrium. Finally, Eq. (7) is said to be globally semistable if
Eq. (7) is semistable with respect to Rn.

Note that if, for ε40, BεðxeÞ \ f �1ð0Þ ¼ fxeg is a singleton, where BεðxeÞ denotes the open ball
centered at xe with radius ε, then Definition 2.1 reduces to the definitions of local and global
asymptotic stability. Recall that for B¼0, Eq. (5) is semistable if and only if specðAÞ �
fsAC : Re so0g [ f0g and, if 0AspecðAÞ, then 0 is semisimple [13, Definition 11.8.1]. In this
case, we say that A is semistable. Furthermore, if A is semistable, then the index of A is zero or one, and
hence, A is group invertible. The group inverse A# of A is a special case of the Drazin inverse AD in the
case where A has index zero or one [13, p. 369]. In this case, for every x0ARn,
xe ¼ limt-1xðtÞ ¼ ðIn�AA#Þx0 or, equivalently, limt-1eAt ¼ In�AA# [13, Proposition 11.8.1].

Lemma 2.1 (Haddad and Chellaboina [3, Proposition 4.7]). Consider the nonlinear dynamical
system (7) and let xARn. If the positive limit set of Eq. (7) contains a Lyapunov stable
equilibrium point y with respect to D, then y¼ limt-1sðt; xÞ, that is, ωðxÞ ¼ fyg.

Next, we introduce the definitions of semicontrollability and semiobservability for linear
systems.

Definition 2.2 (Hui and Liu [14]). Consider the system given by Eq. (5). The pair ðA;BÞ is
semicontrollable if

∑
n

i ¼ 1
RðAi�1BÞ ¼RðAÞ; ð8Þ

where A09 In and, for the given sets S1 and S2, S1 þ S29fxþ y : xAS1; yAS2g denotes the
Minkowski sum.

The following lemma is needed to connect semicontrollability to the classical notion of
controllability involving the existence of a continuous control u : ½0; tf �-Rm such that the
solution xð�Þ of Eq. (5) with xð0Þ ¼ x0 satisfies xðtfÞ ¼ 0.

Lemma 2.2. Let AARn�n and BARn�m. Then

∑
n

i ¼ 1
RðAi�1BÞDRðAÞ [ RðBÞ: ð9Þ
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Proof. It follows from Fact 2.9.16 of [13, p. 121] that

∑
n

i ¼ 1
RðAi�1BÞ

� �?
¼ ⋂

n

i ¼ 1
RðAi�1BÞ? : ð10Þ

Moreover, it follows from Theorem 2.4.3 of [13, p. 103] that RðAi�1BÞ? ¼N ðBTðATÞi�1Þ for
every iAf1;…; ng. Since N ðATÞDN ðBTðATÞiÞ for every iAf1;…; n�1g, it follows that

N ðATÞ \ N ðBTÞD ⋂
n

i ¼ 1
N ðBTðATÞi�1Þ: ð11Þ

Now, by Theorem 2.4.3 of [13, p. 103], RðAÞ? ¼N ðATÞ, and hence, it follows from Eqs. (10)
and (11) that

RðAÞ? \ RðBÞ?D ⋂
n

i ¼ 1
RðAi�1BÞ? ¼ ∑

n

i ¼ 1
RðAi�1BÞ

� �?
: ð12Þ

Next, it follows from Fact 2.9.16 of [13, p. 121] that RðAÞ? \ RðBÞ? ¼ ðRðAÞ þRðBÞÞ? ,
and hence, by Eq. (12) and Fact 2.9.14 of [13, p. 121],

∑
n

i ¼ 1
RðAi�1BÞDRðAÞ þRðBÞ: ð13Þ

Finally, it follows from Fact 2.9.11 of [13, p. 121] that RðAÞ þRðBÞ ¼RðAÞ [ RðBÞ, which
proves Eq. (9). □

Recall that the controllable subspace Ctf ðA;BÞ at time tf40 is the subspace

Ctf ðA;BÞ ¼ fxfARn : there exists a continuous control u : ½0; tf �-Rm such that
the solution xð�Þ of 5 with xð0Þ ¼ x0 satisfies xðtfÞ ¼ xfg:

Furthermore, recall that Ctf ðA;BÞ is independent of tf , and hence, we write CðA;BÞ for Ctf ðA;BÞ,
and call CðA;BÞ the controllable subspace of ðA;BÞ [13].

The next result characterizes semicontrollability in several equivalent ways.

Theorem 2.1. The following statements are equivalent:
(i)
 (A, B) is semicontrollable.R

(ii)
 Rð tf

0 eAtBBTeA
TtdtÞ ¼RðAÞ.
(iii)
 CðA;BÞ ¼RðAÞ.

(iv)
 RðBÞDRðAÞ and, for every x0ARðAÞ, there exists a continuous control u : ½0; tf �-Rm such

that the solution x(t) of Eq. (5) with xð0Þ ¼ x0 satisfies xðtfÞ ¼ 0.
Proof. First, note that it follows from Lemma 12.6.2 of [13, p. 808] that

CðA;BÞ ¼R
Z tf

0
eAtBBTeA

Ttdt

� �
¼ ∑

n

i ¼ 1
RðAi�1BÞ: ð14Þ

To show the equivalence of (i) and (ii), note that if (A, B) is semicontrollable, then it follows
from Eqs. (8) and (14) that RðR tf

0 eAtBBTeA
Tt dtÞ ¼RðAÞ holds. Conversely, if RðR tf

0 eAtB �
BTeA

Tt dtÞ ¼RðAÞ holds, then it follows from Eq. (14) that Eq. (8) holds. Hence, by definition,
(A, B) is semicontrollable.
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Next, it follows from Eq. (14) that (ii) holds if and only if (iii) holds, which shows the
equivalence of (ii) and (iii).
To show that (iv) implies (i) note that, for every x0ARðAÞ, Eq. (5) satisfies

xðtÞ ¼ eAtx0 þ
Z t

0
eAðt� sÞBuðsÞ ds; tZ0: ð15Þ

Furthermore, note that eAt is nonsingular for every tZ0. Now, since xðtfÞ ¼ 0, it follows from
Eq. (15) that, for every x0ARðAÞ,

x0 ¼ �
Z tf

0
e�AsBuðsÞ ds: ð16Þ

Using the Cayley–Hamilton theorem, it follows that there exist αjðtÞAR, j¼ 0;…; n�1, such that

e�At ¼ ∑
n�1

j ¼ 0
αjðtÞAj; tZ0: ð17Þ

Next, define zj, j¼ 0;…; n�1, by

zj9�
Z tf

0
αjðsÞuðsÞ ds:

Substituting zj and Eq. (17) into Eq. (16) yields

x0 ¼ �
Z tf

0
e�AsBuðsÞ ds¼ �

Z tf

0
∑
n�1

j ¼ 0
αjðsÞAjBuðsÞ ds¼ ∑

n�1

j ¼ 0
AjBzjA ∑

n�1

j ¼ 0
RðAjBÞ

for every x0ARðAÞ. Hence, RðAÞD∑n�1
j ¼ 0RðAjBÞ. Now, it follows from Lemma 2.2 and

RðBÞDRðAÞ that ∑n�1
j ¼ 0RðAjBÞDRðAÞ [ RðBÞ ¼RðAÞ. Consequently, ∑n�1

j ¼ 0RðAjBÞ ¼RðAÞ,
and hence, by definition, (A, B) is semicontrollable.
To show (i) implies (iv), assume that (A, B) is semicontrollable. Then it follows from (8) that

RðBÞDRðAÞ. Let x0ARðAÞ so that there exists yARn such that x0 ¼ Ay. Next, construct the
continuous control u : ½0; tf �-Rm as

uðtÞ ¼ �BTeA
Tðtf � tÞWþ

c e
Atfx0; ð18Þ

whereWc9
R tf
0 eAtBBTeA

Tt dt and Xþ denotes the Moore-Penrose generalized inverse of X. Then
the solution x(t) of Eq. (5) with xð0Þ ¼ x0 satisfies

xðtfÞ ¼ eAtfx0 þ
Z tf

0
eAðtf � sÞBuðsÞ ds

¼ eAtf x0�
Z tf

0
eAðtf � sÞBBTeA

Tðtf � sÞWþ
c e

Atf x0 ds

¼ eAtf x0�
Z tf

0
eAtBBTeA

Tt dt Wþ
c e

Atfx0

¼ eAtf x0�WcW
þ
c e

Atfx0
¼ ðIn�WcW

þ
c ÞeAtfx0

¼ ðIn�WcW
þ
c ÞeAtfAy

¼ ðIn�WcW
þ
c ÞAeAtfy; ð19Þ

where we used the fact that AeAtf ¼ eAtfA. Now, it follows from (vi) of Proposition 6.1.6 of
[13, p. 399] that RðWcÞ ¼N ðIn�WcWþ

c Þ. In addition, it follows from (i) ) (ii) that
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RðAÞ ¼RðWcÞ ¼N ðIn�WcWþ
c Þ, which implies AeAtf yARðAÞ. Consequently, ðIn�WcWþ

c Þ
AeAtfy¼ 0, and hence, by Eq. (19), xðtfÞ ¼ 0. □

It follows from Theorem 2.1 that semicontrollability of the linear controlled system (5) implies
the existence of a continuous control input such that the solution xð�Þ of Eq. (5) can be driven to
the origin in finite-time for every initial condition in the range space of system matrix A.

The following proposition is needed for some of the key results in this section.

Proposition 2.1. Consider the dynamical system given by Eq. (5). Then Eq. (8) holds if and only if

⋂
n

k ¼ 1
N ðBTðAk�1ÞTÞ

� �?
¼ ½N ðATÞ�? : ð20Þ

Furthermore, Eq. (20) is equivalent to

span ⋃
n

k ¼ 1
RðAk�1BÞ

� 	
¼RðAÞ: ð21Þ

Proof. First we show that ∑n
i ¼ 1R Ai�1B

� �¼ span ⋃n
i ¼ 1RðAi�1BÞ� �

. Note that, for every
iAf1;…; ng, RðAi�1BÞ is a subspace of Rn, and hence, by Fact 2.9.13 of [13, p. 121], the above
equality holds. Now, it follows from Eq. (8) that (A, B) is semicontrollable if and only if Eq. (21)
holds. Finally, to show that Eq. (8) is equivalent to Eq. (20), note that it follows from
Equation (2.4.14) of [13, p. 103] that ½N ðATÞ�? ¼RðAÞ. Hence, by Fact 2.9.16 of [13, p. 121],
Eq. (20) holds if and only if ∑n

i ¼ 1½N ðBTðAi�1ÞTÞ�? ¼∑n
i ¼ 1RðAi�1BÞ ¼ ½N ðATÞ�? ¼RðAÞ.

Consequently, Eq. (21) is equivalent to Eq. (20). □

Definition 2.3 (Haddad et al. [10]). Consider the system given by Eqs. (5) and (6) with B¼0.
The pair ðA;CÞ is semiobservable if

⋂
n

k ¼ 1
N ðCAk�1Þ ¼N ðAÞ: ð22Þ

Next, recall that the unobservable subspace U tf ðA;CÞ at time tf40 is the subspace

U tf ðA;CÞ ¼ fx0ARn : yðtÞ ¼ 0 for all tA ½0; tf �g:
As in the controllable subspace case, U tf ðA;CÞ is independent of tf , and hence, we write UðA;CÞ
for U tf ðA;CÞ, and call UðA;CÞ the unobservable subspace of ðA;CÞ [13].

The next result characterizes semiobservability in several equivalent ways.

Theorem 2.2. The following statements are equivalent:
(i)
 (A, C) is semiobservable.R

(ii)
 N ð tf

0 eA
TtCTCeAtdtÞ ¼N ðAÞ.
(iii)
 UðA;CÞ ¼N ðAÞ.

(iv)
 N ðAÞDN ðCÞ and, for every x0ARðATÞ, the initial state xð0Þ ¼ x0 can be uniquely

determined from y(t) on ½0; tf �.
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Proof. First, note that it follows from Lemma 12.3.2 of [13, p. 800] that

UðA;CÞ ¼N
Z tf

0
eA

TtCTCeAt dt

� �
¼ ⋂

n

i ¼ 1
N ðCAi�1Þ: ð23Þ

To show the equivalence of (i) and (ii), note that if (A, C) is semiobservable, then it follows from
Eq. (23) that N ðR tf

0 eA
TtCTCeAt dtÞ ¼N ðAÞ holds. Conversely, if N ðR tf

0 eA
TtCTCeAt dtÞ ¼N ðAÞ

holds, then it follows from Eq. (23) that Eq. (22) holds. Hence, by definition, (A, C) is
semiobservable.
Next, it follows from Eq. (23) that (ii) holds if and only if (iii) holds, which shows the

equivalence of (ii) and (iii).
To show (i) implies (iv), assume that (A, C) is semiobservable and note that it follows from

Eq. (22) that N ðAÞ ¼⋂n
i ¼ 1N ðCAi�1ÞDN ðCÞ. Moreover, it follows from i) ) iii) that

UðA;CÞ ¼N ðAÞ. Hence, UðA;CÞ? ¼N ðAÞ? ¼RðATÞ. Thus, for every x0ARðATÞ,
x0AUðA;CÞ? . Now, it follows from Lemma 12.3.6 of [13, p. 802] that, for every x0AUðA;CÞ? ,

x0 ¼Wþ
o

Z tf

0
eA

TtCTyðtÞ dt; ð24Þ

where Wo9
R tf
0 eA

TtCTCeAt dt, and hence, it follows from Eq. (24) that x0 can be uniquely
determined from y(t) on ½0; tf �.
To show that (iv) implies (i), note that N ðAÞDN ðCAiÞ for every iAf1;…; n�1g.

Furthermore, it follows from N ðAÞDN ðCÞ and Eq. (23) that N ðAÞ ¼N ðAÞ\ N ðCÞD
⋂n

i ¼ 1N ðCAi�1Þ ¼ UðA;CÞ.
Let x0AUðA;CÞ. Since yðtÞ ¼ 0 for all tA ½0; tf � is the free response corresponding to x0 ¼ 0

(since yðtÞ ¼ CeAtx0 for all tZ0), it follows that 0AUðA;CÞ. Now, suppose that there exists a
nonzero vector x0AUðA;CÞ. In this case, it follows from Eq. (23) that x0A⋂n

i ¼ 1N
ðCAi�1Þ ¼N ðWoÞ. Then, with xð0Þ ¼ x0, the free response is given by yðtÞ ¼ 0 for all tA ½0; tf �,
and hence, x0 cannot be uniquely determined from the knowledge of y(t) for all tA ½0; tf �.
We claim that x0AN ðAÞ. Suppose, ad absurdum, that x0 =2N ðAÞ. SinceN ðAÞ is closed, it follows

that N ðAÞ � N ðAÞ? ¼Rn, where � denotes the direct sum. Hence, x0AN ðAÞ? ¼RðATÞ.
However, by assumption, x0 can be uniquely determined from y(t) on ½0; tf �. This implies that
x0 =2UðA;CÞ, which contradicts the fact that x0AUðA;CÞ. Hence, UðA;CÞDN ðAÞ. Consequently,
UðA;CÞ ¼N ðAÞ. Now, it follows from (iii) ) (i) that (A, C) is semiobservable. □

It follows from Theorem 2.2 that semiobservability of the linear dynamical system (5) and (6)
implies that given the system output y, the state x belonging to range space of AT can be
reconstructed uniquely. Thus, semicontrollability and semiobservability are extensions of
controllability and observability. In particular, semicontrollability is an extension of null
controllability to nonisolated equilibrium controllability, whereas semiobservability is an
extension of zero-state observability to nonisolated equilibrium observability.
The following result gives a necessary and sufficient conditions for semistability of Eqs. (5) and (6).

Theorem 2.3 (Haddad et al. [10]). Consider the dynamical system G given by Eq. (5) with
B¼0 and output given by Eq. (6). Then G is semistable if and only if for every semiobservable
pair (A, C) there exists a n� n matrix P¼ PTZ0 such that

0¼ ATPþ PAþ CTC ð25Þ
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is satisfied. Furthermore, if (A, C) is semiobservable and P satisfies Eq. (25), then

P¼
Z 1

0
eA

TtCTCeAt dt þ P0; ð26Þ

for some P0 ¼ PT
0 ARn�n satisfying

0¼ ATP0 þ P0A ð27Þ
and

P0Z�
Z 1

0
eA

TtCTCeAt dt: ð28Þ

In addition, minPAP JPJF has a unique least squares solution P given by

PLS ¼
Z 1

0
eA

TtCTCeAt dt; ð29Þ

where P denotes the set of all P satisfying Eq. (25).

Next, we introduce the notions of semistabilizability and semidetectability [15] as general-
izations of stabilizability and detectability.

Definition 2.4 (Hui and Liu [15]). Consider the dynamical system given by Eqs. (5) and (6).
The pair (A, B) is semistabilizable if

rank½B jωIn�A� ¼ n ð30Þ
for every nonzero ωAR. The pair (A, C) is semidetectable if

rank
C

jωIn�A

" #
¼ n ð31Þ

for every nonzero ωAR.

Note that (A, C) is semidetectable if and only if ðAT;CTÞ is semistabilizable. Furthermore, it is
important to note that semistabilizability and semidetectability are different notions from the
standard notions of stabilizability and detectability used in linear system theory. Recall that
(A, B) is stabilizable if and only if rank½B λIn�A� ¼ n for every λAC in the closed right-half
plane, and (A, C) is detectable if and only if rank½ C

λIn �A� ¼ n for every λAC in the closed right-
half plane. Hence, if (A, C) is detectable, then (A, C) is semidetectable; however, the converse is
not true. A similar remark holds for the notions of controllability and observability. Namely, if
(A, C) (resp., (A, B)) is observable (resp., controllable), then (A, C) (resp., (A, B)) is
semidetectable (resp., semicontrollable); however, the converse is not true. Hence, semidetect-
ability (resp., semistabilizability) is a weaker notion than both observability and detectability
(resp., controllability and stabilizability). Since Eqs. (30) and (31) only concern stabilizability
and detectability of the pairs (A, B) and (A, C) on the imaginary axis, we refer to these notions as
semistabilizability and semidetectability.

Remark 2.1. It follows from Facts 2.11.1 to 2.11.3 of [13, pp. 130–131] that Eqs. (30) and (31)
are equivalent to

dim½RðjωIn�AÞ þRðBÞ� ¼ n ð32Þ
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and

N ðjωIn�AÞ \ N ðCÞ ¼ f0g; ð33Þ
respectively, where dimð�Þ denotes the dimension of a set.

Example 2.1. Consider A¼ 0
0
0
0


 �
and B¼ 0

1


 �
. Clearly, (A, B) is not stabilizable. However, it can

be verified using Eq. (30) that (A, B) is semistabilizable.

As in the case of controllability and stabilizability, state feedback control does not destroy
semistabilizability and semicontrollability. This is shown in the next lemma.

Lemma 2.3. Let AARn�n, BARn�m, and KARm�n. If (A, B) is semistabilizable (resp.,
semicontrollable), then ðAþ BK;BÞ is semistabilizable (resp., semicontrollable).

Proof. Since (A, B) is semistabilizable, it follows that rank ½B jωIn�A� ¼ n for all nonzero
ωAR. Hence, using Sylvester's inequality, it follows that

n¼ nþ ðmþ nÞ�ðmþ nÞ

¼ rank ½B jωIn�A� þ rank
Im �K

0 In

" #
�ðmþ nÞ

r rank ½B jωIn�A�
Im �K

0 In

" #0
@

1
A

r rank ½B jωIn�A�
¼ n ð34Þ

for all nonzero ωAR. Now, since

½B jωIn�A�BK� ¼ ½B jωIn�A�
Im �K

0 In

" #
;

it follows from Eq. (34) that

rank½B jωIn�A�BK� ¼ n

for all noznero ωAR. Thus, ðAþ BK;BÞ is semistabilizable. The proof for semicontrollability
follows similarly as in the proof of Proposition 2.1 in [10]. □

Next, using the notions of semistabilizability and semidetectability, we provide a general-
ization of Theorem 2.3. First, however, the following lemmas are needed.

Lemma 2.4. Let AARn�n. Then A is semistable if and only if N ðAÞ \ RðAÞ ¼ f0g and
specðAÞDfλAC : λþ λno0g [ f0g, where λn denotes the complex conjugate of λ.

Proof. If A is semistable, then it follows from Definition 11.8.1 of [13, p. 727] that
specðAÞDfλAC : λþ λno0g [ f0g and either A is Hurwitz or there exists an invertible matrix
SARn�n such that A¼ S J

0
0
0


 �
S�1, where JARr�r, r¼ rank A, and J is Hurwitz. If A is Hurwitz,

then N ðAÞ ¼ f0g ¼N ðAÞ \ RðAÞ. Alternatively, if A is not Hurwitz, then N ðAÞ ¼
fS½01�r; yT2 �T : y2ARn� rg. In this case, for every S½01�r; xT2 �TAN ðAÞ \ RðAÞ, there exists



A. L'Afflitto et al. / Journal of the Franklin Institute 352 (2015) 851–881 861
zARn such that S½01�r; xT2 �T ¼ Az. Hence,

S½01�r; x
T
2 �T ¼ S

J 0

0 0

� �
S�1z;

that is,

0

x2

" #
¼ J 0

0 0

� �
S�1z;

which implies that x2 ¼ 0. Thus, N ðAÞ \ RðAÞ ¼ f0g.
Conversely, assume that N ðAÞ \ RðAÞ ¼ f0g and specðAÞDfλAC : λþ λno0g [ f0g. If A is

nonsingular, then A is Hurwitz, and hence, A is semistable. Next, we consider the case where A is
singular. Let xAN ðA2Þ and note that it follows from A2x¼ AAx¼ 0 that AxAN ðAÞ. Now,
noting that AxARðAÞ, it follows from N ðAÞ \ RðAÞ ¼ f0g that Ax¼0, that is, xAN ðAÞ. Hence,
N ðA2ÞDN ðAÞ. However, since N ðAÞDN ðA2Þ, it follows that N ðAÞ ¼N ðA2Þ. Thus, by
Proposition 5.5.8 of [13, p. 323], 0AspecðAÞ is semisimple, and hence, by Definition 11.8.1 of
[13, p. 727], A is semistable. □

Lemma 2.5. Let AARn�n and CARl�n. If A is semistable and N ðAÞDN ðCÞ, then CL¼ 0,
where L is given by

L9In�AA#: ð35Þ
Proof. It follows from the semistability of A and Proposition 11.8.1 of Eq. [13] that L is well
defined. Next, we show that CLx¼ 0 for every xARn. Suppose, ad absurdum, that there exists
xARn, xa0, such that CLxa0. Then, Lx=2N ðCÞ. Since N ðAÞDN ðCÞ, it follows that
Lx=2N ðAÞ. However, ALx¼ AðIn�AA#Þx¼ ðA�AAA#Þx¼ 0, which implies that LxAN ðAÞ,
which is a contradiction. Hence, CLx¼ 0 for every xARn. □

Theorem 2.4. Consider the dynamical system G given by Eq. (5) with B¼0 and output given by
Eq. (6). Then the following statements are equivalent:
(i)
 G is semistable.

(ii)
 rankðjωIn�AÞ ¼ n for every nonzero ωAR and there exist a positive integer p, a p� n

matrix E, and a n� n matrix P¼ PTZ0 such that

0¼ ATPþ PAþ ETE: ð36Þ
In this case,

P¼
Z 1

0
eA

TtðETE þ LTETELÞeAt dt þ P0; ð37Þ

where L¼ In�AA# and P0 satisfies Eqs. (27) and (28).

(iii)
 For every matrix CARl�n such that (A, C) is semiobservable, there exists a n� n matrix

P¼ PTZ0 such that Eq. (25) holds.

(iv)
 There exist a positive integer p, a p� n matrix E, and a n� n matrix P¼ PTZ0 such that

(A, E) is semiobservable and Eq. (36) holds.

(v)
 There exist a positive integer p, a p� n matrix E, and a n� n matrix P¼ PTZ0 such that

(A, E) is semidetectable and Eq. (36) holds.

Proof. First, note that if A is semistable, then it follows from the definition of semistability that
jω=2specðAÞ, ωa0. Hence, rankðA� jωInÞ ¼ n for every nonzero ωAR.
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To prove the existence of a nonnegative definite solution to Eq. (36), let E be such that
N ðAÞDN ðEÞ. For every such pair (A, E), let

P̂ ¼
Z 1

0
eA

TtETEeAt dt: ð38Þ

Now, it follows from Proposition 2.2 of [10] that P̂ is well defined. Clearly, P̂ ¼ P̂
T
Z0. Since A

is semistable, it follows from Lemma 2.4 that N ðAÞ \ RðAÞ ¼ f0g, and hence, A is group
invertible [16, p. 119]. Hence, it follows from Eq. (35) and (38) that

ATP̂ þ P̂A¼
Z 1

0

d
dt

eA
TtETEeAt

� 

dt

¼ ðIn�AA#ÞTETEðIn�AA#Þ�ETE

¼ LTETEL�ETE: ð39Þ
Next, setting P̂ ¼ P�Z, where ZARn�n and Z ¼ ZTZ0, it follows from Eq. (39) that

ATPþ PAþ ETE¼ ATZ þ ZAþ LTETEL: ð40Þ
Furthermore, it follows from Lemma 2.4 in [10] that Lx¼ 0 for all xAN ðAÞ, and hence, the pair
ðA;ELÞ is semiobservable since ELx¼ 0 for all xAN ðAÞ. Consequently, it follows from
Theorem 2.3 that

Z ¼
Z 1

0
eA

TtLTETELeAt dt þ P0; ð41Þ

which is a nonnegative-definite solution of

0¼ ATZ þ ZAþ LTETEL: ð42Þ
Thus, it follows from Eq. (40) that Eq. (37) satisfies Eq. (36), which proves that (i) implies (ii).
Let VðxÞ ¼ xTP1x, where P19 P̂ þ LTL. If VðxÞ ¼ 0 for some xARn, then P̂x¼ 0 and Lx¼ 0.

It follows from (i) of Lemma 2.4 in [10] that xAN ðAÞ, and Lx¼ 0 implies that xARðAÞ. Now, it
follows from (ii) of Lemma 2.4 in [10] that x¼0. Hence, P1 is positive definite. Note that P1

satisfies Eq. (36) since LA¼ A�AA#A¼ 0, and hence,

ATP1 þ P1Aþ ETE¼ ATP̂ þ P̂Aþ ETE þ ATLTLþ LTLA

¼ LTETELþ ðLAÞTLþ LTLA
¼ 0:

Also note that _V ðxÞ ¼ �xTETExr0, xARn, which implies that A is Lyapunov stable.
Furthermore, it follows from rankðA� jωInÞ ¼ n for every nonzero ωAR that jωAspecðAÞ,
ωa0. Hence, A is semistable, which proves that (ii) implies (i).
The proof of the equivalence of (i) and (iii) follows from Theorem 2.2 in [10]. Next, we show

that (i) is equivalent to (iv). It follows from Theorem 2.3 that (iv) implies (i). Alternatively,
if (i) holds, then choose E such that N ðEÞ ¼N ðAÞ (an obvious choice is E¼A). Since
N ðEAiÞ+N ðAÞ and N ðEAiþ1Þ+N ðEAiÞ for every iAf0;…; n�1g, it follows that
N ðAÞD⋂n

i ¼ 1N ðEAi�1ÞDN ðEÞ ¼N ðAÞ, and hence, ⋂n
i ¼ 1N ðEAi�1Þ ¼N ðAÞ. Thus, (A, E) is

semiobservable. Now, using similar arguments as in the proof of the equivalence of (i) and (ii),
there exists P¼ PTZ0 such that Eq. (36) holds, which shows that (i) implies (iv).
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Finally, we show the equivalence of i) and v). If A is semistable, then jω=2specðAÞ, ωa0, and

hence, rankðjωIn�AÞ ¼ n for every nonzero ωAR. Thus, rank E
jωIn �A

h i
¼ n for every EARp�n

and every positive integer p. The proof of the existence of a positive-definite solution to Eq. (36)
follows exactly as in the proof of (i) ) (ii). The converse follows using similar arguments as in
the proof of (ii) ) (i) for A Lyapunov stable.

To show that A is semistable, suppose, ad absurdum, jωAspecðAÞ, where ωAR is nonzero,
and let xACn, xa0, be an associated eigenvector of A. Then, it follows from Eq. (36) that

�xnETEx¼ xnðATPþ PAÞx
¼ xn½ðjωIn�AÞnPþ PðjωIn�AÞ�x
¼ 0:

Hence, Ex¼0, and thus, E
jωIn�A

h i
x¼ 0, which, since rank E

jωIn�A

h i
¼ n, implies that x¼0,

which is a contradiction. Consequently, jω=2specðAÞ for all nonzero ωAR. Hence,
specðAÞ � fλAC : Re λo0g [ f0g and, if 0AspecðAÞ, then 0 is semisimple. Therefore, A is
semistable. □
Lemma 2.6. Let x; yARn be such that xyT ¼ yxTZ0. Then y¼ αx, where αZ0.

Proof. Note that for x¼0 or y¼0 the inequality is immediate. Next, if x and y are linearly
dependent, then it follows from xyT ¼ yxTZ0 that y¼ αx, where αZ0. Alternatively, assume,
ad absurdum, that x and y are linearly independent. In this case, it follows from Proposition 7.1.8
of [13, p. 441] that xyT ¼ yxT if and only if vec�1ðy � xÞ ¼ vec�1ðx � yÞ, which further implies
that y � x¼ x � y. Let x¼ ½x1;…; xn�T and y¼ ½y1;…; yn�T. Then it follows from y � x¼ x � y
that yix¼ xiy for every iAf1;…; ng. Since x and y are linearly independent, it follows that
yix�xiy¼ 0 for every iAf1;…; ng if and only if yi ¼ xi ¼ 0 for every iAf1;…; ng. This
contradicts the assumption that x and y are linearly independent. Now, the assertion follows
directly from the first case. □

Theorem 2.5. Consider the dynamical system G given by Eq. (5) with B¼0 and output given by
Eq. (6). Assume that there exists a n� n matrix P¼ PTZ0 such that Eq. (25) holds. Then G is
semistable if and only if the pair (A, C) is semidetectable. Furthermore, if (A, C) is
semidetectable and P satisfies Eq. (25), then

P¼
Z 1

0
eA

TtCTCeAt dt þ αzzT; ð43Þ

where αZ0, zAN ðATÞ,

αzzT ¼
Z 1

0
eA

TtLTCTCLeAt dt þ P0; ð44Þ

L¼ In�AA#, and P0 satisfies Eqs. (27) and (28).
Proof. The first part of the result is a direct consequence of Theorem 2.4. To prove that P
has the form given by Eq. (43), first note that it follows from Eq. (25) that ðA � AÞT
vec P¼ �vecðCTCÞ. Hence, vecðCTCÞARððA � AÞTÞ. Next, it follows from Lemma 3.8 of [11]
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that ðA � AÞT is semistable, and hence, by Lemma 3.9 of [11],

vec�1 ððA � AÞTÞ#vecðCTCÞ� �¼ �
Z 1

0
vec�1 eðA�AÞTtvecðCTCÞ

� 

dt

¼ �
Z 1

0
vec�1 eA

Tt � eA
Tt

� 

vecðCTCÞ dt

¼ �
Z 1

0
eA

TtCTCeAt dt; ð45Þ

where in Eq. (45) we used the facts that eX�Y ¼ eX � eY and vecðXYZÞ ¼ ðZT � XÞvec Y [13].
Hence, P¼ R1

0 eA
TtCTCeAt dt þ vec�1ðwÞ, where w satisfies wAN ððA � AÞTÞ and vec�1ðwÞ ¼

ðvec�1ðwÞÞTZ0. (The nonnegative definiteness of vec�1ðwÞ is guaranteed by Theorem 4.2a of
[17].) Since ðA � AÞT is semistable, it follows that a general solution to the equation ðA � AÞTw¼ 0
is given by w¼ z � y, where z; yAN ðATÞ. Hence, vec�1ðwÞ ¼ vec�1ðz � yÞ ¼ yzT, where we
used the fact that zyT ¼ vec�1ðy � zÞ. Furthermore, zyT ¼ yzTZ0. Now, it follows from Lemma
2.6 that y¼ αz, where αZ0. Finally, Eq. (44) directly follows from Theorem 2.4 by comparing
Eq. (37) with Eq. (43) for C¼E. □

Consider the dynamical system given by Eqs. (5) and (6) with B¼0. If the pair (A, C) is
semiobservable, then (A, C) is semidetectable and, in this case, it follows from Theorems 2.3 and
2.5 that

R1
0 eA

TtLTCTCLeAt dt¼ 0.

Lemma 2.7 (Bhat and Bernstein [18]). Consider the dynamical system G given by Eq. (5) with
B¼0 and output given by Eq. (6). If the pair (A, C) is semiobservable and there exists an n� n
matrix P¼ PTZ0 such that Eq. (25) is satisfied, then (i) N ðPÞDN ðAÞDN ðCÞ and
(ii) RðAÞ \ N ðAÞ ¼ f0g.

The following theorem is a direct consequence of Theorem 2.3.

Theorem 2.6 (Haddad et al. [10]). Consider the closed-loop system G given by Eqs. (5) and (6)
with feedback controller uðtÞ ¼ KxðtÞ, where KARm�n. Then G is semistable if and only if for
every semicontrollable pair (A, B) and semiobservable pair (A, C) there exists a n� n matrix
P¼ PTZ0 such that

0¼ ~A
T
Pþ P ~A þ CTC þ KTR2K; ð46Þ

where ~A9Aþ BK. Furthermore, the least squares solution of Eq. (46) is given by

PLS9
Z 1

0
e
~ATtðCTC þ KTR2KÞe ~At dt: ð47Þ

Finally, in this case (4) is given by

Jðx0;KÞ ¼ xT0PLSx0: ð48Þ

Next, we give an alternative form of Theorem 2.6 using semidetectability.

Theorem 2.7. Consider the closed-loop system G given by Eqs. (5) and (6) with feedback
controller uðtÞ ¼KxðtÞ, where KARm�n. Assume that there exists a n� n matrix P¼ PTZ0
such that (46) holds. Then G is semistable if and only if (A, C) is semidetectable. Furthermore,
Eq. (4) is given by Eq. (48).
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Proof. The first assertion is a direct consequence of Theorem 2.5. To show that Eq. (4) is given
by Eq. (48), it follows from Eq. (46) that �xTð ~AT

Pþ P ~AÞx¼ xðCTC þ KTR2KÞx for every
xARn, and hence, N ð ~AÞDN ðCÞ \ N ðR2KÞ. Thus, for xeAN ð ~AÞ, Cxe ¼ 0 and R2Kxe ¼ 0.
Now, it follows from Eq. (4) that

Jðx0;KÞ ¼
Z 1

0
xTðtÞðCTC þ KTR2KÞxðtÞ dt

¼ xT0

Z 1

0
e
~ATtðCTC þ KTR2KÞe ~At dt x0

¼ xT0PLSx0;

which completes the proof. □

Finally, the following lemma is needed.

Lemma 2.8 (Haddad et al. [10]). Consider the linear dynamical system G given by Eqs. (5) and
(6) with u	 0. If G is semistable, then for every x0ARn, the performance measure

Jðx0Þ ¼
Z 1

0
½ðxðtÞ�xeÞTCTCðxðtÞ�xeÞ� dt; ð49Þ

where xe ¼ ðI�AA#Þx0, is finite.

3. Semistability analysis of nonlinear systems

In this section, we provide connections between Lyapunov functions and nonquatratic cost
evaluation. Specifically, we consider the problem of evaluating a nonlinear-nonquadratic cost
functional that depends on the solution of the nonlinear dynamical system (7). In particular, we
show that the nonlinear-nonquadratic cost functional

Jðx0Þ9
Z 1

0
LðxðtÞÞ dt; ð50Þ

where L : D-R and x(t), tZ0, satisfies Eq. (7), can be evaluated in a convenient form so long
as Eq. (7) is related to an underlying Lyapunov-like function that proves semistability of Eq. (7).

Theorem 3.1. Consider the nonlinear dynamical system G given by Eq. (7) with performance
functional (50), and let Q be an open neighborhood of f �1ð0Þ. Suppose that the solution x(t),
tZ0, of Eq. (7) is bounded for all xAQ and assume that there exists a continuously
differentiable function V : D-R such that

V 0ðxÞf ðxÞr0; xAQ; ð51Þ

LðxÞ þ V 0ðxÞf ðxÞ ¼ 0; xAD: ð52Þ
If every point in the largest invariant set M of fxAQ : V 0ðxÞf ðxÞ ¼ 0g is Lyapunov stable, then
Eq. (7) is semistable and

Jðx0Þ ¼ Vðx0Þ�VðxeÞ; x0AQ; ð53Þ
where xe ¼ limt-1 xðtÞ.
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Proof. Let x(t), tZ0, satisfy Eq. (7). Then

_V x tð Þð Þ9 d
dt
V x tð Þð Þ ¼ V 0 x tð Þð Þf x tð Þð Þ; tZ0:

Hence, it follows from Eq. (51) that _V ðxðtÞÞr0, tZ0. Since every solution of Eq. (7) is
bounded, it follows from the hypothesis on Vð�Þ that, for every xAQ, the positive limit set ωðxÞ
of Eq. (7) is nonempty and contained in the largest invariant set M of fxAQ : V 0ðxÞf ðxÞ ¼ 0g.
Since every point in M is a Lyapunov stable equilibrium point, it follows from Lemma 2.1 that
ωðxÞ contains a single point for every xAQ, and limt-1sðt; xÞ exists for every xAQ. Now, since
limt-1sðt; xÞAM is Lyapunov stable for every xAQ, semistability is immediate. Consequently,
xðtÞ-xe as t-1 for all initial conditions x0AQ.
Next, since

0¼ � _V ðxðtÞÞ þ V 0ðxðtÞÞf ðxðtÞÞ; tZ0; ð54Þ
it follows from Eq. (52) that

LðxðtÞÞ ¼ � _V ðxðtÞÞ þ LðxðtÞÞ þ V 0ðxÞf ðxðtÞÞ ¼ � _V ðxðtÞÞ: ð55Þ
Now, integrating over ½0; t� yieldsZ t

0
LðxðsÞÞ ds¼ Vðx0Þ�VðxðtÞÞ: ð56Þ

Letting t-1 and noting that VðxðtÞÞ-VðxeÞ for all x0AQ yields Eq. (53). □

The following theorem uses Theorem 3.1 to develop an analogous result for linear dynamical
systems without the a priori assumption of boundedness of solutions. First, however, recall that a
continuous function V : D-R is said to be proper relative to DpDD if V �1ðDcÞ is a relatively
compact subset of Dp for all compact subsets Dc of R, where V �1ð�Þ denotes the inverse image
of Dc.

Theorem 3.2. Consider the linear dynamical system G given by Eqs. (5) and (6) with B¼0 and
with quadratic performance measure (49). If (A, C) is semiobservable, then G is globally
semistable and

Jðx0Þ ¼ xT0 ðAA#ÞTPAA#x0; ð57Þ
where P¼ PTZ0 is a solution of

AA#

In

" #T
P 0

0 �Pþ P0

" #
AA#

In

" #
¼ 0 ð58Þ

and P0 satisfies Eqs. (27) and (28).

Proof. Let f ðxÞ ¼ Aðx�xeÞ, LðxÞ ¼ ðx�xeÞTCTCðx�xeÞ, and Q¼Rn, and note that with
VðxÞ ¼ ðx�xeÞTPðx�xeÞ, where P¼ PTZ0, Eq. (52) specializes to Eqs. (25) and (51) is
satisfied for all xARn. Furthermore, note that

V 0ðxÞf ðxÞ ¼ V 0ðxÞAðx�xeÞ ¼ ðx�xeÞTðATPþ PAÞðx�xeÞ ¼ �ðx�xeÞTCTCðx�xeÞ;
and hence, N ðAÞDN ðCÞ. In addition, since (A, C) is semiobservable, it follows that
N ðCÞDN ðAÞ, and hence, N ðCÞ ¼N ðAÞ. Thus, N ðAÞ is the largest invariant set of
fxAQ : V 0ðxÞAðx�xeÞ ¼ 0g.
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Next, since (A, C) is semiobservable, it follows from (ii) of Lemma 2.7 that RðAÞ\
N ðAÞ ¼ f0g, which implies that A is group invertible [16, p. 119]. Now, let L¼ I�AA# and
consider the Lyapunov function candidate V̂ ðx̂Þ9 x̂TðPþ LTLÞx̂, where x̂9x�xe. If V̂ ðx̂Þ ¼ 0
for some x̂ARn, then Px̂ ¼ 0 and Lx̂ ¼ 0, and hence, x̂AN ðPÞ. Thus, it follows from Eq. (25)
and the semiobservability of (A, C) that x̂AN ðAÞ. In addition, V̂ ðx̂Þ ¼ 0 for some x̂ARn implies
that x̂AN ðLÞ, and hence, x̂ARðAÞ. Thus, it follows from Lemma 2.7 that V̂ ðx̂Þ ¼ 0 only if
x̂ ¼ 0, and hence, V̂ ð�Þ is positive definite and proper relative to Rn.

Next, note that the time derivative of V̂ ðx̂Þ along the trajectories of Eq. (5) with B¼0 is
given by

V̂
0ðx̂ðtÞÞAx̂ðtÞ ¼ � x̂TðtÞCTCx̂ðtÞ þ 2x̂TðtÞLTLAx̂ðtÞ ¼ � x̂TðtÞCTCx̂ðtÞr0; tZ0;

and hence, xðtÞ 	 xe, tZ0, is Lyapunov stable for every xeAN ðAÞ, which implies that every
orbit of Eq. (5) with B¼0 is bounded. Therefore, it follows from Theorem 3.1 that x(t), tZ0, is
semistable and, since Vð�Þ and V̂ ð�Þ are sign definite and proper relative to Rn, G is globally
semistable.

Since G is globally semistable, it follows from Lemma 2.8 that the quadratic performance
measure (49) is finite and, by Eq. (53) of Theorem 3.1, it follows that

Jðx0Þ ¼ ðx0�xeÞTPðx0�xeÞ ¼ xT0 ðAA#ÞTPAA#x0; ð59Þ
which proves Eq. (57). Finally, note that the performance measure (49) can be equivalently
written as

Jðx0Þ ¼ xT0

Z 1

0
eA

TtCTCeAt dt x0; ð60Þ

which, using Theorem 2.3, yields

Jðx0Þ ¼ xT0 ðP�P0Þx0: ð61Þ
Now, Eq. (58) follows from Eqs. (59) and (61). □

Note that Eq. (58) can be written as

P¼ ðAA#ÞTPAA# þ P0: ð62Þ
Hence, since A#A¼ AA# and AA#A¼ A [13, p. 403], premultiplying and postmultiplying
Eq. (62) by AT and A, respectively, it follows that ATP0A¼ 0, which is implied by Eq. (27).

Proposition 3.1. Consider the linear dynamical system G given by Eqs. (5) and (6) with B¼0
and with quadratic performance measure (49). If (A, C) is semidetectable and there exists
P¼ PTZ0 such that Eq. (25) holds, then G is globally semistable and Eq. (57) holds. In
addition, P satisfies

AA#

In

" #T
P 0

0 �Pþ αzzT

" #
AA#

In

" #
¼ 0; ð63Þ

where αZ0 and zAN ðATÞ satisfies Eq. (44).
Proof. Global semistability of G is a direct consequence of Theorem 2.4. Next, let
f ðxÞ ¼ Aðx�xeÞ, LðxÞ ¼ ðx�xeÞTCTCðx�xeÞ, Q¼Rn, and VðxÞ ¼ ðx�xeÞTPðx�xeÞ. Since G is
globally semistable, it follows from Lemma 2.8 that the quadratic performance measure (49) is
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finite and, by Theorem 3.1, it follows that

Jðx0Þ ¼ ðx0�xeÞTPðx0�xeÞ ¼ xT0 ðAA#ÞTPAA#x0; ð64Þ
which proves Eq. (57). Finally, note that the performance measure (49) can be equivalently
written as

Jðx0Þ ¼ xT0

Z 1

0
eA

TtCTCeAt dt x0; ð65Þ

which, using Theorem 2.5, yields

Jðx0Þ ¼ xT0 ðP�αzzTÞx0; ð66Þ
where αZ0 and zAN ðATÞ satisfies Eq. (44). Now, Eq. (63) follows from Eqs. (64) and (66). □

4. Optimal control for semistabilization

In this section, we use the approach of Theorem 3.1 to obtain a characterization of optimal
feedback controllers that guarantee closed-loop semistability. Specifically, sufficient conditions
for optimality are given in a form that corresponds to a steady-state version of a Hamilton–
Jacobi–Bellman-type equation. To address the optimal semistabilization problem, we consider
the controlled nonlinear dynamical system (2) with uð�Þ restricted to the class of admissible
controls consisting of measurable functions uð�Þ such that uðtÞAU, tZ0. A measurable function
ϕ : D-U satisfying ϕðxeÞ ¼ ue, where xeAD is an equilibrium point of Eq. (2) for some ueAU,
is called a control law. If uðtÞ ¼ ϕðxðtÞÞ, tZ0, where ϕð�Þ is a control law and x(t) satisfies
Eq. (2), then we call uð�Þ a feedback control law. Note that the feedback control law is an
admissible control since ϕð�Þ has values in U. Given a control law ϕð�Þ and a feedback control
uðtÞ ¼ ϕðxðtÞÞ, tZ0, the closed-loop system (2) is given by

_xðtÞ ¼ FðxðtÞ;ϕðxÞÞ; xð0Þ ¼ x0; tZ0: ð67Þ
For the statement of the main theorem of this section, define the set of set-point regulation

controllers Sðx0Þ for every initial condition x0AD by

Sðx0Þ9fuð�Þ : uð�Þ is admissible and xð�Þ given by 2 is bounded and
satisfies xðtÞ-xe as t-1g;

where xeAD is an equilibrium point of Eq. (2) for some ueAU. Note that restricting our
minimization problem to uð�ÞASðx0Þ, that is, control inputs corresponding to convergent
solutions, can be interpreted as incorporating a semidetectability condition through the cost.

Theorem 4.1. Consider the controlled nonlinear dynamical system (2) with uð�ÞASðx0Þ and
performance measure (1), and suppose there exists a continuously differentiable function
V : D-R and a control law ϕ : D-U such that

ϕðxeÞ ¼ ue; ðxe; ueÞAQ� U; ð68Þ

V 0ðxÞFðx;ϕðxÞÞr0; xAQ; ð69Þ

Lðx;ϕðxÞÞ þ V 0ðxÞFðx;ϕðxÞÞ ¼ 0; xAD; ð70Þ

Lðx; uÞ þ V 0ðxÞFðx; uÞZ0; ðx; uÞAD� U; ð71Þ
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where Q is an open neighborhood of F�1ð0Þ9fxAD : Fðx;ϕðxÞÞ ¼ 0g. If every point in the
largest invariant set M of fxAQ : V 0ðxÞFðx;ϕðxÞÞ ¼ 0g is Lyapunov stable, then, with the
feedback control uð�Þ ¼ ϕðxð�ÞÞ, the solution xðtÞ ¼ xe, tZ0, of the closed-loop system (67) is
semistable and

Jðx0;ϕðxð�ÞÞÞ ¼ Vðx0Þ�VðxeÞ: ð72Þ
Furthermore, the feedback control uð�Þ ¼ ϕðxð�ÞÞ minimizes Jðx0; uð�ÞÞ in the sense that

Jðx0;ϕðxð�ÞÞÞ ¼ min
uð�ÞASðx0Þ

Jðx0; uð�ÞÞ: ð73Þ

Proof. If uð�ÞASðx0Þ, then the solution x(t), tZ0, of Eq. (2) is bounded for all initial condi-
tions x0AQ. Thus, semistability is a direct consequence of Eqs. (69) and (70) by applying
Theorem 3.1 to the closed-loop system (67). Furthermore, using Eq. (70), condition (72) is a
restatement of Eq. (53). To prove Eq. (73), note that

_V ðxðtÞÞ ¼ V 0ðxðtÞÞFðxðtÞ; uðtÞÞ; ð74Þ
or, equivalently,

0¼ � _V ðxðtÞÞ þ V 0ðxðtÞÞFðxðtÞ; uðtÞÞ: ð75Þ
Hence,

LðxðtÞ; uðtÞÞ ¼ � _V ðxðtÞÞ þ LðxðtÞ; uðtÞÞ þ V 0ðxðtÞÞFðxðtÞ; uðtÞÞ: ð76Þ
Now, using Eqs. (71) and (72), and the fact that uð�ÞASðx0Þ, it follows that

Jðx0; uð�ÞÞ ¼
Z 1

0
LðxðtÞ; uðtÞÞ dt

¼
Z 1

0
� _V ðxðtÞÞ dt þ

Z 1

0
ðLðxðtÞ; uðtÞÞ þ V 0ðxÞFðxðtÞ; uðtÞÞÞ dt

¼ Vðx0Þ�VðxeÞ þ
Z 1

0
½LðxðtÞ; uðtÞÞ þ V 0ðxÞFðxðtÞ; uðtÞÞ� dt

ZVðx0Þ�VðxeÞ; ð77Þ
which yields Eq. (73). □

Remark 4.1. Theorem 4.1 requires that uð�ÞASðx0Þ or, equivalently, the solution of the closed-loop
system is bounded for all xAQ. For asymptotic stabilization this is automatically satisfied since we
additionally require Vð0Þ ¼ 0, VðxÞ40, xAD\f0g, and V 0ðxÞFðx;ϕðxÞÞo0, xAD, in the place of
Eq. (69) (see [19, Theorem 3.1] and [3, Theorem 8.2]). This guarantees asymptotic stability of the
closed-loop system, and hence, all closed-loop solutions are bounded. One can replace the assumption
uð�ÞASðx0Þ in Theorem 4.1 with uð�Þ being simply admissible and not invoking any assumption on the
sign definiteness of Vð�Þ. In this case, however, the conditions of Theorem 4.1 need to be supplemented
by assuming a nontangency condition of the closed-loop vector field to invariant or negatively invariant
subsets of the level sets of Vð�Þ containing the system equilibrium. For details, see [1].

Note that Theorem 4.1 guarantees optimality with respect to the set of admissible
semistabilizing controllers Sðx0Þ with the optimal control law given by the state feedback
controller

ϕðxÞ ¼ arg min
uASðx0Þ

½Lðx; uÞ þ V 0ðxÞFðx; uÞ�; ð78Þ
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which invokes a steady-state Hamilton–Jacobi–Bellman-type equation and is independent of the
initial condition x0. It is important to note that an explicit characterization of Sðx0Þ is not required.
The following result specializes Theorem 4.1 to nonlinear affine dynamical systems of the

form

_xðtÞ ¼ f ðxðtÞÞ þ GðxðtÞÞuðtÞ; xð0Þ ¼ x0; tZ0; ð79Þ

yðtÞ ¼ hðxðtÞÞ; ð80Þ
where, for every tZ0, xðtÞARn, uðtÞARm, and yðtÞARl, f : Rn-Rn and G : Rn-Rn�m are
locally Lipschitz continuous in x, h : Rn-Rl is continuous in x, and 0¼ f ðxeÞ þ GðxeÞue and
ye ¼ hðxeÞ. Furthermore, we consider performance integrands Lðx; uÞ of the form

Lðx; uÞ ¼ hðxÞ�ye
� �T

hðxÞ�ye
� �þ u�ueð ÞTR2ðxÞ u�ueð Þ; ð81Þ

where R2ðxÞ40, xARn, so that Eq. (1) becomes

Jðx0; uð�ÞÞ ¼
Z 1

0
yðtÞ�ye
� �T

yðtÞ�ye
� �þ uðtÞ�ueð ÞTR2ðxðtÞÞ uðtÞ�ueð Þ

h i
dt: ð82Þ

Corollary 4.1. Consider the controlled nonlinear dynamical system (79) and (80) with uð�ÞASðx0Þ
and performance measure (82), and assume there exists a continuously differentiable function
V : Rn-R such that

V 0ðxeÞ ¼ 0; xeARn; ð83Þ

y�ye
� �T

y�ye
� �þ V 0 xð Þf xð Þ þ V 0 xð ÞG xð Þue

� 1
4
V 0 xð ÞG xð ÞR�1

2 xð ÞGT xð ÞV 0T xð Þ ¼ 0; x; ueð ÞARn � Rm: ð84Þ

If, with the feedback control

u¼ ϕ xð Þ ¼ � 1
2
R�1
2 xð ÞGT xð ÞV 0T xð Þ þ ue; ð85Þ

every equilibrium point xeAF�1ð0Þ ¼ fxAD : f ðxÞ þ GðxÞϕðxÞ ¼ 0g of the closed-loop system

_xðtÞ ¼ f ðxðtÞÞ þ GðxðtÞÞϕðxðtÞÞ; xð0Þ ¼ x0; tZ0; ð86Þ
is Lyapunov stable, then the solution xðtÞ ¼ xe, tZ0, of the closed-loop system (67) is semistable
and

Jðx0;ϕðxð�ÞÞÞ ¼ Vðx0Þ�VðxeÞ: ð87Þ
Furthermore, the feedback control (85) minimizes Jðx0; uð�ÞÞ in the sense that

Jðx0;ϕðxð�ÞÞÞ ¼ min
uð�ÞASðx0Þ

Jðx0; uð�ÞÞ: ð88Þ

Proof. The result follows as a consequence of Theorem 4.1 with Lðx; uÞ ¼ ðy�yeÞT
ðy�yeÞ þ ðu�ueÞTR2ðxÞðu�ueÞ, D¼Rn, and U ¼Rm. Specifically, the feedback control law
(85) follows from Eq. (78) by setting

∂
∂u

ðy�yeÞTðy�yeÞ þ ðu�ueÞTR2ðxÞðu�ueÞ þ V 0ðxÞðf ðxÞ þ GðxÞuÞ
 �¼ 0: ð89Þ

Now, Eq. (84) is equivalent to Eq. (70) with ϕðxÞ given by Eq. (85).



A. L'Afflitto et al. / Journal of the Franklin Institute 352 (2015) 851–881 871
Next, since y�ye
� �T

y�ye
� �

Z0, ðy; yeÞARl � Rl, and V 0ðxÞGðxÞR�1
2 ðxÞGTðxÞV 0TðxÞZ0,

xARn, Eq. (84) implies that

0ZV 0 xð Þf xð Þ� 1
4
V 0 xð ÞG xð ÞR�1

2 xð ÞGT xð ÞV 0T xð Þ þ V 0 xð ÞG xð Þue

ZV 0 xð Þf xð Þ� 1
2
V 0 xð ÞG xð ÞR�1

2 xð ÞGT xð ÞV 0T xð Þ þ V 0 xð ÞG xð Þue; x; ueð ÞARn � Rm: ð90Þ

LetQ be an open neighborhood of xARn : f xð Þ� 1
2G xð ÞR�1

2 xð ÞGT xð ÞV 0T xð Þ þ V 0 xð ÞG xð Þue ¼ 0
� �

and note that Eq. (90) implies

V 0 xð Þf xð Þ� 1
2
V 0 xð ÞG xð ÞR�1

2 xð ÞGT xð ÞV 0T xð Þ þ V 0 xð ÞG xð Þuer0; x; ueð ÞAQ� Rm: ð91Þ

Now, Eq. (91) is equivalent to Eq. (69) with ϕðxÞ given by Eq. (85), and hence, Eq. (84) implies
Eq. (69) with ϕðxÞ given by Eq. (85).

Next, Eqs. (83) and (85) imply Eq. (68) and, since

Lðx; uÞ þ V 0ðxÞ½f ðxÞ þ GðxÞu�
¼ Lðx; uÞ þ V 0ðxÞ½f ðxÞ þ GðxÞu��Lðx;ϕðxÞÞ�V 0ðxÞ½f ðxÞ þ GðxÞϕðxÞ�
¼ ½u�ϕðxÞ�TR2ðxÞ½u�ϕðxÞ�
Z0; ðx; uÞARn � Rm; ð92Þ

condition (71) is satisfied.
Finally, it follows from Eqs. (83) to (85) that

fxAQ : V 0ðxÞ f ðxÞ þ GðxÞϕðxÞð Þ ¼ 0g ¼ fxAN : Lðx;ϕðxÞÞ ¼ 0g
¼ fxAQ : hðxÞ ¼ ye and V 0ðxÞGðxÞ ¼ 0g
DF�1ð0Þ; ð93Þ

and, by assumption, every equilibrium point xeAF�1ð0Þ of the closed-loop system (67) is
Lyapunov stable. Since all of the conditions of Theorem 4.1 are satisfied, the result follows. □

Remark 4.2. Theorem 4.1 requires the construction of a continuously differentiable Vð�Þ and a
state-feedback control law ϕð�Þ such that Eqs. (68)–(71) are satisfied. In contrast, Corollary 4.1
requires the construction of a continuously differentiable Vð�Þ such that Eqs. (83) and (84) are
satisfied and with the semistabilizing state-feedback control law ϕð�Þ explicitly given by Eq. (85).

Next, we consider the linear-quadratic regulator problem for semistabilization, that is, we seek
controllers uð�Þ that minimize Eq. (4) and guarantee semistability of the linear system given by
Eqs. (5) and (6). The feedback gain K that minimizes Eq. (4) and guarantees semistability of Eq.
(5) can be characterized via a solution to a linear matrix inequality [10]. The following result
provides a useful alternative in finding the optimal gain K via an algebraic Riccati equation.

Theorem 4.2. Consider the linear controlled dynamical system G given by Eqs. (5) and (6) with
quadratic performance measure (4), assume that the pair (A, B) is semicontrollable and the pair
(A, C) is semiobservable, and let PLS ¼ PT

LSZ0 be the least squares solution to the algebraic
Riccati equation

0¼ ATPþ PAþ CTC�PBR�1
2 BTP: ð94Þ

Then, with u¼ Kx¼ �R�1
2 BTPLSx, the solution xðtÞ ¼ xe, tZ0, to Eq. (5) is globally
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semistable,

Jðx0;KÞ ¼ xT0

Z 1

0
ð ~A ~A

#ÞTe ~ATtðCTC þ KTR2KÞe ~At ~A ~A
#
dt

� �
x0; ð95Þ

where ~A ¼ Aþ BK, and

Jðx0;KÞ ¼ min
uð�ÞASðx0Þ

Jðx0; uð�ÞÞ: ð96Þ

Proof. Let Fðx; uÞ ¼ Aðx�xeÞ þ Bðu�ueÞ, Lðx; uÞ ¼ ðx�xeÞTCTCðx�xeÞ þ ðu�ueÞTR2ðu�ueÞ,
VðxÞ ¼ ðx�xeÞTP̂ðx�xeÞ, P̂ ¼ P̂

T
Z0, Q¼D¼Rn, and U ¼Rm, and note that Eq. (70)

specializes to

ðx�xeÞTCTCðx�xeÞ þ ðu�ueÞTR2ðu�ueÞ þ 2ðx�xeÞTP̂½Aðx�xeÞ þ Bðu�ueÞ� ¼ 0: ð97Þ
Hence, V 0ðxÞFðx;ϕðxÞÞr0 for all xARn. Next, note that

Lðx; uÞ þ V 0ðxÞFðx; uÞ ¼ Lðx; uÞ þ V 0ðxÞFðx; uÞ�½Lðx;ϕðxÞÞ þ V 0ðxÞFðx;ϕðxÞÞ�
¼ ½u�ϕðxÞ�TR2½u�ϕðxÞ�
Z0; xARn; ð98Þ

so that conditions (69)–(71) of Theorem 4.1 hold.
Next, it follows from Eqs. (78) and (97) that u¼ �R�1

2 BTP̂x¼Kx, and hence,

V 0ðxÞFðx;ϕðxÞÞ ¼ 2ðx�xeÞTP̂ðAþ BKÞðx�xeÞ
¼ ðx�xeÞT½ðAþ BKÞTP̂ þ P̂ðAþ BKÞ�ðx�xeÞ
¼ �ðx�xeÞTðCTC þ KTR2KÞðx�xeÞ: ð99Þ

Now, note that Eq. (46) is equivalent to Eq. (94) with K ¼ �R�1
2 BTP and, since

semiobservability is preserved under full state-feedback [10], it follows that if (A, C) is
semiobservable, then ð ~A; ~RÞ is semiobservable, where ~R9CTC þ KTR2K. Since ð ~A; ~RÞ is
semiobservable, it follows from ii) of Lemma 2.7 that Rð ~AÞ \ N ð ~AÞ ¼ f0g, which implies that ~A
is group invertible [16, p. 119]. Thus, defining L¼ I� ~A ~A

#
and considering the Lyapunov

function candidate V̂ ðx̂Þ ¼ x̂TðP̂ þ LTLÞx̂, where x̂9x�xe, global semistability follows as in the
proof of Theorem 3.2. Now, it follows from Theorem 2.6 that the least squares solution PLS of
Eq. (94) is given by Eq. (47), and hence, taking P̂ ¼ PLS, Eq. (95) directly follows from Eq. (72).
Finally, Eq. (96) is a restatement of Eq. (73). □

Remark 4.3. It is important to note that unlike Theorem 4.1 and Corollary 4.1, in Theorem 4.2
we do not require the assumption that uð�ÞASðx0Þ. Rather Lyapunov stability, and hence,
boundedness of solutions of the closed-loop system follow from the hypothesis of the theorem.

Proposition 4.1. Consider the controlled linear dynamical system G given by Eqs. (5) and (6)
with quadratic performance measure (4), assume that the pair (A, B) is semicontrollable and the
pair (A, C) is semiobservable, and let PLS ¼ PT

LSZ0 be the least squares solution to Eq. (94).
Then, with u¼ Kx¼ �R�1

2 BTPLSx, the equilibrium solution xðtÞ 	 xe to Eq. (5) is globally
semistable and Eq. (101) holds. Furthermore, Eq. (96) holds.

Proof. Since (A, B) is semicontrollable and (A, C) is semiobservable, the conditions of Theorem
3.7 of [20] are satisfied, and hence, there exists a n� n matrix P¼ PTZ0 such that Eq. (94)
holds. Let PLS ¼ arg minPAP JPJF be the least squares solution of Eq. (94), where P denotes the
set of all P satisfying (94). Now, noting that, with K ¼ �R�1

2 BTP, Eq. (46) is equivalent to
Eq. (94), it follows from Theorems 2.6 and 4.2 that Eq. (5), with u¼ �R�1

2 BTPLSx and PLS
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given by Eq. (47), is globally semistable and

Jðx0;KÞ ¼ xT0PLSx0rJðx0; uð�ÞÞ; ð100Þ
where K ¼ �R�1

2 BTPLS. □

Proposition 4.2. Consider the controlled linear dynamical system G given by Eqs. (5) and (6)
with quadratic performance measure (4), assume the pair (A, B) is semistabilizable and the pair
(A, C) is semidetectable, and assume that there exists P¼ PTZ0 such that Eq. (94) holds. Then,
with u¼ Kx¼ �R�1

2 BTPx, the equilibrium solution xðtÞ 	 xe to Eq. (5) is globally semistable
and

Jðx0;KÞ ¼ xT0

Z 1

0
e
~ATtðCTC þ KTR2KÞe ~At dt

� �
x0; ð101Þ

where ~A ¼ Aþ BK, and

min
uð�ÞASðx0Þ

Jðx0; uð�ÞÞ ¼ Jðx0;KnÞrJðx0;KÞ ¼ 2xT0 ~A ~A
#
x0; ð102Þ

where Kn ¼ �R�1
2 BTPLS and PLS ¼ PT

LSZ0 is the least squares solution to Eq. (94).

Proof. Global semistability of Eq. (5), with u¼ �R�1
2 BTPx, and Eq. (101) follow directly from

Theorem 2.7. To show Eq. (102), note that it follows from Eqs. (101) and (94) that

Jðx0;KÞ ¼ �xT0

Z 1

0
e
~ATtð ~AT

Pþ P ~AÞe ~At dt
� �

x0

¼ �xT0 e
~ATtP

���1
t ¼ 0

þ Pe
~At
���1
t ¼ 0

h i
x0

¼ xT0 ð ~A ~A
#ÞTPþ P ~A ~A

#
h i

x0: ð103Þ

Since, by Theorem 2.5, P¼ PLS þ αzzT, where αZ0 and zAN ð ~ATÞ satisfies Eq. (44), it follows
from Eq. (103) that

Jðx0;KÞ ¼ xT0 ð ~A ~A
#ÞTPLS þ PLS

~A ~A
#

h i
x0 ¼ 2xT0PLS

~A ~A
#
x0:

Finally, with Fðx; uÞ ¼ Aðx�xeÞ þ Bðu�ueÞ, Lðx; uÞ ¼ ðx�xeÞTCTCðx�xeÞ þ ðu�ueÞTR2

ðu�ueÞ, VðxÞ ¼ ðx�xeÞTPLSðx�xeÞ, Q¼D¼Rn, and U ¼Rm, it follows using similar
arguments as in the proof of Theorem 4.2 that Jðx0;KnÞ ¼minuð�ÞASðx0ÞJðx0; uð�ÞÞ. Hence,
(102) holds. □

Definition 4.1. A nonnegative-definite matrix PARn�n is a semistabilizing solution of Eq. (94) if
A�BR�1

2 BTP is semistable. Furthermore, a semistabilizing solution Pmin of Eq. (94) is the minimally
semistabilizing solution to Eq. (94) if PZPmin for every semistabilizing solution P to Eq. (94).

It follows from Definition 4.1 that the least squares solution PLS to Eq. (94) is the minimally
semistabilizing solution to Eq. (94). Given the linear dynamical system given by Eqs. (5) and (6),
if the pair (A, B) is semicontrollable and the pair (A, C) is semiobservable, then it follows from
Lemma 2.3 that, for every KARm�n, the pair ðAþ BK;BÞ is semicontrollable, and by Proposition
2.1 in [10], it follows that, for every R2ARn�n such that R2 ¼ RT

240, the pair ðAþ BK;CTC þ
KTR2KÞ is semiobservable. Furthermore, if the pair (A, C) is semiobservable, then (A, C) is
semidetectable and it follows from Theorems 2.3 and 2.5 that every solution P¼ PTZ0 of Eq. (46)
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is given by

P¼
Z 1

0
e
~ATtðCTC þ KTR2KÞe ~At dt þ zzT; ð104Þ

where ~A ¼ Aþ BK and zAN ð ~ATÞ. Now, if K ¼ �R�1
2 BTP, then Eq. (46) is equivalent to Eq. (94),

where P can be computed using the Schur decomposition of the Hamiltonian matrix [13, pp.
853–859], and the least squares solution PLS ¼ PT

LSZ0 of Eq. (94) is given by PLS ¼ P�zzT, where
z is the solution of the optimization problem

min
zARn

JP�zzT JF ð105Þ

subject to

0rP�zzT; ð106Þ

0¼ ðAT�PBR�1
2 BTÞz: ð107Þ

One might surmise that Theorem 4.2 and Proposition 4.1 give different values for Jðx0;KÞ.
However, note that

Jðx0; uð�ÞÞ ¼
Z 1

0
ðxðtÞ�xeÞTCTCðxðtÞ�xeÞ þ ðuðtÞ�ueÞTR2ðuðtÞ�ueÞ

 �

dt

¼
Z 1

0
ðx0�xeÞTe ~ATtðCTC þ KTR2KÞe ~Atðx0�xeÞ
h i

dt

¼ xT0

Z 1

0
ð ~A ~A

#ÞTe ~ATtðCTC þ KTR2KÞe ~At ~A ~A
#
dt

� �
x0 ð108Þ

and, since

Jðx0; uð�ÞÞ ¼
Z 1

0
ðxðtÞ�xeÞTCTCðxðtÞ�xeÞ þ ðuðtÞ�ueÞTR2ðuðtÞ�ueÞ

 �

dt

¼
Z 1

0
xTðtÞðCTC þ KTR2KÞxðtÞ dt; ð109Þ

it follows that

Jðx0; uð�ÞÞ ¼
Z 1

0
ðxðtÞ�xeÞTCTCðxðtÞ�xeÞ þ ðuðtÞ�ueÞTR2ðuðtÞ�ueÞ

 �

dt

¼
Z 1

0
xTðtÞðCTC þ KTR2KÞxðtÞ dt

¼ xT0

Z 1

0
e
~ATtðCTC þ KTR2KÞe ~Atdt x0: ð110Þ

Hence, Eqs. (95) and (101) are equivalent.
Finally, in light of Theorem 4.2 and Lemma 4.3 of [11] the following result is immediate.

Proposition 4.3. Consider the linear controlled dynamical system G given by Eqs. (5) and (6). If
the pair (A, B) is semicontrollable, the pair (A, C) is semiobservable, and G, with u¼ Kx, is
semistable, then

P¼
Z 1

0
ð ~A ~A

#ÞTe ~ATtðCTC þ KTR2KÞe ~At ~A ~A
#
dt ð111Þ
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satisfies

0¼ ~A
Tð ~AT

Pþ P ~A þ CTC þ KTR2KÞ ~A; ð112Þ
or, equivalently, Eq. (46).
5. Illustrative numerical examples

In this section, we provide two numerical examples to highlight the optimal semistabilization
framework developed in this paper.
5.1. Optimal consensus control for multiagent formations

For the first example, we use the optimal semistabilization framework to design consensus
controllers for multiagent networks of single integrator systems. Specifically, the consensus
problem involves the design of a dynamic protocol algorithm that guarantees semistability and
system state equipartition [21], that is, limt-1 xiðtÞ ¼ αAR for i¼ 1;…; n, where xi(t) denotes
the i th component of the system state vector x(t). To address the consensus problem of n agents
exchanging information with collective dynamics given by Eqs. (5) and (6), we set the entries aij,
i; j¼ 1;…; n, of the system matrix A such that, if agent j receives information from the agent i,
ia j, then aij ¼ 1, otherwise aij ¼ 0, and aii ¼ �∑n

j ¼ 1; ja iaij.
Here, we design a control law u¼Kx such that Eq. (5) with u¼ Kx is semistable, the

performance measure (4) is minimized in the sense of Eq. (73), and

xe ¼ lim
t-1

xðtÞ ¼ αe; ð113Þ

where e9 ½1;…; 1�T and αAR\f0g [22]. In order to account for the constraint (113), we
introduce a terminal steady state constraint to the performance measure (4) so that

Jðx0; uð�ÞÞ ¼ lim
τ-1

n
μTðxðτÞ�αeÞ

þ
Z τ

0
½ðxðtÞ�xeÞTCTCðxðtÞ�xeÞ þ ðuðtÞ�ueÞTR2ðuðtÞ�ueÞ� dt

o
; ð114Þ

where μARn, is minimized in the sense of Eq. (73). This optimization problem is in the form of a
Bolza problem [23, Chapter 2], whereas the optimization problems discussed in Section 3 are in
the form of Lagrange problems.

To account for the terminal consensus constraint, we introduce the additional scalar state
xnþ1 : ½0;1Þ-R and define x̂9 ½xT; xnþ1�T so that

_̂x tð Þ ¼ Âx̂ tð Þ þ B̂u tð Þ; x̂ 0ð Þ ¼
x0

lim
τ-1

μTðxðτÞ�αeÞ
τ

2
4

3
5; tZ0; ð115Þ

yðtÞ ¼ Ĉx̂ðtÞ; ð116Þ
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where

Â9
A 0n
0Tn 0

" #
; B̂9

B

0Tm

" #
; Ĉ9 ½C 0n�;

and 0n denotes the n-dimensional zero vector. In this case, the performance measure (114) can be
rewritten as

Jðx0; uð�ÞÞ ¼
Z 1

0
½ðx̂ðtÞ� x̂eÞTĈT

Ĉðx̂ðtÞ� x̂eÞ þ ðuðtÞ�ueÞTR2ðuðtÞ�ueÞ� dt; ð117Þ

where x̂e is an equilibrium point of Eq. (115) for some ueARm. Note that if the pair ðA;BÞ is
semistabilizable and the pair ðA;CÞ is semidetectable, then it follows from Definitions 2.2 and 2.3
that the pair ðÂ; B̂Þ is semistabilizable and the pair ðÂ; ĈÞ is semidetectable. Hence, it follows
from Theorem 4.2 that the solution x̂ðtÞ ¼ x̂e, tZ0, to Eq. (115) with u¼ Kx̂ and
K ¼ �R�1

2 B̂
T
P̂LS is globally semistable, where P̂LS is the least squares solution of

0¼ Â
T
P̂ þ P̂Â þ Ĉ

T
Ĉ� P̂B̂R�1

2 B̂
T
P̂; ð118Þ

and Eqs. (95) and (96) hold with ~A ¼ Â þ B̂K.
Next, define μ̂9 ½μT; 0�T and note that if x̂ðtÞ ¼ ½xTðtÞ; xnþ1ðtÞ�T, tZ0, is the solution of

Eq. (115) with u¼Kx̂, then

lim
τ-1

μTðxðτÞ�αeÞ
τ

¼ μT lim
τ-1

xðτÞ
τ

¼ μ̂T lim
τ-1

e ~Aτx̂ð0Þ
τ

¼ μ̂T ~A lim
τ-1

e
~Aτ x̂ 0ð Þ: ð119Þ

Now, it follows from Proposition 11.8.1 of [13] that

lim
τ-1

μTðxðτÞ�αeÞ
τ

¼ μ̂T ~A lim
τ-1

e
~Aτ x̂ 0ð Þ ¼ μ̂T ~A Inþ1� ~A ~A

#
� 


x̂ 0ð Þ ¼ μ̂T ~A� ~A ~A ~A
#

� 

x̂ 0ð Þ ¼ 0;

ð120Þ

and hence, the system given by Eqs. (115) and (116) with u¼ Kx̂ is equivalent to

_̂x ðtÞ ¼ ~Ax̂ðtÞ; x̂ð0Þ ¼ x0
0

� �
; tZ0; ð121Þ

yðtÞ ¼ Ĉx̂ðtÞ: ð122Þ

For our simulation, we consider five agents so that

A¼

�2 1 1 0 0

0 �1 0 1 0

1 1 �4 1 1

0 1 1 �2 0

1 1 0 0 �2

2
6666664

3
7777775
; B¼ I5; ð123Þ



Fig. 1. State trajectories of the closed-loop system.
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and set

C¼

1 0 0 0 �1

0 1 0 0 �1

0 0 1 0 �1

0 0 0 1 �1

0 0 0 0 0

2
6666664

3
7777775
; R2 ¼ I5: ð124Þ

Note that the pair (A, B) is controllable, and hence, semistabilizzable, and the pair (A, C) is
semidetectable but not observable. In this case, the least squares solution of Eq. (118) is given by

P̂LS ¼

0:1963 �0:0513 0:0115 �0:0646 �0:0919 0

�0:0513 0:2261 �0:0082 0:0360 �0:2024 0

0:0115 �0:0082 0:1320 0:0417 �0:1770 0

�0:0646 0:0360 0:0417 0:2533 �0:2663 0

�0:0919 �0:2024 �0:1770 �0:2663 0:7376 0

0 0 0 0 0 0

2
666666664

3
777777775
: ð125Þ

For x0 ¼ ½1; �1; 3; 2; �2�T the trajectories of the closed-loop system are shown in Fig. 1.

5.2. Rotational/translational proof-mass actuator

Consider the mechanical system adopted from [3] shown in Fig. 2 involving an eccentric
rotational inertia on a translational oscillator giving rise to nonlinear coupling between the
undamped oscillator and the rotational rigid body mode. The oscillator cart of mass M is
connected to a fixed support via a linear spring of stiffness k. The cart is constrained to one-
dimensional motion and the rotational proof-mass actuator consists of a mass m and mass
moment of inertia I located at a distance e from the cart's center of mass.

Letting q, _q, θ, _θ, u1, and u2 denote the translational position and velocity of the cart, the
angular position and velocity of the rotational proof mass, and the force acting on the cart and the
moment acting on the rotating mass, respectively, the dynamic equations of motion are given by

ðM þ mÞ €qðtÞ þ me €θðtÞ cos θðtÞ� _θ
2ðtÞ sin θðtÞ

h i
þ kqðtÞ ¼ u1ðtÞ; ð126Þ



Fig. 2. Rotational/translational proof-mass actuator.
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ðI þ me2Þ €θðtÞ þ me €qðtÞ cos θðtÞ ¼ u2ðtÞ; ð127Þ
where tZ0, qð0Þ ¼ q0, _qð0Þ ¼ _q0, θð0Þ ¼ θ0, and _θð0Þ ¼ _θ0.
For this example, we seek a state feedback controller u¼ ½u1; u2�T ¼ ϕðxÞ, where

x¼ ½q; _q; _θ; θ�T, such that the performance measure

Jðxð0Þ; uð�ÞÞ ¼
Z 1

0
ðxðtÞ�xeÞTR1ðxðtÞ�xeÞ þ ðuðtÞ�ueÞTðuðtÞ�ueÞ

 �

dt; ð128Þ

where

R1 ¼
1
4

0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

2
6664

3
7775;

is minimized in the sense of Eq. (73), and Eqs. (126) and (127) are semistable.
Next, note that Eqs. (126) and (127) with performance measure (128) can be cast in the form

of Eq. (79) with performance measure (82). In this case, Corollary 4.1 can be applied with n¼4,
m¼2, l¼4, y¼Cx, R1 ¼ CTC, and R2ðxÞ ¼ I4, xAR4, to characterize the optimal semistabiliz-
ing controllers. The explicit expression of f ðxÞ þ GðxÞu is omitted for brevity. Specifically,
Eq. (84) specializes to

0¼ x�xeð ÞTR1 x�xeð Þ þ V 0 xð Þf xð Þ þ V 0 xð ÞG xð Þue� 1
4V

0 xð ÞG xð ÞGT xð ÞV 0T xð Þ; ð129Þ
which is satisfied by

V xð Þ ¼ 1
2ðx�xeÞTP xð Þ x�xeð Þ; xAR4; ð130Þ

where

PðxÞ9

k 0 0 0

0 M þ m me cos θ 0

0 me cos θ I þ me2 0

0 0 0 0

2
6664

3
7775: ð131Þ
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In this case, Eq. (85) specializes to

ϕ xð Þ ¼ � 1
2

0 1 0 0

0 0 1 0

� �
x�xeð Þ; xAR4: ð132Þ

Note that the state feedback control law (132) is equivalent to a virtual damper applied to the
translational mass M and the rotational mass m.

Finally, to show boundedness of solutions of the closed-loop system (126) and (127)
with u¼ ϕðxÞ given by Eq. (132), note that the largest invariant set of M¼ fxAR4 :
V 0ðxÞ½f ðxÞþ GðxÞϕðxÞ� ¼ 0g is Z9fð0; 0; 0; θÞ; θARg. Now, Lyapunov stability of xe ¼
½0; 0; 0; θe�TAZ for every θeAR follows from Theorem 2 of [24] by noting that VðxeÞ ¼ 0,
VðxÞZ0, xAR4, V 0ðxÞ½f ðxÞ þ GðxÞϕðxÞ� ¼ � _q2� _θ

2r0, xAR4, ½ _qðtÞ; _θðtÞ�T ¼ ½0; 0�T, tAR, if
and only if ½qðtÞ; θðtÞ�T ¼ ½qe; θe�T, qeAR, and xðtÞ 	 x̂e9 ½qe; 0; 0; θe�TAM, to0, if and only
if qe ¼ 0. Hence, it follows from Corollary 4.1 that the solution xðtÞ 	 xe, tZ0, is semistable.

Let M ¼ 2 kg, m¼ 1 kg, e¼ 0:2 m, k¼ 10 N=m, I ¼ 4 kg �m2, q0 ¼ 1 m, _q0 ¼ 0 m=s,
θ0 ¼ π=2, and _θ0 ¼ 2 Hz. Fig. 3 shows the state trajectories of the controlled system versus
Fig. 4. Control signal versus time.

Fig. 3. Closed-loop system trajectories versus time.
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time. Fig. 4 shows the control signal versus time. Finally,

J x 0ð Þ;ϕ x �ð Þð Þð Þ ¼ 1
2ðxð0Þ�xeÞTP x 0ð Þ�xeð Þ x 0ð Þ�xeð Þ ¼ 26:16 N �m ð133Þ

and θe ¼ 18:5407.
6. Conclusion

In this paper, we presented an optimal control framework for addressing optimal linear and
nonlinear semistabilizing controllers with quadratic and nonlinear-nonquadratic cost functionals.
Specifically, we considered dynamical systems on the infinite interval and utilized a steady-state
Hamilton–Jacobi–Bellman-type approach to characterize optimal nonlinear feedback controllers
that guarantee Lyapunov stability and convergence for closed-loop systems having a continuum
of equilibria. The proposed semistabilization framework was then used to design optimal
controllers for consensus protocols for multiagent systems. Extensions of this work for
addressing linear and nonlinear semistable singular control problems are currently under
development.
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